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Foreword

The research project, "Innovative Resource Planning in Urban Public
Safety Systems,"” is a multidisciplinary activity, supported by the National
Science Foundation, and involving faculty and students from the M.I.T. |
Schools of Engineering, Architecture and Urban Planning, and Management
The administrative home for the project is the M.I.T. Laboratory of

Architecture and Planning. The research focuses on three areas: 1) evaluation

criteria, 2) analytical tools, and 3) impacts upon traditional methods,
standards, roles, and operating procedures. The work reported in this
technical report is associated primarily with category 2, in which a set of
analytical and simulation models are developed that should be useful as
planning, research, and management tools for urban public safety systems in
many cities.

This paper describes a new dispatching system for users of the hypercube
model. The new option is AVL dispatching, for Automatic Vehicle Location. It
assumes a situation in which the real-time locations of mobile units are
known to the dispatcher, who always dispatches the closest available unit.
This capability should be of particular interest to police departments.

A potential user of the AVL option may reguest from IRP an insert to the
hypercube user's manual, IRP TR-14-75, "Computer Program for Calculating the
Performance of Urban Emergency Service Systems: User's Manual (Batch Proces-
sing) Program Version 75-001 (Batch)." The insert is labelled Section
"4.4.5 Automatic Vehicle Location (AVL)."

Unless otherwise requested by the user, IRP will forward to all new
hypercube users the version of the program containing the AVL option. QOur
experience is that the new option causes no additional computation time for
fixed preference dispatch strategies, although it can add 20K or so byte: *o
the core storage requirement. This new program version is given the number
76-001 (Batch).

A1l users having version 75-001 (Batch) may have their old version up-
dated by sending a tape to IRP plus $10.00 for postage, handling, and computer
costs. (IRP, Room 4-209, ™M.I.T., Cambridge, Mass. 02139.) IRP will send
back the tape with version 76-001 (Batch) contained thereon.

The work reported herein was supported by the National Science Foundation
under Grant GI38004.

Richard C. Larson
Principal Investigator
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Abstract

Automatic vehicle location (AVL) systems present to the dispatcher of
emergency response units (e.g., police cars, ambulances) the estimated real
time locations of units within his service area. Building on a recently
developed "hypercube queuing model," this paper presents a Markov process
model for computing the operating characteristics of the radio-dispatched
fleet operating under a policy that dispatches the closestavailable-unit to
each call for service (i.e., a perfect resolution AVL system). The model
accommodates a realistic description of the service area and rather general
spatial deployment policies for units.

In implementing the model for efficient computer execution, the focus
is on computation and storage minimizing procedures for generating the
state-to-state Markov transition rates. One useful technique involves the
effective application of a recently developed backward regererative unit-step
tour of the hypercube. The algorithmic procedures generalize to computer
solutions of M/M/N queuing systems with distinguishable servers, different
customer classes, and a cost structure for assigning servers (who may be in
one of several postures) to customers of each class.

The paper concludes with a realistic nine-unit police example that
indicates the general ways in which AVL dispatching improves (and degrades)

system performance.
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1. Introduction and Overview

In urban emergency service systems (e.g., police, fire, ambulance and
emergency repair services), increased attention is being focused on various
technological innovations for improving operational performance. Automatic
vehicle location (AVL) systems comprise one important class of such innova-
tions. These systems would present to the radio dispatcher the estimated
locations of all emergency response units under his jurisdiction. Dispatch
decisions could then be made with an awareness of these estimated 16cations,
resulting in improved operations compared to standard manual dispatching
procedures.

This paper presents a method for modeling analytically one simple form
of dispatching using AVL information. It is assumed that the exact, real-
time locations of all response units are known (i.e., a perfect resolution

AVL system) and that the dispatcher always dispatches the closest available

response unit to an incident (closest vehicle dispatching).

The model builds on "the hypercube queuing model," which is a spatially
distributed queuing model developed recently to anaiyze analytically the
performance of urban emergency serivces.] Various algorithms and theoretical
concepts of the hypercube model are extended to incorporate in an efficient
manner the more complicated dispatching mechanism presented by the AVL system.

The hypercube implementation of the closest available vehicle strategy
computes all of the standard hypercube performance measures: workloads of
each of the units, mean travel times and cross-area dispatch frequencies. In
addition, it computes new measures that relate specifically to AVL systems:
point-specific dispatch error probabilities for any non-AVL (fixed preference)

strategy and point-épecffic mean travel time reductions due to AVL.




Prior to 1972, two AVL modeling efforts are noteworthy. The first was
performed by M. Bellmore as part of the work of the Science and Technology
Task Force of the President's Commission on Law Enforcement and Administration
of Justice.2 Bellmore specified a probability p that any particular unit
would be unavailable to respond to a call for service; higher levels for p
indicate a patrol force with higher workloads. Units were determined to be
available or busy by independent Bernoulli trials, with p being the busy
probability. A square simulated region contained N regularly spaced square
patrol beats, the length of each dimension being vN (assumed integer) beat
Tengths. Position estimation resolution of the AVL system was specified by a
fraction 1/r (r integer), such that for a given r each beat was partitioned
into r2 square subbeats. The AVL system would specify the subbeat of the
patrolling unit with certainty, but the location of the unit within the subbeat
was assumed to be uniformly distributed. The dispatcher using the AVL system
would always dispatch the vehicle estimated *» be closest according to the
right angle distance metric. This metric specifies that the distance between
two points (x],y]) and (xz,yz), assuming directions of travel are parallel
to the coordinate axes, is d]2 = ]x] -le + ]y] —y2|. In using the right
angle distance metric, the unit's position was "guesstimated" by the dispatcher
{actually a computer subroutine) to be at the center of its subbeat. Bellmore's
analysis focused on travel time savings achievable with AVL as a function
of workload p and resolution r. While a pioneering effort in the aralysis
of AVl systems, Bellmore's model was limited in several areas: (1) the actual
way that units become busy is not according to independent Bernoulli trials,
and there is significant dependence among states of response units; (2) it is
not apparent how to apply Bellmore's ideas to realistic nonsymmetric situations,
nerhaps invo]?ing overlapping beats; (3) being a simulation model, it was

impractical with Bellmore's model to compute point-specific (as well as
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area-averaged) performance measures; (4) the resolution model, in terms of
subbeats, does not reflect the workings of any actual AVL system.

The second effort by Ba]es3 used most of Bellmore's ideas but with a
resolution model that was found realistic for most radio-trilaleration AVL
systems. This modeled the position estimation error as a circularly symmetric
Gaussian error, where the peak of the Gaussian distribution was located at
the response unit's location.

Recent technological advances in AVL development have revealed systens
whose resolution is well within a fifth or less of a beat 1eﬁgth.' Bellmore's

4 indicated that systems

and Bale's work, as well as Larson's work in 1972,
with such good resolutions achieve response time reductions almost as great
as perfect resolution systems. Thus, for modeling the operational impacts
upon an emergency service system (most 1ikely a police department) it is not
unreasonable to assume a perfect resolution system.

