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This work describes: (1) the development of a systematic
procedure for the design of optimal multishift proportxonal
rotating (PR) schedules which provide a given distribution of
manpower by shift and day of the week; (2) the identification
of preferred schedule attributes and quantitative measurws for
each that can be used in a multi-criteria decision model to '
discriminate between alternative schedules; (3) the incorpora-
tion of the design procedures. into a set of computer programs

capable of constructing optimal and near—opitimal multishift PR

schedules based on a given set of regquired and preferred sched-
ule properties; and (4) the use of the computerized procedures
to design manpower schedules for several unlts of the S%t. Louils
Metropolitan Police Department. '

The sequential process for the design of one-shift PR
schedules, first proposed by Heller, consists of: (1) the
aggregation of recreation days into recreation; periods of
acceptable lengths; (2) the distribution of each recreation
period set over the days of the week to match the required
manpower allocation; (3) the identification of the work

perlod length defined by each ordered pair of recreation perlods,_
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and (4) the selection of sequences of recreation perlods which

‘  yleld schedules with the required number of work days.

The clustering of recreation days into periods is a varlant
of the combinatoric problem of representing a positive integer n

“ as the sum of two or more positive integers. A simple enumera-
‘tion scheme is described for generating all distinct partitions.

The distribution of recreation periods over the days of the week
is schematically represented as a cyclic graph and a branching _
procedure is developed for enumerating all graphs for each parti-
tion. Using the information contained in a separation matrix
associated with each graph, a branch-and-bound algorithm is used
to enumerate all seguences of recreation periods which correspond
to feasible one~shift schedules.

Multishift PR schedules are formed by designing a small set
of dominating one-shift schedules for each shift tour, selecting
one schedule from each set, and placing the schedules in proper

- rotation sequence. An "artificial" recreation period is used to

control the placement of recreation periods at the beginning and

end of each shift schedule. A simple branching process is used

to enumerate optimal and near-optimal multishift schedules from

- the et “of domlnatlnq schedules for each shift tour.

A survey of 21 pollce agencies and a review of scheduling

literature is used to identify schedule attributes which can be

used to characterize individual schedules. Quantitative mea-
sures for each attribute are used to design optimal schedules

/in two ways: acceptability measures are used to screen out

schadules which fail to satisfy minimum requirements, and
preference measures are used to determine preferable Spheiules
from among atceptable candidates.

Acceptable schedules are those which: (1) preserve a given

manpower allocation by shift and day of the week, (2) satisfy
“upper and lower limits on the lengths of all work and recreation
- periods, and (3) have a recreation period of acceptable length

al each shift changeover point. Preference measures utilized
include: (1) the number and freguency of weekend recreation
periods,  (2) the size and frequency of maximum length work
periods, (3) the range between maximum and minimum length work
periods, and (4) the number of preferable recreation periods
(where preferability is determined by perlod length and days of
the week covered).

Appllcatlons of the computerized design procedures are pre-
sented for two units of the St. Louis Metropolitan Police Depart—
ment: the Evidence Technician Unit, and the Radar-Vascar and ‘
Motorcycle subunits of the Traffic Safety Unit. Comparisons of
the computer designed schedules with work patterns designed by
police personnel indicate the superiority of the computer designed
schedules in terms of several important schedule properties.
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OPTIMAL MULTISHIFT PROPORTIONAL ROTATING SCHEDULES

1. INTRODUCTION

1.1 PROBLEM BACKGROUND

In recent years, increasing attention has been devoted
to the development and use of new varieties of manpower
schedules. In place of the traditional work pattern of
eight hours per day, Monday through Friday, an increasing
number of private companies and public agencies are ’
experimenting with four-day work weeks (1,2,3,4,5)%,
three~day work weeks (5,6,7,8), split and part-time shifts
(9,10,11,12), variable starting and stopping work hours (13},
rotating and cyclic schedules (14,15,16,17,18,19,20,21,22,
23,24,25,26,27), and proportional schedules (9,10,12,14,15,
16,17,18,19,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,
39,40,41). 4

Many factors have contributed to increased interest in
new kinds of manpower schedules. One of the most important
has been the significant increéfe in the number of persons
employed in service—oriented ié‘ustries where the demand

for service, even if predictable, cannot be modified to fit

employee work patterns. In the public sector, the most

*The numbers in parentheses in the text indicate
references in the Bibliography.
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notable examples of services which cannot be backlogged or
inventoried are the delivery of émergency police (1,16,17;18,1
28,29), fire, and medical services. In the privateksectof, |
services which are tied to customer deméﬂd include those
provided by telephone operators (9,30,31,39,40); taxi drivers,
toll booth attendants (10,26,34,42), baggage handlers (27),
airline reservationists, bus drivers (11), refuse colledtors
(19), air line crews (43,44,45), nurses (20,21,22,23,24,35,36,
37,38), and in some cases, retail clerks. ' ” ”

Pressure for new and better manpower séhedules has origi—r
nated from both management and wopker.groups. 'With‘spiraling
labor costs, administrators have sought to imprové'productivity
by rearranging work patterns’to provide the same level of per-
formance with a reduced number of personnel, and by improving
individual service levels. At the same time, workers both in
public and private agencies are demanding benefité that are
not exclusively tied to economic issues, but iather relate to
employee satisfaction aﬁd,morale. In many instances théSe'
demands are for new kinds of manpower schedules which (1)
require less time on monotonous jobs, (2) require less
scheduled overtime, (3) reduce the amount‘of commuting, and
(4) proﬁidelmore leisure time for family activities.

The impetus for the development and use of new kinds

of manpower schedules is not limited to service industries.

\-‘— FA
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Manﬁfacturing industries which require continucus utilization
of valuable machines and equipment often operate six or
seven days a week and the kinds of manpower schedules used
are often an important labor-management issue; examples
include the steel, chemical, and petroleum‘industries plus
many computer installations.

The development of new schedule design methodologies
to replace rule-of-thumb procedures has progressed slowly
however. This has been due, in part, to the increasing
awareness that the development of new methods for designing
schedules which can adequately satisfy both labor and
management constraints is a complicated task. Barriers to
the successful implementation of new kinds of schedules have
included (1) a myriad of Federal laws, state regulations,
city ordinances, and union agreements which regulate
overtime, undertime, starting hours, stopping hours, lunch
and break times, split shifts, and the use of full- and

part-time workers*; (2) the resistance of management and
*

As an example of increasing Federal involvement in
lozal scheduling practices, the scheduling of municipal
employees such as police officers and firemen would have
become even more difficult if the United States Supreme
Court had upheld the new provisions of the Fair Labor
Standards Act adopted by Congress in 1974. A suit challeng-
ing the constitutionality of the law was brought before the
Court by the International City Managers Association, the
National League of Cities, the National Conference of
Governors, and 18 states during the 1975-1976 term of the
Court. The new provisions were ruled unconstitutional in
June 1976. If upheld, the provisions would have required
overtime payment to municipal employees who worked more
than a specified number of hours per pay period.
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employee groups to changes in work patterns which are per-.
ceived as detrimental; and (3) the inertia of tradition.‘iin
addition, changing work patterns for large numbers of persdns :
may require adjustments to work schedules for support’per§Oﬂnel
such as cafeteria workers, maintenance staff, ahdytranspbrtaﬁion
and traffic related workers (such as bus drivers ahd police
personnel). Understandably, both management and employeé
organizations, aware that new schedules may have-economic'and
social impacts that are not immediately obvious, ha§e~ténded

to take a cautious; wait—and-see attitude when néw work
patterns are proposed.

Within the last decade, an increasing number of efforts B
have been made to develop systematic approaches to the aesign
of acceptable manpower schedules; A variety of heuristic |
and algorithmic procedures have been proposéd; a reviéw of
these efforts is presented in section 1.5 of this chapter,

This thesis discusses the construction and design'of onek
kina of manpower schedule: proportional rotating schedules
(hereafter referred to as PR schedules) which can satisfyvmany
of the scheduling problems cited above. The procedures de=
scribed in this wofk have been successfully used to design
schedules for the St. Louis Metropolitan Police;Department;
amohg other a?élicati¢ns in the pdlice area, and much of the
discussion in this thesis will be within the context of .
| séheduling police manpower. The basic concepts of schedule

design and most of the schedule attributes discussed, however,



are applicable to other éervice agencies in both the
public and private sector.
1.2 POLICE MANPOWER SCHEDULING

Scheduling manpower for police services is a multifaéeted
planning activity which includes measuring the demand for
services, determining the distribution of available manpower
which best meets the demand, and finally constructing personnel
work rosters or schedule sheets (hereafter called schedules)
which achieve the desired manning through acceptable patterns
of work days and days off for each police officer.

In some areas of police work, the services demanded are
not urgent and can be conveniently postponed. For these cases,/
simple schedules such as the common 8 A.M. to 5 P.M. five~day
work week can be used. For emergency service demands, however,
manpower scheduling is more difficult. Most such services
require an immediate response and requests for such services
arrive around the clock, seven days a week. A wide variety of
work schedules has been devised by police agencies to properly
staff the watches* of the week.

1.2.1 The Demand for Police Service by Day and Shift

Although the demand for police services is a random

phenomenon, the pattern of call arrivals exhibits regular

. *"Watch" can be used interchangeably with "shift". Watch
is the more commonly-used expression to describe police man-
power schedules, and refers either to a particular set of con-
secutive hours for each day of the week (e.g., the day, after-
noon, and night watches) or to the set of work shifts for the
entire week (e.g., "The week consists of 21 watches.").
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cycles on a daily, weekly, and even seasonal basis. Thesé
cycles permit police agencies to compute réasonably accurate
forecasts of the number of calls for each day of the‘week>

and each shift. Table 1.1 shows the distribution of calls.

for police service by‘day and shift of the week in St*vLouis
‘during 1971. Almost half of the calls (45.8 percent) Qccur;édi
during the afternoon shift, and approximately oﬁe—third of the
calls (33.6 percent) ocurred on Friday and‘Saturday. The most
dramatic change in daily workload cccurs on the night shift
where the daily average of the wétch workload is only 1l.4
percent for Sunday through Thursday, but incréasésbto,an
average of 21.5 percent for Friday and Saturday.

Police statistics from other cities show a similar distri-
bution of call activity by day and shift. Table 1.2, taken from
a 1972 survey conducted by the author indicates thekdistfibution
of worklcad by shift for 10 Unitéd States cities.

1.2.2 Commonly Used Police Schedules

Most police departmeﬁts use some form of a three-shift
schedule. In rural areas or for specialiied services Such'aé 
traffic enforcement; two-shift schedules may be uséd. :Schedules"
with more than three shifts are used by some’agencies to
achieve a distribution of manpower more closely resemblingv‘
the actual demand for service. |

The type of service required as well as the volume Ofk

- requests vary with the time of day. Late afternoon and night



Taple 1.1

" Percentage Distribution of Calls-For-Service by Shift and
Day of the Week, St. Louis Metropolitan Pollce
Department, 1971%

Shift
Day Afternoon Night
(7 A.M.- (3 P.M.~- (11 P.M.~

Day 3 P.M.) 11 p.M.) 7 A.M.) Daily
Monday 14.2% 14.3% 11.7% 13.6%
Tuesday 14.0 14.2 11.5 13.5
‘Wednesday 14.0 14.1 11.5 13.4
Thursday 14.8 14.8 13.1 : 14.4
Friday 14.5 . 15.4 21.8 16.7
Saturday . 15.6 15.4 21.3 16.9
Sunday 12.9 11.8 9.1 11.5

Total 100.0% 100.0% 100.0% 100.0%
Percentage

by shift 29.6 45.8 24.6 100.0

‘Source: Computer Division, St. Louis Metropolitan
Police Department, St. Louis, Missouri.

*Based on 439,716 radio calls (both directed incident
and directed assist calls) from January 1, 1971 through
December 31, 1971.



Table 1.2

Percentage Distribution of Police Workload by Shift for
: Ten United States Cities :

Shift*

City Day Afternoon . Night
Norman, Oklahoma 25% 509 25%
Rockville, Maryland 38 46 16
Fort Lauderdale, Florida 30 50 20
Bethlehem, Pennsylvania 39 37 24
Kalamazoo, Michigan 25 60 15
Ocean City, Maryland 21 46 33
Waterbury, Connecticut 25 35 40
Kansas City, Missouri 33 39 28
Millersville, Maryland 35 45 20
Hartford, Connecticut 35 50 15

Unweighted Average 30.6% 45.8% 23.6%

, Note: Survey conducted by the author of police
officials attending a planning seminar at Northwestern
University in June 1972 (see appendix 10.2).

*Starting hours for the three shifts differ slightly
Generally, the day shift begins

, the afternoon shift begins
between 2 P.M. and 4 P.M., and the night shift beglns'

among the departments.
between 6 A.M. and & A.M.

between 10 P.M. and midn

ight.
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assignments are considered by many police officers to be less
desirable for work assignments since they interfere with
normal social and familyvlife. Police administrators differ
as to whether these circumstances imply a need for officers

to rotate periodically through the shifts or to be permanently
assigned to a particuiar shift.

Shift rotating or multishift schedules are the most‘
common type of police schedule in use today*. Officers
generally spend an equal amount of time, called a "teur",
on each shift, although the exact length of the time varies
considerably from department toc department -- from one week
to several months. Since changing shifts requires adjustment
of personal habits for each officer and his family, frequent
changes are usually considered undesirable. Extended periods
on the same shift,'however, are also considered undesirable,
particularly during the summer months when crime and calls
for service increase. Hence the length of time spent on
each shift usually represents a compromise between these
two unattractive features.

2 schedule which is manned solely by tours of equal

length on each shift will produce equal manning levels on

~each shift, a distinct disadvantage for most departments.

~Despite this, such schedules are widely used because of

their'simplicity and the lack of readily available and

acceptable alternatives.

% : ; '
Sixteen of the 21 departments surveyed by the author
indicated that officers rotate through the shlfts on a

regalar ba51s (see appendlx 10.1).
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The workload imbalance between different shifts»and

days of the week has motivated some departments to use

permanent shift assignments for all officers, with the
number of officers assigned to each shift proportional -to
the workload. Shift assignments are¢ made by seniority‘in
some cases and by officer choice in others; officers change
shifts only by promotion, assignmenﬁ to a Special detail on
another shift, or by Special reques# (esg., to accommeaaﬁe
part-time college programs). Some &epartments employ both
fixed and rotating assignments: for example, San Francisco
and Boston both reported in 1968 that they used fixe&fessign—"
ments for the day watch and rotating assignments for the' |
afternoon and night watches (46)%*.

The match between manpower and workload may be 1mproved
by schedullng overlapping shifts s0 that officers a551gned to

different shifts are on-duty at the same time during the

busier hours of the day. Two popular versions of this type

of schedule are the four-shift orkoverlay“schedule, and the
"4-10" plan. The four-shift schedule employs the usual thieeh
shifts plus a fourth shift which usuélly beginS'midwaysthreughk_’
the afternoon shift and ends helfway through the night'ehift;
This élah ptevides extra manpower during the peak demand

pefiod of each day (usually from 7 P.M. to 3 A.M. ). In the .