This is the approach taken with the hypercubemodel, namely a perfect resotution
AVL systemis assumed. The limitationsof theearlier modelingwork regarding the
lack of independence of the states of response units, theadaptability toarbitrary
(nonsymmetric, realistic) situations, and the computation of point-specific
performance measures are overcome within the hypercube framework. Given this

framework, onemodels the geography of a regionas a set of discrete pointscalled

reporting areas or geographical atoms. Amobileresponse unit, typically a police

car, can be located in any one of a subset of these points, calleda district, with an
‘arbitrary probability distribution over the atoms in the district. In police
applications a district may in fact be called a beat or sector or route or
area. Districts may overlap in arbitrary ways, reflecting rather complicated
spatial deployment policies. An example with N = 5 response units with non-
overlapping districts is given in Figure 1. Here a call for service arrives

from an atom in the northeast quadrant of district 3, finding all five




District Boundary 8

Successively larger
dispatch radii

1

(n) Denotes district n
Location of geographical atom
Atpm'containing a response unit

]
] Atom containing incident

Figure 1: Example in Which the District Unit is Not the
the Closest Available Unit ‘

response units available at the lecations (atoms) indicated. A dispatcher
operating under a non AVL dispatching strategy, would most 1ikely dispatch
unit 3 to the scene of the call for service. However, assuming right angle
travel distances, unit 2 is found to be closest to the scene, followed by
unit 1 and then unit 3. Thus, with this configuration of units and this
particular atom for the call for service, the AVL strategy implemented within
the hypercube model would dispatch unit 2, yielding a substantial savings in
travel time or distance. | |

A non AVL strategy is usually described by a vector of preferred units
for each atom generating a call for service, and the dispatcher assigns the

first available unit in the vector (starting with the most preferred unit, which

most 1ikely would have been thedistrict 3unit inthis example). An AVL strategy

is a matrix strategy, with an element in the matrix being the probability that
some unit n will be the 1th preferred unit. Given a specified availability

of units and a Jocation for the call, if the non AVL strategy yields a dispatch
decision different from the AVL strategy (that is, if it selects other than

the closest available unit), then a dispatch error is said to occur. The

hypercube model computes numerous performance measures for the system,
including region-wide and point-specific dispatch error probabilities. This
allows detailed analysis of any fixed preference (non AVL) strategy vs. an
AVL strategy.

After briefly reviewing the relevant terminology of the hypercube model,
the paper focuses on the efficient computation of state- and unit-dependent
rates of transition to other system states. Exploiting and expanding certain
ideas applied to earlier implementations of the hypercube model, an efficient
procedure is found for computing the upward transition rates (1.e., those that

determine frequencies of dispatch of each vehicle) without ever storing the

R 5 A o i AT



-6- ‘ -7-

usually huge dispatch probability matrix. Part of the procedure involves a Table 1:  Summary of Frequently Used Symbols

unit-step tour of the hypercube vertices. The methods are illustrated with
N Total number of response units

a simpie computational example.

Once the state-to-state transition rates are found, the hypercube model , J Total number of geographical atoms

is "solved" in the usual way,] where solution implies numerical computation _
fj Fraction of region-wide workload generated from atom j, J=1,2,...,J

of the steady state system probabilities. Then these probabilities are

coupled with a second hypercube tour, detailed in Section V, 5 compute Tij Mean travel time from atom i to atom j, i,j = 1,2,...,J

system performance measures. A nine-unit example, first studied with a simu- o ' .

. ’ . . an Probability that response unit n is located in atom j while

lation model,” is then analyzed in Section VI. Certain point-specific available, n = 1,2,...,N; § = 1.2,....d

performance measures for the nine-unit example are available for the first @
A Average number of calls for service generated per hour from within f

time. A final discussion section indicates how the algorithmic procedures
the entire region of interest

used here apply to a rather general class of queuing system.

For convenience, a summary of frequently used symbols is given in Table 1. M Average service time per call

Those desiring additional background ocn AVM systems may wish to consult

CN Vertices of N-dimensional unit hyperucbe in the positive orthant
Refs. [5] and [6].

B A vertex contained in CN

b The nth binary digit (from the right) in B, n = 1,2,...,N

w(B) Weight of vertex B (an)

v(B) Numerical value of vertex B
dij Hamming distance between two vertices Bi and Bj
Aij Infinitesimal mean rate at which transitions are made from state i é

to state j, given the system is in state i (i # j)

- % Ass)
i

A Matrix of infinitesimal transition rates (with kii
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Table 1 (cont.) II. Brief Description of the Hypercube Model
o N Before describing the method used to model AVL dispatching, we give a
b f unit-step hypercube tour, k = 1,2,...,2 , . .
Sk k™" member of u P Iy brief overview of the relevant hypercube terminology. A more detailed
t . Mean time for unit n to travel to atom j, given unit n is description is given in Ref. [1].
nJ _ '
available, n = 1,2,...,N; J = 1,2,...,d The hypercube model assumes a geographical region R which is quantized
. . . .y into J geographical areas or atoms. Associated with each atom j (1 < j < J)
Dn Workload of unit n (measured in fraction of time busy servicing Sl Uil
calls)s n = 1,2,...,N is the fraction of region-wide workload fj generated from within the atom
J b
] . (zf.=1). Central to dispatching decisions, the variable t,. #s the mean
pnj Fraction of all dispatches that send unit n to atom j, n = 1,2,...,N; j=1 9 P g ij ‘
j= 12,0054 travel time from atom i to atom j. @
. ; . For the region R, there is a set of N response units to respond to calls
P |3k Prob{unit n is the closest available unit|call in atom j, state of g p P
i the system is Bk}’ n=1,2,....0; j=1,2,...,d; k= o,],,,,,zN -1 for service from the atoms. While available, these response units can be
mobile and their possible locations are given by the Tocation matrix :
. i is the closest available unit and is Tocated in atom . ‘ . |
anIJk Prob{unit n . L=+(% ), where & . is the probability that response unit n is located 1in i
r|call in atom j, state of the system is B}, n =1,2,...,N; nJ nJ 5 |
N :
ror = 1,2,...,d; k=0,1,...,2" -1 atom j while available ( £ & . =1 for all n). The set of possible Tocations :
| j=1
t ik Expected travel distance of unit n, given that call in atom J, , for unit n (i.e., those i for which an > 0) is called the unit's district; g
niJ . . s |
state of the system is Bk’ and unit n is d1§patched, i note that in general, districts may overlap.
n=1,2,...,N 3 =1,2,...,d; k=0,1,...,2° -1 . _ ‘
From a queuing point of view we assume that customers (calls for
r(e) Atom number of eth closest atom to some specified atom, service) are generated from within the region in a Poisson manner at a mean
e=1,2,...,J rate A per hr., with each atom j acting as an independent Poisson generator
- . | . with mean rate Af.. Given the arrival of a call for service, exactly one
ak Set of available units, given the state of the system is Bk’ | J
k = O,],...,ZN -1 ~ ; of the servers (response units) is dispatched to its location, assuming at

least one server is available. For the case of a zero-line capacity queue,

any call for service .that arrives while all N response units are busy 1is }
either lost or serviced from outside the region or by special reserve units

from within the region.. For the case of an infinite Tine capacity queue, any

call for service that arrives while all N response units are busy is entered

PO .
B o oot s Mo ot e A e L e
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. For example, two vertices that are unit Hamming distance apart differ in
at the end of a queue of calls that is depleted by any simple queuing -
o . - ‘ only one binary digit. The "upward" Hamming distance is defined to be
discipline that ignores the incident's location (e.g., first come, first