Seven of the 16 departments surveyed by the author
that reported use of rotating shift assignments also
indicated that some officers are permdnently aeSlgned to
specific shifts.
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4-10 plan, officers work four 10-hour days each week instead
of five 8-hour days. This plan produces a total overlap
time of zix hours per day which can be placed at the peak
demand period at the expense of manpower reductions during
othér hours (i.e., since the total number of manhours to
be allocated per week is fixed, 1ongef shift hours result
in fewer men on duty per shift) (1,2). Both four-shift and
4-10 schedules can be bas¢d on either fixed or rotating
shift assignments'or on a combination of both.

| Many systems are used to schedule officers' days off.*
Inf% few departments, officers are permanently assigned

o
certain days of the week as recreation days, but in most
departments a revolving or cyclic pattern of recreation and
work days is used. Some departments schedule fewer men off
duty on busier days, bu£ since this complicaﬁes the scheduiing
process and also usually reduces the number of weekends off,
many départments settle for equal manning levels for each
day of the week.
1.2.3 Desirable Police Schedule Features
In addition to the sometimes felt need for providing

policé manning levels that are proportional to fhe demand
for service by shift and day of the week, police manpower

schedules must also often satisfy a variety of statutory

— ;
The term "days—off" will be used interchangeably with

the expression "recreation days," the latter being more

commonly used to describe police schedules. Consecutive

‘recreation days are defined as recreation periods.
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and administrative constraints. Also, there are a number
of schedule attributes that, although not required, are
usually considered desirable by police administrators.
These attributes include:

(1) identical (or equivalent) schedules for all
officers,

(2) shift tours of acceptable length,

(3) the scheduling of a recreation period
whenever an officer rotates to a new
shift assignment,

(4) acceptable work and recreation period
lengths (i.e., elimination of very short
or long periods),

(5) the presence of an adequate number of
weekend recreation periods distributed
evenly over the schedule to minimize the
number of consecutive working weekends¥,

(6) the ability to schedule holiday recreation
days at the beginning or end of regularly
scheduled recreation periods (police
officers routinely receive time off for
holidays on days other than the actual
holiday date), :

(7) the design of vacation schedules which
maximize officer choice and minimize
manning level disruptions, and

(8) the'design of superV1sory schedules which
maximize the "unity of command" between each
officer and his supervisor.

In most police departments today, police schedule’

designers have no systematic waykof incorporating'these

A weekend recreatlon perlod is a recreation perlod that -

includes both Saturday and Sunday. A working weekend is a
weekend in which an officer must work either Saturday oxr
Sunday or both days. oo :
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features into the schedules that are being used. Further,
research efforts to date into the design and construction
of new varieties of manpower schedules have frequently
ignored or have been unable to include them. The schedule
dééign procedures described in this thesis represent, in
some cases, the first systematic inclusion of.the attributes
listed above into an algorithmic approach to schedule design.
l.é TYPES OF MANPOWER SCHEDULES

Two broad categories of schedule design problems exist:
shift scheduling and days—-off scheduling.
1.3.1 Shift Scheduling

In shift scheduling problems, service demands are
determined for small units of time (usually one hour periods)
and then used to find the best shift times for each day of
the week given the requirement that each shift must consist
of a specific number of consecutive’time units (e.g., eight
hours). This type of scheduling is often posed as an alloca-
tion problem in which the objective is to determine, by
specifying the shift hours, the minimum number of officers
required to provide adequate manning levels for each hour
of the day or week. Among the variables that may be specified in’

a shift scheduling solution are shift starting times, shift

ylength,}lunch times, break periods, and the number of men

for'eééh shift. Many'variétions of this problem exist and

a variety of analytical and heuristic teehaigues have been

\
.~
0

RN
%
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’ used to find adequate shift designs. (See section 1.5 for
a review of previous research efforts.) The important fact
to be noted about shift scheduling problems is that they

deal only with the allocation of the entire workforce

rather than with the scheduling of individual officers; the

solutions to these problems specify when and how many officers
should be on-duty, but do not indicate the day~to-day work
patterns of individual officers. The resolution of this
latter problem is éalled days~off scheduling.
1.3.2 Days—-0ff Scheduling

Days—off scheduling is the priitary topic of this
thesis. To describe this type of scheduling problem, it

is useful to define some basic elements of manpower scheduling.

A schedule bracket is a sequence or pattern of work and

recreation days; the length of a bracket is equal to the

total number of days in the seguence. A group of men is a
subset of the workforce defined by the fact that all of the
men within the group work the same bracket (or pattern of
work and recreation days). A group of men may contain only
one man. All of the schedules deriVed in this thesis are
based on schedule brackets that are one week long.* The
common Monday through Friday work schedule, if repeated
every week, is a seven—day one-bracket schedule that can

be repreéented as:

ThlS thesis also uses th1 convention that each
C seven—day schedule bracket begins on Monday. «
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MON . TUE,H WED. THUR. FRI, SAT. SUN.
R - R

where each "R" represents an cff-duty or recreation day and
each blank represents a work day.

Schedules containing two‘or more brackets can be used
to provide manning on all seven days of the week. For
example, a uniform manning 1evel for each day of the week
can be achieved with the seven-bracket schedule shown in
figure 1.1. Each bracket represents a different pattern of
work and recreation days. This schedule is used by assigning
a group of men to each schedule bracket. Five groups of men
are on duty each day of the‘week (indicated by the five

blanks or on-duty days in each column of the schedule

M T W T F S S
11 R R
2 R R
Bracket 3 R R
or
Week 4 R R
5 R R
6 R R
71 R R
Figure 1.1

Sample Seven-Bracket Schedule
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chart). As a result, if an equal number of men is assigned
to each group, an egqual number of men will be on duty each
day of the week.

Multibracket schedules can be used in two ways:
either each group of men éan be permanently assigned to
one schedule bracket (i.e., each group works thé same
seven-day pattern every week), or the groups of men can be
rotated through all of the brackets. Each of these procedures
is discussed below.
1.3.2.1 Fixed Schedules

A manpower schedule is said to be used as a fixed
schedule if each group of men work the same schedule bracket
every week: for example, if the schedule in figure 1.1 is
used as a fixed schedule, the men in bracket 3 receive
Wednesday and Thursday off every week, while the men in
b;acket 6 receive Saturday and Sunday off each week. By
placing different numbers of meﬁ in each bracket, fixed
schedules can approximate Variations in daily deménd: fér
example, if two men are assigned to éach bracket in figure 1.1,
then 10 of the 14 men assigned to the scheduie will be on-duty
each day of the week (2 men for each of the five bréckets),
but if these 14 men are reassigned so that five meﬁ workl
bracket 7, two men work brackets 1, 2, and 3 eaéh,'andVOniy-
one man worké brackets 4, 5, and 6 each, the number’of°mqu»

on-duty each day of the week becomes:
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Mon. Tue. Wed. Thu. Fri. Sat. Sun.
7 10 10 11 12 12 8

This daily manpower distribution may be useful if the service
demands are greater on Friday and Saturday, and lighter on
Sunday and Monday. Baker (12,25,33,41), Tibrewala et al. (32),
Guha (34), and Guha and Browne (26) have all developed algo-
rithms for determining the number of men to assign to each
bracket in order to meet daily manning requirements.

The advantages of fixed schedules are their relative
simplicity, and their ability to approximate variable daiiy
service demands. The most serious drawback, however, is the
inequity of the days off schedules for individual officers;
in figure 1.1, for example, men assignéd to brackets 1, 2,
3, or 4 never recelilve a recreation day on either Saturday
or Sunday while men assigned to bracket 6 receive both of
these days off every week.
1.3.2.2 Cyclic Schedules

A manpower schedule is said to be used as a cyclic
schedule if each group of men works each schedule bracket
in sequence. This can be illustrated uéing the schedule
in figuré 1.1 as a cyclic schedule: if an officer works
bracket 1 during the firstkweek of the schedule, instead
of returning to Monday of the same bracket, he rotates
to the Monday of schedule bracket 2 for the second week,

rotates to the Monday of schedule bracket 3 for the third
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week, and so on; af£er working bracket 7 in the seventh
week, the officer rotates back to bracket 1 for the

eighth week. More p;ecisely, a schedule is defined to be.
cyclic if in the jEE-week the iEE group of men (identified
as the group of men who wogggérb;acket i during week 1) |
work the same schedule as did the i+j~1lst group of men
(modulo the number of brackets) during week 1 (14).

In a cyclic schedule with m brackets, each group of
officers spends one week on each bracket during each
m~-week period. The number of weeks required for one
complete cycle through all of the brackets is defined as

the schedule period (e.g., the schedule in figure 1.1 has a

seven~week period). Cyclic schedules have the adVantage that‘
during each period of the schedule, every officer works the
same pattern of work and recreation days. As an example,
if the schedule in figure 1.1 is used as a cyclic schedule,
each officer receives one weekend off during each seven |
week period. Cyclic schedules are usually more complicated
than fixed schedules, and‘as a result, are more difficult
to design.

When a cyclic schedulé is used, equal (or nearly
equal) numbers of men are usually assigned to each group.
As a result, each schedule bracket has‘the same number of
men'assigned to it each week; this causeskthe‘number of

men off-duty each day of the week to remain constant during
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" each week of the schedule. If unequal numbers of men are
assigned to each group, the number of men off duty each
day changes from week to week. For cyclic schedules with
equally mannea groups, the proportion of total manpower
off-duty ahy day of the week is indicated by the fraction
of brackets that contain recreation days on that day of
the week. For each day of the week in figure 1.1, two of
the seven brackets contain recreation days, indicating
that two-sevenths of the workforce will be off duty each
day*. Unless otherwise indicated, it is assumed throughout
the remainder of this thesis that equal numbers of men are
assigned to each group. |
1.3.2.3 Multishift Schedules

Shift rotating or multishift schedules can be con-
structed by combining cyclic schedules designed for each
shift. As an example, consider the multishift schedule in
figure 1.2. The schedule consists of 13 brackets, seven
on shift A and six on shift B. qéince the multishift
schedule is used a cyclic schedule, as each group of men
completes one week on each bracket, it rofates down to the
next bracket and the group completing the last bracket
rotates back to bracket 1. Two groups of men change shifts

each week: the men completing bracket 7 (on shift A)

*If the number of men assigned to each group varies,
the fraction of men on recreation each day of the week will
average, over the schedule period, the fraction obtained
with equally manned groups, but will vary from week to
week -- usually an undesirable schedule feature.
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M T W T F s S
1l R R
2 R R
Shift 3 R R
A
4 R R
5 R R
6 R R
71 R R
8 R R
Shift 9 R R R
B
10 R R
11 R R
12 R R
13 R

Figure 1.2

Two-Shift Multishift Schedule
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rotate to bracket 8 (on shift B), and the men completihg
bracket 13 (on shift B) rotate to bracket 1 (on shift A).
The period of the multishift schedule is 13 weeks; and
each officer spends seven weeks on shift A and six weeks
on shift B during each 13-week period. |
Since one group of men rotates to and one group of
men rotates from each shift during each week of the schedule,
the number of groups assigned to schedule brackets within
each shift remains constant (e.g., in figure 1.2, during
each week seven groups are assigned to shift A and six
groups are assigned to shift B). In general, the fraction
of the workforce (assuming equally manned groups) assigned
to schedule brackets within a shift eqguals the fraction of
schedule brackets for the shift within the entire schedule;
hence, in figure 1.2, 7/13 of the total workforce is assigned
to shift A and 6/13 of the workforce is assigned to shift B.
The fraction of manpower on duty for each shift each
day of the week equals the fraction of all groups used in
the schedule that are on duty within a shift each day (e.g.,
5/13 of the workforce is on duty on shift A and 4/13 of the
workforce is on duty on shift B each Tuesday). In general,
as the fraction of the workforce assigned to (i.e., the |
fraction of schedule brackets within) a shift increases, the
fraction of manpower on duty on that shift each day of the

week also increases.
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The multishift schedule in figure 1.2 can be vieweduas
the combination of two cyclic schedules: schedule A
consisting of the seven brackets for shift A, and schedulé
B consisting of the six brackets for shift B.’ Each can be
used as a cyclic schedule by itself: at the end ef;each 
week in schedule A the men in bracket 7 cyc%e‘baCk to
bracket 1, and at the end of each week inkséheduie_Bfthe_,
men in bracket 13 cycle back to bracket 8. ESchedule A
has a seven-week period and schedule B has % six~week
period. When used together in a multishift schedule,

however, schedules A and B are not used as 'CYClic;schedules.

Rather, they are said to be used as non-~cyclic schedules

to denote the fact that although groups of men rotate

through each schedule bracket, they do not cycle within

each shift (i.e., at the end of each week in the multishift
schedule, the men in bracket 7 rotate to’bracket 8 instead
of bracket 1, and the men in bracket 13 rotate to bracket‘lf
instead of bracket 8). |
A basic constraint imposed on all of the schedules

derlved in this thesis is the requlrement that all on—duty
’days in a schedule bracket represent the same shlft. Thls
requirement, combined with the condition that all schedule
bracketsfare.eeVen days long and begin on Monday; hes tWOFk
effects: | ‘ | | |
| gl)‘ everyqecheduleﬂderived[in this thesie,
‘ whether fixed, ¢cyclic, non-~cyclic, or

multishift consists of an 1ntegra1
number of weeks, and '

-

[SI
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(2) every shift changeover point in
multishift schedules used in this thesis
occurs after the last Sunday of each
non~cyclic schedule.
‘Some research on the design of multishift schedules in which
shift tours are not constrained to an integral number of
- weeks has been reported by Bodin (15), Ignall et al. (19),

Smith (23), Baker (25), and Guha and Browne (26).

1.4 OBJECTIVES AND QUTLINE OF THE THESIS
1.4.1 Proportional Rotating Schedules

This thesis concerns the design of manpower schedules
which may possess any or all of the following basic
properties:

(1) manning levels that are proportional to
service demands by day of the week:

(2) manning levels that are proportional to
service demands by shift; and

(3) equitable schedules for all officers.
These properties can be achieved with rotating multishift
schedules (described in section 1.3). Equality of schedules
for individual officers is achieved by using cyclic schedules;
proportional manning by day of the week is achieved by
arrangement of the recreation days; and proportional manﬁing
by shift is accomplished by assigning a greater number of
Brackets to busier shifts. Such schedules are called

proportional rotating schedules by Heller (16), and this

‘terminology will be followed in this thesis*. When

As noted earlier, the abbrev1at10n "PR schedules" is
also frequently used. :



-24-

discussing one-shift schedules, a PR schedule is a cyclic
schedule which distributes manpower according to daily
service demand, and has a schedule period equal to the
number of brackets in the schedule. Multishift PR schedules
provide manning levels proportional to the service demands
by shift. The period‘of a multishift PR schedule is equal
to the sum of the lengths (i.e., number of brackets) of all
shift schedules included.

To illustrate these concepts, consider the task of
designing a PR schedule for 19 police officers which matches
the manpower allocation shown in table 1.3. This allocation
provides for $2 on~duty manshifis per week. A PR schedule
to match these manning levels is shown in figure 1.3. One
man is assigned to each group, and shift rotation is used,
resulting in a schedule period of 19 weeks. To achieve
proportionality by shift, six brackets have been used for the
night and day shifts each, and seven brackets have been used
for the afternoon shift. As a result, during the 19 week
period each officer spends six weeks on the day shift, six
weeks on the night shift, and seven weeks on the afternocon
shift. Three men change shifts at the eﬁd of each week.

- Note that the total number of officers assigned to each
shift remains constant each week. |

More difficult to dGetect in this schedule is the fact
that the numbers of officers on-duty each day of the week
on each shift match the manning level requirements shown

in table 1.3. As an example, in the day shift schedule,



Table 1.3

Required On-Duty Manpower Levels By Shift and Day of the Week

Start
Shift Hour Mon. Tue. Wed. Thu. Fri. Sat. Sun. Total (%)
Day 7 A.M. 5 4 4 4 5 4 4 | 30 (32.4)
Afternoon 3 P.M. 5 5 5 5 5 5 4 34 (41.1)
Night 11 P.M. 4 4 4 4 4 4 4 28 (26.5)
Total _ 14 13 13 13 14 13 12 92 (100.0)

Note: This manning level distribution was uSed to schedule 19 officers in
the Evidence Technician Unit of the St. Louis Metropolitan Police Department
in 1973 (see section 8.3.1).

~ge-
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Shift

Night

_26...