+

served, random). The service time of any response unit for any call for dij E w(B%(\Bj)

service is assumed to have a negative exponential distribution with mean
and the "downward" distance

1/u. (It 1is straightforward to generalize the results to allow each server

n to have its own mean service time 1/un. Moreover, recent computational dij = w(Bi(WBé),
experience with other service time distributions indicates a significant , where
insensitivity of results of the model to the exact form of the service time d.. = df. +d.,

BN 1] ij -’
distribution.7) Since ‘the service time is assumed to be independent of the
The state space of the zero-Tine capacity model is C
jdentity of the server, the location of the customer, and the history of the N

(state) corresponds to a particular combination of response units busy and

» Where each vertex

system, variations in the service time that are due solely tovariations in _
. . . idle. This state space is augmented by an "infinite tail" for the infinite-
travel times are ignored (mean travel time being assumed to be an order of ;
. . . line capacity case. Since the two models are governed by the same equations
magnitude smaller than mean on-scene service time).
| ' o for unsaturated states (i.e., states with at least one available response
A state of the system is denoted by an ordered set of N binary digits
unit), we will focus the development on just one of the models: the zero-line

B = {bN,b ..,b]}, where unit n is said to be busy if bn = 1 and idle

N-1""

capacity model. The infinite-line capacity case requires modifications for
(or available) if bn = 0. The weight of B, denoted w(B), is equal to an, d

R . ' dispatches from a queue identical to those described in Ref. rn.
the number of binary "ones" in the set B. The numerical value associated

The state transition matrix is A = (X,.), where Aij = infinitesimal mean

with the set B is N
! rate at which transitions are made from state i to state j, given that the
v(B) = I b 2"‘1. ' system is 1in state i; i,j = 0,1,...,2N -1, i#J,and A.. = - £ A... Here
n=1 n ; 11 Jf.l 1J
To each set B = {bN’bN_]""’b1} there corresponds a unique point or vertex for convenience we index the states according to their numerical values,
—_ . X IR N
| (or state) in RN with nth coordinate equal to bn (n=1,...,N). The set CN i.e., we select i so that v(Bi) 1,7 = 0,1,...,27 -1,

of al1 2N such vertices is the set of vertices of the N-dimensional unit There are two classes of transitions on the hypercube: upward transitions

hypercube in the positive orthant. that change a unit's status from available to unavailable and downward

transitions that do the reverse. For a given vertex Bi=={bN,bN_],...,b]},

upward transitions can occur to all "adjacent" vertices Bj for which d:j = 1.

Defining binary set operations in the usual way, the Hamming distance

between two vertices Bi and Bj is the weight of the symmetric set difference
If unit n is the unit whose status is changed (from idle to busy), then

d;y = w([Bir\Bj] LJ{B%(\Bj]).

BT e ki i
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= = I
B {bN’bN—]""’On""’b1} and Bj IbN,bN_1,...,1n,...,b]}. Downward

transitions can occur to all adjacent vertices Bj for which d;j =1. No
transitions occur to vertices that are more than unit Hamming distance from
Bi since only one unit is assigned to each call.

Since the service times are all distributed as negative exponential
random variables with mean u_], the transition rate associated with each
downward transition is equal to u. Thus, for all (i,j) for which d;j =1 we
have Aij = u. For convenience we set u = 1, thereby equating the unit of
time to the mean service time.

The upward transition rates depend in a complicated way on the region's
geography, the system state and (for AVL dispatching) the real-time locations
of the available units. Following the earlier work with fixed preference
dispatching strategies, Wwe will develop a recursive method to generate the
set of upward transitions rates, first by fixing the geographical atom of the
call, then by touring the hypercube in a unit-step fashion. The entire matrix
is completed as soon as the hypercube has been toured once for every
geographical atom.

As argued in Ref. [1], the model is a finite-state continuous Markov

process whose steady-state probabilities are determined from the equations of

detailed balance,

P{B.}A, + w(B)] = z P{B.}x. .
3 {BiecN:d§j=1} LN

N

+ X P{B_i}sj=0:1a--~:2 -1 (])

{BieCN:d§j=1}

where P{Bj} = Prob{system is occupying state j under steady-state conditions},

A i e S A

-13=

BeCysd = 0,1,...,2Y = 1, and
0 for j =2V - 1,

J A .otherwise.

To guarantee a probability distribution, we also require that the probabilities

sum to one, i.e.,

2N

» P{B.} =1, | :
i=g (?)
a condition which makes any one of the balance equations redundant and

therefore removable from the set of equations.
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IT11. Computing the Upward Transition Rates for an AVL Strategy

As in the hypercube model with fixed preference dispatching, it is
necessary to develop a time- and storage-efficient way of generating the
upward transition rates. For each atem j (1< j< J) we shall tour the
hypercube in a unit-step fashion, visiting in succession the states
S]’SZ""’SZN . From one step to the next, the status of only one response
unit changes, either from busy to idle or idle to busy. The procedure for
generating the upward transition rates avoids the requirement of storing
usually huge intermediate matrices.

Unlike the model with fixed preference policies, the AVL model requires

a particular unit-step tour to be traversed. This is the backward regenerative

unit-step tour 31,52,...,52N derived in Ref. [1]. Thus a particular hypercube
vertex has an associated B. such that i =v(Bi), i= O,T,Z,...,ZN
h

- ]’ and

visited vertex in the unit-step back-

ward regenerative unit-step tour, k = 1,2,...,2N. Note that Sk = Bv(S

an Sk such that the vertex is the kt

W)
To generate this tour for N units, one supposes that the tour for N - 1

ZN'1 entries in

units is known, the tour for one unit being {0},{1}. The first
the larger tourareobtained simply by augmenting theentries inthe smaller tour
withazero ("0") inthe Nthdigit (fromthe right). The final -1 entriesare
obtained by augmenting the entries in the smaller tour witha one ("1") in the Nth

digit grl(j_revers;'ng the order of the sequence. As anexample, aftercarrying out this
procedure twice, starting with the one-unit tour, we obtain the 3-digit

tour: S] = {0,0,0} = Bgs 52 = {0,0,1} = B], S3 = {0,1,1} = B> S4 = {0,1,0} =Bz,

55 = {1,1,0} = 86, 86 = {1,1,1} = B 57 = {1,0,1} = B 58 = {1,0,0} = B

7’ 4°
We now focus on computing the upward transition rates. Note that in

general any unit n can be dispatched to a call in atom j, provided it can

~]15-

from the same state to the same atom occur with fixed preference

policies only in the case of tied in dispatch preferences. In order to

compute incrementally each upward transition rate, we must narrow our focus

to the particular atom containing the dispatched unit, thereby defining
qnaljk = Prob{unit n is the closest available unit and is located

in atom a|call is in atom j and the state of the
system is Bk}.