Afternoon

1o R R R

11} R

12 R R R

13 R R R

Day

14} R

15 R R R

17

18 R R R

Figure 1.3

Nineteen-Week Multishift PR Schedule
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five on-duty brackets are used on Monday and Friday and four
on-duty brackets are used for each of the remaining days
of the week. The work periods in this schedule vary in
length from six to eight days, and the recreation periods'
vary in length from two to four days, except for one seven-
day period that bégins in week 19 and ends din week 1%,
The PR schedule of figure 1.3 is not the only multishift
schedule that satisfies the manning requirements. A second X

PR schedule that also matches the manpower allocation is

i

shown in figure 1.4; each shift schedule in this alternate
scheduie is different from the corresponding shift schedule
shown in figure 1.3. (The seven-day mini-vacation is now
in weeks 6 and 7.) Still another PR schedule that satisfies‘
the manning requirements is shown in figure 1.5. This PR
schedule differs from the first two shown in that eachishift |
tour has been divided into two subtours. As a‘fesult, the
maximum number of consecutive weeks worked on any shift is
only four weeks.
1.4.2 Thesis Objectives

Despite the ability of PR schedules to provide equitable®
manpower schedules that also preserve proportipnal manning
levels, their adoption and ﬁse by police departments or

other pubiic and private agencies to date has been minimal.

% : .
This long recreation period was designed into the
schedule to provide one "mini-vacation" every 19 weeks.

i
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shift M T W T F S5 S
1] R
2 R R R
Night 3 R R R
4 R
5 R R
6 R R R R
-mw Y
7 R R R
8 R R
: Q R R
Afternoon
10 ‘ R
11 R R R
12 R R R R
13 '
14 R R
15 R R
lo R R
Day
‘ 17
18 R R R
19 R R R
R
Figure 1.4

Nineteen-Week Multishift PR Schedule
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Night A
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Afternoon A

Day A

Night B

13

Afternoon B

14

15
16

Day B

17
18
19

Nineteen-Week, Multitour, Multishift PR Schedule

Figure 1.5

Ve
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The technical deficiencies that have contributed to a lack

of experimentation with PR schedules by police administrators

have included the following:

(1)

(2)

(3)

No algorithmic procedures have existed for
constructing optimal PR schedules. (Heller's
earlier work (16) defines the elements of the

- construction process, but does not describe a

procedure for designing optimal schedules.)

‘The number of solutions (schedules) that may

exist for a given manning distribution and

set of constraints is not easily determined --
there may be none, or hundreds of alternatives
to select from.

Very little work has been done to identify and
systematize the attributes and features that

make one schedule preferable to another. As a
result, no procedures have existed to focus schedule
design efforts on the most preferable schedules

when large numbers of alternative solutions

are available.

These deficiencies were the problems addressed

in this work. Specifically, the objectives of this thesis

were:

(1)

(2)

(3)

the development of a systematic prccedure for the
design of multishift PR schedules which match a
specified distribution of manpower by shift and
day of the week;

the identification of preferred schedule
attributes and specific quantitative measures for
each that can be used to discriminate hetween
alternate PR schedules satisfying all given
constraints; and

the incorporation of the schedule design
procedures intc a set of computer programs
capable of finding "optimal” (most preferred)
PR schedules based on the required manning
levels, and a given set of required and
preferred schedule attributes.
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1.4.3 Basic Assumptions and Conditions
This section identifies the major assumptions and
conditions that are used throughout this thesis. (Some
of these conditions have been noted above, but are
identified again for completeness.)
With regard to the design of PR schedules, it is
assumed in this thesis that:
(1) all officers work under the same set of work
rules (i.e., the rules governing hours
worked per week, number of recreation days,

etc.);

(2) each officer can perform all reguired duties
(i.e., the men are interchangeable); and

(3) the total number of men included in the
schedule remains constant.

In addition, it is assumed that the following informa-
tion is available to the schedule désigner:

(1) the total number of men to be assigned to
each shift; and

(2) the required manhing levels for each shift
by day of the week.

Finally, the following conditions apply to every PR
schedule designed with the procedures described in this
thesis:

(1) each schedule’ consists of a sequence of
seven-day brackets with an equal number of
men assigned to each;

(2)  each schedule consists of an integral
number of brackets (weeks);

(3) in multishift schedules, a shift changeover
occurs after the last Sunday in each
non~-cyclic schedule°~
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(4) the "optimal" schedule is the PR schedule
which is judged to be "most preferable"
based on its attributes;

(5) the schedules can be designed to automatically
include paid holidays as additional recreation
days; ,and

(6) any accounting for random losses of manpower

' due to illness, special assignments, compen-—
satory time-off, etc., is accomplished through
adjustment of the manning requirements (e.g.,
keeping them high enough so that operations
can continue adequately when losses occur).

1.4.4 Thesis Outline

The thesis is divided into eight chapters. The remainder
of this one reviews previous research in manpower scheduling.
Chapter 2 identifies schedule attributes that can be used to
distinguish alternative PR schedules, specifies operational
preference measures which assess these attributes, and dis-~
cusses the use of a multiple criteria decision model for
determining the optimal schedule.

Chapter 3 outlines the methodology for constructing

PR schedules. The measures identified in chapter 2 are used
in constraints which screen out unacceptable schedules, and
in preference criteria to identify the most desirable
schedule. ‘ i
Chapters 4 through 7 describe enumeration algorithms
used in the sequential design process to construct PR
schedules. An algorithm used to cluster recreation days

into periods of acceptable length is described in chapter 4.

A procedure for enumerating all unique distributions of the
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" recreation periods over the days of the week is described
in chapter 5; and a branch-and-bound procedure for enumerating'
optimal one-shift cyclic schedules is presented in chapter 6.
The design and construction of optimal and near-optimal
multishift schedules is described in chapter 7.

Several PR schedules, designed using computer programs
based on the algorithms described in this thesis, are
illustrated in chapter 8. The illustrative schedules shown 
were developed for the St. Louls Metropolitan Police Depaft; :
ment. Appendix 10.1 contains detailed information relafing
to a survey of 21 police agencies conducted in the summer
of 1972. Included in the appendix are the survey instrument,
a list of participating departments, and a summary of the
survey results. A comprehensive list of previous research

in manpower scheduling is presented in the Bibliography.

1.5 PREVIOUS RESEARCH ON MANPOWER SCHEDULING
1.5.1 Intrqduction

Manpower scheduling problems represent oné segment of
a large body of literature that deals with problgms of
scheduiing events, veh%cles, and men. The methoéplogies
used to attack these problems relate to their-intégfélity;
constraints: combinatorics, integer programming,‘éyﬁamic
programming, network theory, and implicit,enumeratigp. |
Grouped under the general heading of scheduling one égh
‘find,such diverse problems as: the proper sequencinglgf

events, the identification of specific routes for Vehid;es; -



—-34-

the allocation of equipment and manpower, and the desigﬁ
of work schedules for individual employees. Although this
thesis deals only with manpower scheduling (specifically
"days-off" scheduling), it is useful to review briefly the
kinds of problems included in and the characteristics‘of
event and thicle scheduling. This review, in turn, will
serve as an introduction to the features and difficulties
‘that characterize manpower scheduling.

1.5.2 kEV@ﬂﬁ Scheduling

Event scheduling problems are characterized by a
specific task or set of tasks wihich either must be accom-
plished bnce, or repeated continuously. For problems with
multiple tasks such as project scheduling and job shop
problems, the solutions (schedules):indicate the proper
sequence in which each event should occur or each task
should be‘performed; the timing or scheduling of the events
is determined by the sequential relationship of one event
to another. The objective of such problems usually is to
minimize either the total time {or cost) required to complete
all tasks, or the total delay time from a given due date to
completion of the entire project or of each task (47).

For event scheduling problems with a repeating or
continuing task, the critical variable to be determined is
usually the proper time for performing the task relative’
to a predictable demand; examples of this type of scheduling

include inventory control, and equipment maintenance problems.
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Hadley and Whitin (48), and Hillier and Lieberman (49).)
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For inventory control problems, the task to be performed
is the reorder decision (the unknown is when to reorder),

and the demand is the rate of inventory depletion. (See

In equipment maintenance problems, the task to be scheduled
is the replacement or maintenance of a specific piece of
eguipment, and the demand is the deterioration rate of the
item (see Sasiemi, Yaspan, Friedman (50)). For both probleﬁs,
the objective is to determine an optimal balahce between the
cost of performing the task and the cost associated with
unmet demand if the inventory is depleted or equipment fails.
In this class of problems, the schedule timing'is'determined
by the relationship between each occurrence of the task and
the state of the inventory (or equipment).

In summary, event scheduling problems are characterized ﬁ
by relatively simple objective functions that usually depend !
on well-defined quantifiable variables (e.g., project time, »
delay time, cost, etc.), and by relatively fewkconstraihts
on the solution variables. As a result, feasiblé,solutibnSg
are usually easily found, often by observation;ot'with
simple manual techniques. The methodologiéal'difficulﬁies’ffa
associated with event scheduling problems;arise when ther
oEtimal solution is sought from among the“feasible soiutions.[

These general concepts can be lliustrated by a qlaésic
cdhstrained optimization problem nbt'ﬁsually consideredAas

a scheduling problem: the travelling salesmén'probleme ’



9

=36

The salesman's tour through each city can be interpreted
as a schedule of events or tasks in which the objedt is
to minimize the total travel time required for the trip:
t the'schedule is defined by the sequence of cities visited.
Finding a feasible soluticn to a travelling salesman problem
is trivial, determining the optimal solution obviously is not.
1.5.3 Vehicle Scheduling

Vehicle scheduling problems are an extension of repeating
event problems with additional constraints imposed primarily
by the chafacteristics of a service vehicle. Typical'problems
in th;s.nategory of scheduling research include the determina-
tion of "sehedules“ for city buses, refuse collection trucks
£51), street sweepers (52,53), airlines (54), and schoel
buses (55). Common to all of these applieations is the need
to determine a set of routes for the vehicles which satisfy
- both the demand for service and the constraints imposed by
“the quantity and performance characteristics of the vehicles.
: The objective functions and constraint sets associated with
- vehicle scheduling problems are frequently more difficult
to formulate than those for eﬁent Seheduling problems
because of the existence of multiple goals which are often
.conflicting and difficult to quantify.

As an example,>the design of a satisfactory SChoel bus
schedule depends'on the number of children to be transported,
,'the'location of home and school for each child, the school

- schedule for each child, the street patterns within the
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area of interest (e.g., the existence of one-&ay streets,
faead—end streets, etc.), the capacity of each bus, and the
average bus travel speed. This information must be used to
determine bus schedules (routes and timetables) in reéponse
to a variety of objectives which include: limiting the
maximum travel time for each child, minimizing the number
of busses required, and maximizing the utilization of each
bus (55).

Vehicle scheduling problems are usually solved in , oy
response to daily or weekly service demand cycles. The
length of the demand cycle determines the number of distinct
schedules that must be found. If the basic unit of time for °
each schedule is one day and the demand cycla repeats daily,
then only one schedule is needed since it can be used
repetitively. If the demand dycle is weekly, however, a
different schedule may be needed for each day of the week.

A critical point, in relation to manpowei scheduling, is .
that the vehicles are usually not constrained by "work
rules" which limit the number of hours they may be used
each day or the number of days they may be usedkeach week.
Sometimes such constraints are imposeé by maintenance
requirements. The usual absehce of such ruies simplifies‘
the vehicle scﬁeduling problem (as comparedlto manpower

scheduling)’in two ways:
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(1) the demand for service can be separated into
small time blocks (e.g., a day) and a schedule
can be obtained for each block without regard
to demand for service or schedules for other
time blocks; and

(2) once schedules are obtained for each time block,
they can be joined together to form a vehicle
schedule for the entire demand cycle; this is
possible because vehicle shift assignments may
be changed as needed and few limits are placed
on the number of consecutive days the vehicle
is in service.

Employee work rules cause manpower scheduling to be
significantly more complex than vehicle scheduling. These
rules relate mainly to the kinds of work and recreation
patterns which may be assigned to individual workers (i.e.,
statutory and physical restrictions on the number of hours
worked per day, the number of consecutive days worked, the
frequency cf shift changes, etc.). Previous research on
this type of scheduling is discussed in the following section.
1.5.4 Manpower Scheduling

Procedures for designing proportional manpower schedules
which indicate the work and recreation patterns for individual
officers may be analyzed as consisting of four steps:

(1) analysis of the demand for service for time

units that are equal to or shorter than the
length of the work shifts to be used;

(2) analysis of the constraints on the level of
manpower that must be available for each
time unit;

(3) aggregation of individual time units into
shifts or work patterns, and allocation of

available manpower to the shifts based on
manning requirements for each time unit; and
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(4) design of days-off schedules consistant with
the manpower allocation by shift and day of
the week.

1.5.4.1 Measurlng the Demand for Service and Settlng
"Minimum Manning Requirements

This section is concerned with the first two steps
identified above. The discussion is limited to service-on-
deménd environments in which neither the demand for or the
availability of service can be inventoried without incurring
serious costs such as loss of revenue, property, orllife’
(e.g., the situations experienced by toll ccllectors,
firemen, and police office:s).

An analysis of the demand for service for scheduling
purposes requires (i) a measure of the demand; (2) a
historical record of demand sufficiently detailed to ﬁermit
reliable forecasts of future demand cycles, and (3) a
procedure for determining the manning level required‘for
each time unit in order to satisfy the demand.

Measurement of the demand for service and its transla-
tion into manning requirements has been investigated for a
variety of applications. Edie (42) analyzed the flow of
vehicular traffic thiough toll stations operated by the
New York Port Authority. Using data on the numbers of
autos serviced in 15 mlnute intervals and on the numbers
’of autos waiting for service every 15 minutes, he constructed
a queuing model of delayftlme (the tlmeﬁbetween arrival and

service) based on the traffic rate a@@ the nunber of toll -
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collectors available. He then used the delay model to
compute the number of toll collectors reguired for a given
traffic volume, to minimize the fraction of arrivals that
would be delayed more than 11 seconds.

Ignall, Kolesar and Walker (19) studied the demand for
- refuse collection service in New York City. The amount of
refuse to be collected follows a weekly cycle with mocre
réfuse appearing on Monday and Tuesday then on the other
days of the week. Tﬁe demand measure was then used to
schedule refuse trucks and collectors.

In designing schedules for police manpower, the appro-
priate measure of service demand depends upon the type of
police unit. Butterworth and Howard (28) used the number
of feported accidents in theé Motfitérey area of California to
~allocate units of the California State Highway Patrol.
Heller (17) used the same measure to design schedules for
the Traffic Safety Unit of the St. Louis Metropolitan Police
Department. In the same report, Heller used calls for
evidence service to schedule officers in the Evidence

Technician Unit. Heller (56) also suggested that the
| seriousness of called—for—service incidents might be used
‘to measure the demand for patrol manpower. Koulesar et al.
(29) used hourly calls for police service as input to a
queueing model of New York City police operations which
treats each'patrol unit as a serxrver. Thevmodel was used to

estimate the number of patrol units needed each hour to

i
i
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insure that no more than a specified fraction of the calls
would be queued.

Discussions of the design of cyclic schedules for
nurses are given by Maier-~Rothe and Wolfe (24), and Warner
{37,38) . Warner presents a mixed—integer quadratic program-
mning model for allocating nursing care by ward, sﬁiff, and
skill category. The guality of the allocatioh is measured
by how well it matches thé demand for servicek/;hich is
estimated using a Markovian model based on the number’of
patients (classified according to their nursing needs) and
the amount of time each patient class requires from each
type of nurse. B
1.5.4.2 Shift Scheduling

Once the desired manpower levels for each time period
have been determined it is necessaﬁy to idé&tify %1)
specific work patterns or shifts to be’used and (Zthhe
number of men to be assigned to each (step 3 in thé éog?
step procedure for designing proportional manpower schedulés).