For all states in which there is at least one available unit, we must have
a proper probability distribution:

N d

Zq

1 i=1,....05 k=0,1,....2N - 2.
n=1 a=1

na|ik

N
For k = 2" - 1 we have Bk = {1,1,...,7}, implying that all units are busy;
in that case calis are either lost or handled by a back=up service, and

qna[j(ZN-1) =0 for all n,a,j .

Since the hypercube upward transition rates are aggregated over possible

unit locations, we must also define

Pn[jk = Prob{unit n is the closest available unit|call is in atom j
and the state of the system is Bk}.
Clearly,
J
P s = I T
n|jk az]qna|3k (3)

Now, the upward transition rzates Aik are calculated as follows: The

matrix A is initialized to zero. Then when the point of the tour is reached

where the call s in atom j and the state of th is B.={b,, seeisb},
possibly becloser thanany other available unit(s). Suchmultiple-choiceassignments m.J ate o e system is B? {bN bN—] b1}

i
;
T3
;-
o
i
it
i1
X
if
i

1 e A L s
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the transition rates to all the adjacent states Bk:={bN’bN-T""’bA""’bl}

such that d:k =1 and bé =14 bn will be incremented by ijP The

njji’

quantity Aij is the component of the total upward transition rate out of

n|di .
state Bi corresponding to calls from atom j that result in unit n becoming ;

busy (transitioning to state Bk)' The incrementing is given by

>‘1‘k""1‘k”‘fjpn|j~i . (4)

In many cases P = 0 for some n and no operation is performed.

n|ji
We start the tour in state 81 =By = {0,0,...,0}, implying that all

N units are available for dispatch. Our initial focus is toward computing

qna(jo’ then toward updating the computation as unit-step transitions are

made from state to state.

To generate the ¢ efficiently, we rank all atoms i for each

na|Jjk
unit n for which zn{ > 0, 1in order of increasing travel time to atom j.
After doing this for all n, we merge the rankings inte a global ranking,
defining the eth entry in the global ranking to be the eth closest possible
unit location to atom j. In the case of two or more units possibly occupying
the same location or atom (implying overlapping districts) or in the case
of two or more different atoms being the same travel time to atom j, the
e-ordering is assigned arbitrarily and any resulting tie(s) will be broken

. h

by random choice. For the et entry in. the ranking, atom r(e) is the

is the probability that unit n is in

corresponding unit Tocation and Qnr(e)

atom r(e) while available.
The minimum ranking for unit n is

Lnj = min e .
{all e:gnr(e)>0}

R S I I T R I L T N

-17-

The maximum ranking is

= max e .
{all e:znr(e)>0}

Unj

Thus, possible Tocations for unit n can range from the Lnj'th entry in the
table to the Unj'th entry. For the case of collectively exhaustive nonover-
lapping di i i i '

PPIng districts, this range starts with the Lnj th closest atom to atom j

d 3 1 . + M
and ends with the Unj th closest atom to atom j. The Lnj’s will provide a
guide for ordering the response units for use in the backward regenerative

unit-step tour of the hypercube vertices.

Ignoring ties (for the moment), we compute qnaljk by arguing as follows:

%a ik = Prob{no available unit is closer than T, to atom j} .

Prob{unit n is in atom jlunit n is not in any closer
atom},

Setting a = r(e), the first term on the right hand side is simply

b . N e-]
= - z .
>e m=1 f=1qmr(f)|Jk, (5)

and the second term is

c _ e-1
’QIHY‘(E) = ﬁnr(e)/(] - L 2 Y‘(f))’ (6)

f=‘l n
the denominator arising from the conditional information that unit n is

not closer than atom r(e). Thus, the equation that is useful in iterative

computations is
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Inr(e)lik = Poe zgr(e)
N e-1 e-1
= [1 ~ mi] f)i]qmr‘(f)ljk][z'nr(e)/(] - fE]lnr(f))]. (7)

Note that gﬁr(e) need only be computed once for any atom j and P>e is found

simply by subtracting the total accumulated probability (through table entry
e-1) from one.

Compaction

Suppose, given full availability of units, that some unit n may be
located in two or.more consecutive atoms r(e), r(e+l), r(e+2),..., r(etm).
Then if only average travel time (rather than its distribution) is to be
computed with the model, the m+1 entries in the e-ordered table can be
replaced by one aggregate entry. Call the new "aggregate atom" r(e-m). Then

the new entry in the table is specified by

e+m
2nr(e+m) =z lnr(i)
i=e
e+m
Tr(esm)i iEeTF(i)Jznr(i)/lnr(e+m)'

This compacted entry remains applicable to all ZN system states, often

yielding substantial savings in computation time.

Ties

Suppose 1in the process of computing an(e)ljk iteratively n (n > 2)
units are found which could be tied for dispatch preference. In other words,
up to n units could be equidistant‘from atom j, located either in the same

atom i or in different atoms equidistant from atom j. In such a case the e

P N
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ranking for the tied units can be assignediarbitrariiy. Then, if one wishes
to treat ties inexactly, they could be ignored by applying Eq. (7) directly,
implying that a tie would be broken in the same (arbitrary) way each time
that it 1s incurred.

If an exact treatment is desired, let e denote the ranking of the last
untied unit location. Let the tied units be denoted by s],sz,...,sn, corres-
ponding to unit locations ranked e - + l,en + 2,...,en_ + n. Then for some
unit s; Eq. (7) is replaced with

qsir(en_+n)|jk ) Ezen_Q(en—’si)’

where

Q(en_,si) =z Prob{unit S5 is dispatched|a possible tie among units
51’52""’Sn and no unit dispatched in any unit

location ranked en_ or Tower}.

Allowing all possible combinations, we have

Qe ,s:) = £° T (1 - 08 )
n-’"1 Sir(en~+1)mf1 smr(en_+m)
1.c L o
+ 54 L8 n (-2 )
2 Sir(en-+1)k=1 Skr(en—+k)mfi,k smr(en_+m)
k#i
R
’ N = smr(en_+m)'

While this equation is tedious to compute for general n, in practice one -

rarely incurs ties of order higher than two or three.
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Transitioning to Adjacent States

Suppose at some unit-step tour state Sk'—1 we have computed
qnaljv(Sk._1) for all n and a. For instance, at state S0 we would have

computed q Then we make & unit-step transition to an adjacent tour

naljo-
state Sk' = B\,(S )’ causing some unit m to change status. For notational
kl

simplicity let k = v(Sk.). Now for state B, we want to compute %a |3k for
all n and a, taking advantage of our previous computations wherever possible.
If the smallest possible e ranking for unit m (zmr(e) > 0) is such that
there is always an available unit n closer to atom j than unit m, then the
change in status of unit m does not affect the other units and all the
qnaljk remain unchanged from the previous tour state. On the other hand, if
unit m could possibly be the closest to atom j, then some computations must

be performed. Thus, letting ak = set of available units in state Bk’ there

are two cases:

1. L. > minU .

mJ {nedk} nJ

In this case all g remain unchanged.

na|jk

2. L.< minU_.
i . remain unchanged
In this case all an(e)lkj such that e < LmJ em g
(since changing the status of unit m has no effect for units
located in atoms closer than the unit can be located). Al1l :

. L . are recomputed applying Eq. (7).
dar(e)| ik such that e > -

2
B pmia % et i e e

-271-

Reordering the Response Units

In traversing the hypercube in a unit-step fashion, the amount of com-
putation to be performed will depend in large part on the frequency with

which we encounter case 1: Lm. > min Un" implying alil the g
' noavailable ™

are unchanged from the last toured vertex. The more often we encounter this

na|jk

case, the less will be the computational effort. Examining the backward
regenerative unit-step tour, and recalling that the state of unit n is
specified by the nth binary digit from the right, we see thatzin & complete
tour unit n changes status 2N-n times. Thus, by making binary digit n corres~
pond to that unit m for which Lmj is the nth largest of the Lmj's, we change
the status most frequently of units distant from atom j (resulting in case 1
occuring much more frequently than would occur with an arbitrary ordering of
response units). Thus, to summarize, we reorder the responée units as
follows:

Unit 1 is that unit with largest

mj -
Unit 2 is that unit with second largest Lmj .

Unit N is that unit with smallest Lmj .

We now briefly analyze the efficiency of the combined procedure of per-
forming the unit-step tour and reordering the response units when computing
qnaljk for a fixed j. Suppose, in the worst case, that one simply recomputed
qna[jk exhaustively forkeach different system state Bk' The number of
different values for qnaljk for fixed j and k is MQX Um. - MéN Lmj +1.

Since these values would have to be recomputed for each state, the total number

of computations of q required per complete set of states would be

na|jk

| bounded above by
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N
[MAX U . - MIN L . + 172",
m md m mJ

since there are 2N different states. If one does not count "zeroes" as
computations, due to units that are busy {(and thus cannot be dispatched),

then a better approximation for the number of times g K must be computed

na|j
is ’
N-1
[MAX Um' - MIN Lmj + 1727 7,

m J m

since each unit is available (nonbusy) at half of the vertices. If one also
wishes to discount "zeroes" due to exceeding the smallest Umj of the currently
available units for a given state Bk’ then perhaps the best approximation of

the number of computations of q is given by

naljk

NC ‘—N(u S L, o+ 1)V (8)
18N 2 Wi 7 Mg g
n=1
where this average range is used to reflect the fact that as soon as the
range is exceeded for an available unit, all remaining qnaljk are zero.
We now quote a formula from the Appendix for the number of computations

of 9nal ik required using the backward regenerative unit step tour in combina-

tion with reordering the units according to Lmj' To avoid excessive complexity,

we allow no ties and require that the upper bounds be ranked in the same way

as the lower bounds. So, given the reordering of units, we must have

Ly < Loneryg < - <L

. <y

NG S 13

U U( 15

Nj < N"])j < .

Define the positive part of X as follows:

X if X >0

(X), =
* o if x<o.

G MW S S Sl T VAN AP bb aa STRA SEETEE IE SDAR
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Then the number of computations of qnaljk required using the backward

regenerative unit step tour with reordered units is

NGy = 2 5 (U =L . +1), 2" M1
2 el pemey MM b
N (9)
+ u .-
m=’l( m; Lmj+1)

In applying (9) in practical situations (e.g., data describing theﬁdigtrict
of a police department of one large city) one usually experiences reductions
in computational effort (compared to the average range formula given by

Eq. (8)) of at least 4-to-1 and sometimes up to 10-to-1.

As a further remark on efficiency, it is noteworthy that the matrix
dispatching strategy implied by AVL dispatching requires no more storage of
dispatching information than is required for fixed preference dispatching;
and this is (N + 1)2N nonzero matrix elements, as argued in Ref. [1]. The
process of incrementing the (aggregated) upward transition rates during the
hypercube tour, as the qnaljk are computed, implies that neither qnaljk nor
Pn[jk need be stored after Teaving state Bk' This is indeed foktunate since
qna]jk could require an array of NJ22N etements to store completely; for
N = 10 units and J = 100 atoms, this is about 108 storage elements, far too

many to make the procedure practical.
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IV. Illustrative Computational Example

To illustrate the procedures described in Section III, we consider the

simple N = 3 unit, J = 16 atom example summarized in Table 2. Here the

atom of the incident is fixed at j=71. We wish to compute an(e)[]k as
specified in Eq. (7). From Table 2, note that units have been numbered

=1, L21 = 5, and L]]='11; atoms

have been ordered by the index e according to increasing travel times

according to lower bounds Ln]’ with L3]

T .
r{e)l
The procedure for computing an(e)/]k starts in state B0 = {0,0,0}.

Applying (7) for e = 1,2,3,4, it is apparent, due to no overlap with unit 2,

that q]r(e)]]O = £1r(e)' Subtracting the sum of the probabilities from one

at that point, we have P

Thus qu(S)IlO = Q.25(O.364) = 0.091. Now ?36 = 0.159, and thus

= 0.159(0.133/(1 - [0.75])) ® 0.085. Continuing this process yields

5 = 1 - (0.25 + 0.133 + 0.167 + 0.200) = 0.25.

Yr(6)|10

Gr(79]10
are completed for state BO'

A 0.032 and qlr(8)\10 A 0.042. Bute=8= U11, thus computations

We now undergo a transition to state B1 = {0,0,1}, causing unit 1 to

become busy. But unit 1 had zero probability of being dispatched in state

{0,0,0} since L]1 > U31, and thus all of the computations remain unchanged.

Following the backward regenerative unit-step hypercube tour, we next undergo

a transition to state 83 = {0,1,1}, causing unit 2 to become busy. This

requires (U3] =Ly * 1),=8-5+% 1 = 4 values of an(e)[lk to be recom-

puted; the new computations are easy, since unit 3 is the only unit available.

The next transition to state 52 = {0,1,0} requires no new computation since

L]1k> U3]. The next transition is to state B6 = {1,1,0}, causing unit 3 to

become busy. Then the only nonzero an(8)|1kls are q3r(e)|1k

The next transition to B7 causes all units to become

which equal

the corresponding RBr(e)'

B e T o

1.

Incident in Atom j

3 Units, J = 16 Atoms.

N =

Computational Example:

Table 2:
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busy and the probability an(e)llk is zero for all n. (Recall that with a
zero-line capacity system, calls that arrive when all N units are busy are

Tost or handled by some back-up service system.) The final two states 85

and 84

require only that unit 2 be dispatched, thus completing our example.

AR A I T L e T T Y
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V. Performance Measures

Once the upward transition rates are generated, the steady state
equations of balance are solved in the usual way,1 yielding numerical values

N"_ 1. These

for the steady state probabilities P{Bk}, k = 0,1,...,2
probabilities allow us to obtain numerical values for the performance
measures of interest: vregion-wide: mean travel time, dispatch error
probability, workload imbalance, and fraction bf dispatches that are inter-

district dispatches; response unit specific: workload (measureH in.fraction

of time busy servicing calls), mean travel time, fraction of responses of each

response unit that are interdistrict; district specific: fraction of responses

into each district that are interdistrict, mean travel time; point specific:

mean travel time, dispatch error probability, frequency of patrol passings

(in the case of mobile police patrol), fraction of calls handled by response
unit n, n =1,2,...,N. This mixture of performance measures allows one to
focus simultaneously on several region-wide objectives while assuring that
spatial inequities in the delivery of service are maintained at an acceptable
minimum. The dispatch error probability in conjunction with mean travel times
and interdistrict dispatch frequencies allows one to compare the advantages
and disadvantages of AVL dispatching to any fixed preference policy; such a

comparison would require two executions of the model--one for each policy.