The ﬁerm work pattern or shift is used to describe a collec-
tion of consecutive time periods worked by the same person
(e.g., 8 A.M. to 4 P.M. is a work pattern consisting of
éight one~hour time periods; if no constraints are placed

on start hours, there are 24 differentﬁéight~hour work

T

patterns in a day). Work rules ma§lgovern shift stafting
times, shift lengths, the use of lunch and other relief
periods withiﬁ each shift, and the use of split shifts. vy

i
if
i

W
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Additional rules may apply to part-time workers. The
objective of the shift scheduling problem is to f£ind the

set of shifts which satisfies the manning and work rule

- requirements with the minimum number of men. An alternate

form of the problem dealskwith a fixed number of men and
seeks the set of shifts whicﬁ best matches the allocated
manpower and the desired manning levels.

Mathematically, shift scheduling problems can be
expressed as one of two forms of the set covering problem.
The first was suggested by Dantzig (57) in connection
with Edie'sbanalysis of toll station traffic patterns (42):

Pl: min 2 = ctx
: ®

subject to Ax > r
x>0
all xj, j=1,2,...,5 integer

where:

A= tXxs matrix, where rows cor.espcnd
to time units, and columns correspond
to distinct work patterns; if 3345 = 1,
shift j covers time unit i; if;aij = 0,
shift j does not cover time unit i.

r = tX1l vector, where component r, eguals
the minimal manning requirement (i.e.,

number of men) for time unit i.
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X = sx1 vector, where component
equals the number of men assigned
to shift j.

sx1l vector, where cy equals the

cost of assigning one man to shift j.

o]
il

The total number of men on duty during time unit i, Wy is
given by

W. = A.X
Wi = By

where A, is the i:EE row of the A matrix. The value of r
is obtained from tgé analysis of the service demand for
each time unit. Iﬁ c is set equal fo 1 (the unity vectof)
the objective reduces to a minimization of the total number
of men required to satisfy the constraints.

The second form of the shift scheduling problem is’

used when the total number of men (M) to beval1ocated

is known,
P2: min z = £{r,w)
b 4
subject to: AxXx = w
1x = M
x>0
all Xj’ 3 =1,2,...,s integer
where | f(r,w) = objective function based on the

required manning (r) and allocated
" manpower (w) for each time unit.

i\
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w = tx1 vector, where component Wi
equals the total number of men
on duty during the iEQ time unit.

A,r,x = defined above for Pl.

The difficulties encountered in finding optimal solutions
to either Pl or P2 arise from the integrality of the xj values
and the size of the A matrix. The number of columns in A
(and hence the number of components in x) can become enormous
as more work rules are considered and more distinct shift
patterns are created. To illustrate, Guha and Browne (26)
describe the following case for toll collectors for the
New York Port Authority:

If employees can start work at any ten

minute period from 6 A.M. to Midnight ... this

would mean 6 start times for each of 18 hours,

7 days per week or 756 possible starting times.

For each starting time, there are a variety

of possible work patterns. A personal break 1 to

3 hours after the start would yield 12 possibilities

and a meal break starting in a two hour band, e.g.,

4th or 5th hour, another 12 possibilities for over

100,000 variables (756x12x12) ignoring a possible

second short break that might be required in some

cases,

The number of wvariables (or columns in the A matrix) can
become even larger if split shifts or part-time workers

are used. Consequently, direct analytical approaches based
on current integer programming codes are not feasible. To
overcome these problems, a variety of heuristic and analytic

procedures have been attempted; several of these are

described below.
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Kolesar et al. (29) analyzed the shift assignments of
police patrol units by solving problem Pl with a reduced
A matrix: shifts were constrained to begin on the hour
and starting times for lunch were limited to four points
during each shift. By utilizing the special structure of
the resulting constraint matrix, they were able to solve
Pl as a mixed-integer problemiin which only a small numbe;
of the variables were forced to be integers. Using data on
hourly calls for service for one day from a New York City
police precinct, they first determined the minimum number
of units required to meet hourly manning levels r by permit-
ting the 8-hour shifts to begin at any hour. (The solution,
used only as a benchmark, involved 24 units starting at 16
different starting times -- an administrator's nightmare.)
This optimal but impractical solution was then used to
evaluate alternative solutions which were further restricted
to having no more than five shift starting hours. interest—
ingly, they were still able to find a solution that required
only 24 patrol units. Working with the three standard shifts
used by the New York Police Department, the minimum number
of units increased to 29. They were able to demonstrate
that with the addition of two extra shifts, the number of
patrol units could be reduced from 29 to 24, a 17.2 percent
reduction, without a significant loss in performance. ‘

Byrne and Potts (10) described ankeight—step)algorithm

for finding daily shift schedules for toll collectors. The
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A matrix used is extremely large, since it is necessary to
include lunch and relief periods, and part-time shifts. The
initial problem (Pl) is solved as a linear programming problem
ignoring the integrality requirements. Beginning with this
solqtion, the numbers of full and part-time workers are
examined and integer values are selected for each which
satisfy the requirement that the number of part-time workers
must not exceed a specified proportion of the full-time
workers. The problem is solved again with these additional
constraints. Additional non-integer variables are examined
and modified. This process continues until integer values
are obtained for all of the variables. While optimality is
not claimed, the authors document the use of the procedure
on 70 test problems and indicate that shift schedules derived
with this algorithm have been implemented by the Adelaide
Bus Company in Sidney, Australia for both bus drivers and
toll collectors.

Also working with the problem of scheduling toll
collectors,'Guha and Browne (26) developed an algorithm
for solving problem Pl when each column of the A matrix
defines a shift covering exactly m consecutive time units
(i.e., each work pattern has the same length and ignores
- time-off for lunch or breaks). Optimality is proven for
this method.

Segal (31) obtains solutions to P1 by interpreting it
~in terms of a network flow problem. He describes a three-

phase algorithm for obtaining acceptable shift schedules
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for telephone operators. In the initial phase, a out-of-
kilter algorithm is used to find solutions to a simplified
version of Pl which ignores lunch and break times in each
shift (thereby significantly reducing the size of the A
matrix). In the next phase, a new problem is defined based
on the "demand" for lunch and break periods within each
tour. As much of this demand as possible is first satiéfied
by manpower exceeding the wminimum requirements, using the
manning levels indicated by the "ideal" solution of phase 1.
In the final phase, unfilled demand is smoothed over adjacent
time units to reduce demand "peaks", and the reduced probléﬁ
is formulated as a network flow. An "ideal" solution is
obtained, and the new shifts are added to those already
generated in phases 1 and 2. Phases 2 and 3 are repeaﬁéd
until a lunch and break period is defined for each shift.
Segal does not claim that the algorithm will always find the
optimal solution, but reports that comparison of results
obtained from a computerized version of this procedure with
manual methods used in the past showed that the algorithm
(1) reduced the total cost of producing schedules, (2)
reduced the number of operators required, and (3) impioved
the quality of .the schedules.

Henderson and Berry (39,40) élso examined a variety‘of
heuristic methods for determining shift schedules for
teiephone operators. The heuristics include several methods

for selecting a small subset of column vectors Aj}fromfthe
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A matrix which are used to create a reduced A matrix in
problem Pl. Two vector selection procedures were found

to be most useful: random selection and maximal difference
(defined below). If more than 40 columns were selected,
Henderson and Berry found that reduced A matrices constructed
with randomly selected columns yielded the best soltuions to
Pl. If fewer than 40 columns were selected, the authors
found the following method to be most effective: after the
first column is selected randomly, each subsequent column is
chosen on the basis that it is maximally different from the
set of columns a;ready selected (i.e., if AI'AZ""Aj—l have
previously been selected, Aj is selected.fiom among all un-
sclected columns A, ifsit maximizes max ?El{Ai~Ak|°1).