Individual Workloads

Knowledge of the P{Bk}'s is sufficient to compute the workload Py of each

unit n,

Py = T P{Bi}'

iethanci csonstnat

0o e 5 B T Y R A St




The unit-step tour has certain perijodicity properties that make computation

of the sum particularly easy.9

Retouring the Hypercube

For the remaining performance measures it is necessary to reconstruct
the "fine structure" on the hypercube, which requires qna|jk and its sum over
as Pn[jk' Due to the enormous storage requirements implied by storing these
quantities, the decision jsmade simply to retour the hypercube using the
computed P{Bk} at each step to generate many of the performance measures
jteratively. The fact that two tours of the hypercube are made--one to set
up the equations of balance and, after their solution, oneto compute performance
measures--intensifies our interest in assuring that the tour is structured

efficiently.

Unit-Specific Mean Travel Times

With a fixed preference dispatching strategy, the mean travel time tnj
for unit n to reach atom j can be determined simply by knowing the dispatching
strategy, the mean travel time from atom i to atom J Tij° and the time~average
statistical locations L = (znj) of the units while available within the
region R. However, with AVL dispatching the mean travel time is a complicated
function of the real-time location of all available response units, whose
availabilities are determined by the system state Bk' Thus the mean travel
times are computed iteratively in the second tour of the hypercube.

We use g to compute the expected travel times, which depend on the

na|jk
location of the unit when dispatched. Define

t = Expected travel time for unit n, given the incident is in

nijk
| atom j, the state of the system is Bk’ and unit n is dispatched.

bR e SR S SR e B Y
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.

Thus tn)jk is the expected travel time for unit n (conditional on atom j and

state Bk), given that it is the closest available unit. Recalling that T_.
a

is the travel time from atom a to atom j, we have for all P l.k >0
n 3

™ML

t 1., = . _
nle a=~lqna|JkTaj/Pn[jk n = 1523'--,N. ('IO)

(If Pnljk = (0, then tn]'k is undefined.)

J

Now the travel time tnj’ not conditioned on system state, is calculated

as follows: For each state Bk = {bN’bN-1"“’bi”"’b1} in the second

hypercube tour such that bn = 0 and Pnljk > 0, tnk is incremented by

tn}jk Pﬁ|jk P{Bk}. In other words,

. .t —
th “ th tn[jkpnljkP{Bk}' (11a)

After the computations are completed for all states Bk the result is scaled:

t .+t

/ I P . P{B
nj nk {Bk:bn:O} nlik

ny | (11b)

Inter-Area Dispatch Frequencies

For the remaining performance measures it is necessary to compute

pnj = fraction of all dispatches that send unit n to atom j

(Zp .=1).
n,j "

Following Ref. [1] and the arguments above for travel time,
z P .. P{B,} |
{Bk:bn=0} njik "k
Prj = T- P8 N 7 all n,Jj . (12)
2N-1
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This too is computed iteratively at each hypercube vertex.
Once Pnj and tnj are computed for all (n,Jj), then one uses equations
(14)-(20) given in Ref. [1] for additional performance measures involving

interdistrict dispatch frequencies and mean travel times.

Dispatch Error Probability

One may wish to execute the hypercube model with a fixed preference
dispatching policy in order to compute dispatch errorpéobabi]ities. This
requires the computation during the second hypercube tour of the state-
dependent dispatch probabilities for both the fixed preference policy and the
AVL policy.

Define for any fixed preference policy

p.{C'} = Prob{dispatching a response unit other than the closest
J . ‘ .
available unit to atom j}.
U = total number of response units that are optimal given

state Bk and a call in atom j (this is the number of
tied units).

o the number of the mth optimal unit, where r"\=1,2,...,N

and m = 1,2,...,nkj .

If nyy > 1 it is assumed that the unit dispatched to atom j (given state Bk)
is to be chosen randomly from‘among the tied units r],rz,...,rnk' .
J

) is the probability that some unit other than L. is
m|ik
the closest one to dispatch, given atom j and state Bk’ the unconditional

Since (1 - _Pr

dispatch error probability is given by

S
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P.{C'} = 1 » (1 - P )—]—— P{B,}, (13)
J 8, " Ymljk ki K

m
m"],z,...,nkj

where P{Bk} in this case refers to the hypercube model with fixed preference

dispatch policy.

Multiple Values of System-Wide Workload

When one desires to execute the hypercube model with several différent
values of system-wide average workload p = A/N (everything else remaining
constant), a significant computational efficiency is experienced. This occurs
for either AVL or fixed preference dispatching. The efficiency derives from
the fact that, regardless of the different number of workload levels desired,

only two tours of the hypercube are required.

The first tour is again to set up the equations of balapnce. After they
are solved for one value of p, they can be altered easily to adjust for the
next level since all the upward transition rates (Aij
changed by the same relative amount. The fine-grain state-dependent dispatching

such that d:j = 1) are

policies remain unchanged and thus there is no need to recompute the Aij's
by touring the hypercube. The computed steady state probabjlities must be
stored for each different workload level for use in the second hypercube tour.
The second tour is used just as before to compute iteratively most of
the system performance measures. Now at each state the measures for each of
the workload levels are updated, thereby eliminating the need for more than
one additional tour of the hypercube. For large problems, however, there
exists a tradeoff between execution time (implying only one additional

hypercube tour) and storage (which can grow very large if the performance

measures for all workload levels are computed--and stored~--simultaneously).

t .
T v RSP SN
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In anticipating large problems and Timited memory computers, the current
programmed version of the model executes one (re)tour of the hypercube to

compute performance measures for each workload level specified.
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VI. Nine-Unit Example

In this section we apply AVL dispatching to the N = 9 unit square region
shown in Figure 2. Here each unit, when available, is equally likely to be
located. in one of 16 evenly spaced atoms defining its district. Calls for
service are uniformly distributed over all 9x16 = 144 atoms. Calls that
arrive when all nine units are busy are entered in a queue of calls that is
depleted on a first-come, first-served basis. Travel times are directly pro-
portioned to right-angle distance. :

We wish to compare AVL with two popular methods of fixed preferonce
dispatching: Strict Center of Mass (SCM) and Modified Center of Mass (MCM).
A similar analysis was reported previously (Ref [4], Chaps 6,7) using a

Monte Carlo simulation model.

Suppose atom J is located at (xj,yj). To specify the two fixed preference

policies, we define the center of mass of unit n (x2,y7), where

J
x° = T 8 .
J
yo= e .y
n =1 ni‘J

and the center of mass of calls in district n,

X = z f.X./ T f.
jedistrict n J 9 jedistrict n 9

b f.y./ b f.
jedistrict n ¥ 3 jedistrict n 9

<
1}

Now, an SCM dispatching strafegy derives its vector of fixed preferences
for units for calls from atom jedistrict m by rank ordering according to

travel distance from each unit's center of mass to the call's center of mass:
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Unit n is the ith preferred if ]x; - iml + ]y; - &ml is the i°h
smallest travel distance.

A more sophisticated strategy, the MCM strategy, derives its vector by
rank orderings according to travel distance from each unit's center of mass

to the atom containing the call:

Unit n s i preferred if ]xg - xji + |y; - yjl is the ith

smallest travel distance.
The MCM strategy includes information on the exact location of the call
whereas the SCM strategy does not. Thus, we would expect that ﬁean travel
times would be highest for SCM, second highest for MCM, and lowest for AVL.

Nine runs of the hypercube model were performed for each strategy: SCM, MCM and
AVL, eachrun representinga different Tevel of workload p. Here p= A/9u=1/9; it
is important to note that since there areno lostcalls pis identicallyequal to the
average utilization factor (fractionof time busy) forunits inthe system. The average
cost per run using the M.I.T. IBM 370/108 computer was about $4.00 for the fixed
preference strategies, $12.00 for the AVL strategy and $15.00 for both the AVL
strategy and dispatch error probabilities with é non-AVL strategy (both AVL and

non-AVL strategies being computed at the same time).

Mean Travel Time Reduction vs. p

At a given value of p the mean travel time reduction caused by AVL dis-
patching is s 1y the difference between the region-wide travel time of the
fixed preference strategy and that of the AVL strategy. Curves displaying
mean travel time reductions for both SCM and MCM strategies are shown in
Figure 3. As one can see, the greatest trave1‘time savings avai1ab1e from AVL
occur for small values of p, when most units are avai1ab1e and the number of
possible dispatching choices is large. For MCM dispatching, the mean travel
time reduction decreases monotonically with p whereas that for SCM dispatching
is a unimodel function of p, reaching a maximum at about p = 0.20. This

unimodality is caused by the relatively high conditional dispatch error
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probability associated with a dispatch decis}on at small p, given that the
district unit is busy (but because of small p, most near-by units are
available); this high conditional error is caused by ignoring the call's
exact location, thereby often yielding ties in dispatch preferences where
it is clear that one unit is more likely to be closer than another. Note
that for both SCM and MCM the comparitive advantage of AVL dispatching con-
verges to zero as p converges to 1.0, a point at which there is virtually no

¥

choice allowed in selecting an available unit for dispatch.

Probability of Dispatch Error vs. p

L s e S, AR T

Similar curves of probability of dispatch error vs. p are given in
Figure 4. Again, dispatch error tends to be high when p is small. Dispatch
error is a monotonically decreasing function of p for MCM dispatching and a
unimodal function for SCM dispatching. Note that at @ = 0.0, for instance,
approximately 28 percent of dispatch decisions could be improved (in the
sense of smaller travel times) by employing AVL disgatching compared to

either of the fixed preference dispatching strategies.

Amount of Interdistrict Dispatching vs. p

AVL dispatching has its disadvantages as well as its advantages. One
disadvantage is that the amount of interdistrict dispatching increases, thereby
decreasing the amount of contact a server has with citizens in his "own"
district. 1In po]ice applications, where "district" is a police beat or
sector, this is said to cause a Toss of beat or sector "identity."

Curves indicating the extent of interdistrict dispatching for each of the
three strategies are shown in Figure 5. As expected for SCM and MCM strategies,

the fraction FI of dispatches that are interdistrict dispatches almost




-38-
-30-
8 P(dispatch error) : i
0.5+ f
i .
I
0.4 10A
| 0.9} ,
8!
0.3 o o SCM Dispatching i
) ~<o \0 % 0.8}
~, ™~ 0 MCM Dispatching '
\e \ o
~ o | 0.7}
™~ \\\\ é
0.2} N 0.6
N \ 3 T
, ‘ ; AVM Dispatching
o o 5
AN \ 0.5} \ -
° o i : /+
\0 +
.\ 0.3}, ®
) l ] 1 1 1 1 [} il \\\\1 ™ 5 ] 0.2 ,////
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 r ////}3
0.1k ®
/n 1 ! [ | i 1 i ! » 0
Figure 4: Probability of Dispatch Error vs. p, 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Nine-Unit Square Region

Figure 5: Fraction of Dispatches that are Interdistrict vs. p,

Nine-Unit Square Region

ot e o



-40-

equals p for small and moderate values of p. This is intuitively explained

by the fact that a fraction p of calls for service find the district unit

busy and thus require an out-of-district unit if immediate service is to be
delivered. Also as expected, the fraction FI is significantly increased for
lTow and moderate values of p by switching to AVL dispatching. For instance,

FI at p & 0.0 is ahout 0.28, which is just what we expect since the dispatch
error probability at p & 0.0 is about 0.28, thereby necessitating interdistrict

dispatches for 28 percent of calls for service even when all units are

available.

Probability of Dispatch Error as a Function of Incident Location

Each of the previous three sets of curves had been derived earlier with
a simulation model [Ref. 2, Chaps. 6,7]. However, the results reported here
do not suffer from sampling error and they were generated at a cost at least
an order of magnitude less than the simulation costs. Moreover, the hypercube
model produces point-specific as well as area-averaged performance measures,
something that is too expensive to obtain from a simulation model.

An important example in the case of AVL dispatching, the point«specific
dispatch error probability has been heretofore unobtainable. Computations
of this quantity with the hypercube model have indicated that region-wide
dispatch error probability can be rather modest, say 12 percent, yet specific
atoms can have an associated dispatch error probability as high as 50 percent
or more. This significant degree of spatial 1nhomogeneity in dispatch error
probability is illustrated in Figure 6, which displays for a fixed p (p=0.1)
this probability as a function of incident Tocation x as one travels west to
east at a y value fixed at y=1.375. Ascanbe seen from the figure, dispatéh

error probability increases sharply near the boundaries of districts, reflecting
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the fact that a unit on the other side of the boundary has a significant % VII. Discussion
probability of being closest to the call. Thus AVL dispatching would yield ?} The methods reported here for efficiently implementing AVL dispatching
the sharpest reduction in travel times to incidents Tocated near the borders | within the hypercube framework apply to a more general class of queuing system.
of other districts. - In queuing terms, there are J classes of customers (corresponding to the J

atoms), each class j arriving as an independent Poisson process to an M/M/N
queue with distinguishable servers. Server n, if available, will be in
posture i with probability Qni (;Qni = 1). And there is a cost Tij of
assigning a server in posture i %o a class j customer. The methods djséussed
in this paper allow one to model analytically (and solve numerically) the
behavior of this system, operating under a policy that always assigns that
server with minimum (immediate) cost. It should be noted, that in the spirit
of the models of Carter, Chaiken and Igna118 and of Jarvis,9 that a server
assignment policy that minimizes immediate cost does not in general minimize
time-average cost of the system (although the difference between the two
policies in system-wide mean cost has been found to be small--less than one

;; percent when the cost has been travel time). In nonspatial applications one
;é can imagine that customer classes could be defined by one or more of the
following: yearly income, educational level, amount of cash carried, ethnicity,
physical size, sex, or (in computer applications) type or source of data
message. Too, a server's posture could be specified by any number of varia-
bles, including priority of his current activity (which is viewed as pre-
emptable), degree of fatigue, amount of cash on hand, amount of core storage

} available.

A practical application of the AVL dispatching strategy, using the
12

hypercube model, is now underway in one large city.
The computer 1isting of the model for up to N = 15 units programmed in

i PL/I, is available (along with user's manua1]3) from the authors.
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Appendix:* Number of Probability Computations Required with the Backward
Regenerative Unit-Step Tour
The purpose of this appendix is to derive Eq. (9), which specifies the
number of computations of qna]jk required for a particular atom j in the
course of touring the hypercube in a unit-step fashion (according to the

backward regenerative tour), with units rank ordered according to the Lij‘s:

< L

L N-1)j < .. < 15

N <N

In the derivation we also require

UNj < U(N-l)j < .. < U]j .

We motivate the general result from the N = 4 unit problem which is
summarized in Table A-1, whose columns contain (left to right) the unit number,
the number of state changes (or transitions) during a tour, the number of
computations of qna|jk per transition, the transition(s) at which that number
of computations occur, the binary representations of the state in the tour,
and a simple linear ‘index denoting the state. We focus on state transitions
and the number of computations required per transition. Since the computations
of qna]jk must start at state S] (OQOO), we include "going to the start state"
as a transition. Thus, there are ZN transitions for an N unit problem, with
unit n experiencing 2N-n transitions (excepting unit N which experiences
2% + 1 = 2 transitions).

We partition transitions into two classes: (1) those which involve a

unit n for which Lnj is the minimum of all Lij’s currently in the available

*While this Appendix is self-contained, certain mathematical properties of
the backward regenerative unit-step tour are invoked. Those wishing additional
background in this area may wish to consult Ref. [9].

Fr .

Table A-1: Summary of N = 4 Unit Problem
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Unit Number of Number of Transition at §iState S, |I
nd
Number State Changes | Computations Which Computa- [lof Unitg k o?xsﬁgggeg
During Tour Per Transition| tions Occur Step Tour k
0000 1
4 2 U4 - L4 + 1 start upat state1] 0001 2
u, - L, +1
2 = Ly 83 0011 3
0010 : "
3 2 (U4~L3+])+ 4 +5 *
0110 5
Uy = Ly + 1 12513 o1 6
0101 7
2 4 (U =Ly +1), | 223,647 0100 8
_ 1100
(Ug-Ly+1), | 14215 ] ?
0 1011 1101 10
1111 11
1 8 (U4 —L] +1)+ 1+2,3+4,5+6,7-+8 1110 12
; 1010 13
i
! u,-L, +1),
; ( 3~ L )+ 13+14,15~16 1011 14
1001 15
wZ-L]+1h_ 910
1000 16
U] - L] + ] 11 +12
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setdlk; (2) all other transitions. For those in class 2, there is always at
least one available unit that can be closer to atom j than unit n, regardless
of the location of unit n; for those in class 1, unit n can be closest,
regardless of the locations of the other available units.

Consider first q]ass 2 transitions. The transition from state S] to 52
is of this type} Here unit 1 becomes busy while the other 3 units remain
availab]e. If there is any overlap in the tahle of an(e)[jk values, it
occurs between the upper bound of unit 4 and the lower bound of unit 1. The
amount of overlap is U4 - L1 + 1, if positive. Since the overlap is zero
otherwise (implying O computations resulting from the 1-to-2 transition), we
abbreviate the number of computations as (U4 - L1 + 1)+, where
(x), = x only if x > 0; otherwise (x), = 0. Since there are oN-1 (=22=4)
transitions involving unit 1 while unit 4 isavailable, (U4 - L1 + 1),
computations are experienced 4 times. Similarly there are two transitions in
which unit 1 changes state and unit 3 is available (while unit 4 is busy);
each of these reguires (U3 =Lyt 1)+ computations. Once unit 1 makes
a transition when units 4 and 3 are busy and unit 2 is available, requiring

(U2 - L] + 1)+ computations. In general for an N unit problem, class 2

transitions of unit 1 require

N
oy on=1-1
DU - Lt 1),2"

n=2 -
computations. The same reasoning applied to class 2 transitions of an arbitrary
unit m yields for the number of computations
N

To(U - L +1),2"m T
n=m+l " i "

Summing this Tast quantity over all m, we obéain the first term on the right
hand side of Eq. (9).

Now consider class 1 transitions and subdivide these into two subclasses:
(a) those which result in the unit m becoming available; (b) those which
result in unit m becoming busy. For an N unit problem, exactly one transition
of type (2b) will occur for each unit N, N-2,N-4,..., and exactly one transi-
tion oftype (2a) will occur for each unit N-1,N-3,N-5,... A (2b) type
transition must occur for unit N in transitioning from state SZN;] to, |
S(QN-]+])’ by construct of the tour which adds a "one" in position N at state
S(ZN'1+1)' Similariy such transitions must occur for all units m resulting
from subtracting an even number from N, since at points in the tour which
begin with the 2n highest indexed units busy (n integer), the tour for units
1,2,...,(N-2n) has reversed an even number of times, yielding forward "subtours."
The Tength of each subtour is equal to the number of N-tour entries for which

the 2n highest indexed units are busy. If the Nth

h

digit switches to one
only once in an N-digit tour, the nt digit must switéh to one only once in

an n-digit forward subtour. If units N,N-2,N-4,... incur type (2b) transitions
for an N-unit problem, the reversal of the transition sequence when unit

N+1 1is busy in an (N+1)-unit problem indicates that those same units will
experience type (2a) transitions in such a problem. Thus, units m obtained by
subtracting an odd number from N each experience a type (2a) transition.

For transitions of type 2(a) (resulting in unit m becoming the possibly
closest unit), it is clear that the number of computations of qna[jk required
is Um - Lm + 1. For transitions of type 2(b), unit m is no Tonger available.
But, by the construct of the backward regenerative unit-step tour, unit m-1

must also be unavailable (since the transition from 0 to T for unit m follows

2m-2 consecutive states in which unit m-1 is busy). Also by the construct of
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the tour, unit m-3 must be free when unit m makes its type 2(a) transition.
This is so since the tour has stepped backward to state S], picking up all
zeroes except for unit m-1 at the point of unit m's transition to busy status.
Thus, if we do not count erasing zeroes in positions L3 - L] as computations,
then the number of computations required as a result of unit m making a type
2(b) transition is Um—2 - Lm_2 + 1 (since unit m-2 is now the possibly closest
unit).
In the N=4 example, the transition 8 +9 is of type 2(b), causing unit

4 to become busy and requiring U2 - L2 + 1 computations. Unit 2's transition
10+11 §s also of this type, yielding the state 1111, implying that all units
are busy; here no ordinary computations are required and our formula is still
valid since U, - Lo *1 1s rot defined for U, and L.
Finally, since we include the starting state as a transition, we must

- L. + 1 as the number of computations required to start the process.

N N
Adding all computations required for type (2a) and (2b) transitions and for

add U

the starting state, we obtain the second term on the right hand side of

Eq. (9), and our derivation is complete.

10.

11.

12.

13.

Research 1, 67-96 (1974).
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