The solution to Pl (with the reduceé—A matrix) is
obtained using a two—stepkprocedure: {1) the linear program-
ming solution to Pl is obtained and all non-integer g are
-rounded up; and (2) several heuristic procedures are used
to identify Xj that can be reduced (i.e., to identify
operators on shift j that can be eliminated). The authors
also investigated the use of a random solution in place of
the LP solution in step 1. The LP solution to Pl with the
complete A matrix is a lower bound on the optimal value of
Z. Henderson and Berry studied the two-step procedure on
99 different problems involving A matrices constructed with

different numbers of columns and based on various column

selection strafegies. They report that near-optimal
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solutions can be obtained when the A matrix corntains 100
or more columns, and that the{brocedure used. to select‘
the initial solution should depend primarily oﬁ the
nature of the requirements vector r: for 1owymanning
levels, randomly selected solutions produded superior
results, and for high manning leveis, the LP solution was
preferred. In (39), Henderson and Berry replaced the'heq—
ristic two-step procedure wiﬁh a branch-and-bound algorithm
to find the optimal solution. They report solving the Pl
problem with A matrices containing 100 shift patterhs and
72 20-minute time periods covering the 24 hour day.
Luce (9) examined Pl with an objectivé function of
the form:
t
min Z = izllri - w, |
. where r, and Wy equal the preferred and actual manning |
levels for time unit i (wi = Aix). This objective function
yields‘the value of x that provides the best match of
allocated manpower to preferred levels. Luce describes
a heuristic sequential procedure for finding this value of
x by adding one manshift at a time to a partial solution
(i.e.,’identifying shift j and incrementing xj by one) .
The next manshift to be included at eachksﬁepvis the work
pattefn that produces the_greatest;decréase in z:ythé
. process stops when ‘iEl ws éqﬁ%ls E r;. Luce also

i
Ti=1
examined an objective function based on the percentage



_50_

t w, \?2
difference between each r, and Wi (i.e., min 2 = Z l~E£ .
o x i=X i

Although the procedure does ﬁot yield optimal results, Luce
argues for its use on the basis of computional simplicity
énd efficiency: an integer solution is always obtained in
only one iteration.

Luce's algcrithm is easily adopted for use on a fixed
manpower problem (P2 above) by replacing the termination
rule, Zwi = Zri, with the constraint in = M, In this
form, Luce's heuristic becomes methodologicélly identical

to an ecarlier formulation of this same problem by Heller

(16). Heller uses an objective function of the form
t r w, 2
min Z2 = ) (f; - £7)
X i=1 *

where fi equal the fraction of the manpower required for
time units i, and f? equals the fraction of the manpower
allocated to time unit i. (The optimal value of z rarely
equals zero because of the integrality constraints on x.)
Heller devises a simple constructive procedure (similar to
that-later proposed by Luce) to find an optimal solution:

one officer is added at a time on the basis of the maximum
decrease in the complete derivative of z at each step. 1In
(17), Hellexr and Stenzel extend this algorithm by introducing
“upper and lower limits on the number of officers assigned to

each shift (i.e., Li < X; < Ui)'
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More recently, Butterfield and Howard (28) have solved

the P2 problem using an objective function of the form:

t
min z = ) f(r,,w,)
x i=1 11
where )
r w2 . r W
(fi fi) if fi > fi
flr.,w.) =

i 0 otherwise

Also, rather than fix the total number of men to be used,
they replace the constraint 1'x = M with 1'x = 100 and
redefine x; to be the percentage of manpower on duty during
time unit i. As a result, the integrality requirements on
x can be dropped and non-integer values of w, = Ax exist.
Optimal solutions are obtained using Rosen's gradient
projection method. |
1.5.4.3 Days—0ff Scheduling

The final step in the design of manpower schedules is
the’specification of work and recrcation patterns for
individual workers which match the designated manning levels
by shift and day of the week. As noted earlier, the ptincipal
constraints on the characteristics of individual schedules
(and hencs on the SOlufions to the schedule design problem)
are personnel work rules. | |

i

The'problem}of designing days—-off schedules fbr fixed

schedules can be stated analytically in a form identical to




& problem P1 above.
' P3:
subject
where:
N
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min z = ¢'x
X
to Ax >
x 20
all X0 j=1,2,...,b integer
dxb matrix, where each row A; represents

one day of the week (i.e., d = 1,2,...,7)
and each column Aj represents a distinct
seven day pattern of work and recreation
days (aij = 1 indicates that day i is a
work day for pattern j, a4 = 0 indicates
a recreation day); each column can be
used as a bracket in a fixed schedule.

bx1l vector, where component Xj equals
the number of men assigned to bracket j.

dx1l vector, where component ry equals the
minimum number of men required for day i.

bx1l vector, where component cj eguals the
cost of assigning one man to bracket 7j.

As in Pl, if c = 1, the problem is reduced to minimizing

the total number of men assigned to the b brackets of the

schedule. Formulation P3 incorporates work and recreation

period constraints into the columns of the A matrix (period

lengths are indicated by consecutive ones and zeroes in

each column). To illustrate using a simple example, assume

that each officer must receive two consecutive days off
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each week. The A matrix for this case, assuming no restric—

tions on which two days are used, is:

_ work patterns

1 0 ¢ 0. 0 O iw Monday

1 1 0 0 0 0 0} Tuesday

0 1 1 0 0 0 0] Wednesday
A= 0 0 1 1 0 0 0] Thursday

0 0 0 1 1 0 0] Friday

0 0 0 0 1 1 0f saturday

6 0 0 0 0 1 1] Sunday

The first column corresponds to a work pattern with Monday
and Tuesday off, the second column uses Tuesday and Wednesday, -
and so otf); a total of seven distinct work patterns (bradkets)
existg\g‘
dlb  Tié;éWﬁ1a; Philippe, and Browne (32) presented a manual .
_.procedut¢i£%f solving P3 with the A matrix illustrated above.
Furthes work on this problem has been reported by Baker (33);
Baker, Crabill, and Magazine (41); Rothstein (58), using ah
LP approach; and Guha and Browne (26), who adapted the initial
work done by Tibrewala et al. to find shift schedules for “
problem Pl.
As discussed eaflier, fixed schedules having different
work patterns in each bracket may proVide good séhedules
for some officers and poor schedules for others. Some
~authors have attempted to proaucé more equitable schedules
by having officers cycle through the brackets. Although
this eliminates some inequities, it introduces another

. ~ problem, since recreation and work periods are no longer
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defined completely within each bracket and may be of
unacceptable length.

Two survey papérs on manpower scheduling, Bodin (14,15),
and Baker (25) discussed the state of the art in days-off
séheduling. Both papers indicate that no adequate mathe-
matical ;tatement or formulation of the problem yet exists.
In (15), Bodin used the results of four previous research
efforts in days-off scheduling to develop a generaliZed
model of manpower scheduling. Bodin's model consists of
four submodels which he labels (1) the allocation model,

(2) the grouping model (to determine the specific recréation
periods to be used), (3) the pattern model (to determine
the sequence of work and récreation periods), and (4) the
shift model. Almost all of the literature to date on the
design of cyclic days-off schedules is based on heuristic
énd analytical techniques which are dependent on the

special characteristics or features associated with the
sérvice (occupation) of interest to the authors.

Maier-Rothe and Wolfe (24) present an excellent review
of the difficulties encountered in designing acceptable
cyclic days-off schedules for nurses. Although the authors
explicitly;idenﬁify (in mathematical form) many of the basic
constraints that define the nursing scheduling problem, they
could not find a direct solution; rather they produced
cyclic schedules with a five-week period by trading bff

the constraints heuristically to identify preferred sclutions.
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More recently, Smith (23) reported finding suitable
cyclical days—-off schedules for nurses using a five-phase
algorithm coded for interactive use on a time-~share computer.
The five phases aré (1) determination of staff requirements
by day of week and shift; (2) determination of a feasible
set of two-day fecreation periods by solving a se; of
simultaneous linear equations (an approach firét used by
Monroe (27)) with adjustmgnts to staff requirements if
needed to solve the equatibns; (3) use of an heuristic
procedure to designate the sequence of recreation periods; 4
(4) designation of shift assignments for each work day: and:\
(5) "fine tuning" the schedule uéing a series of heuristics
to eliminate work rule wviolations.

Other heuristic procedures for designing cyclical
schedules are rgported by Altman (59), who studied scheduling
refuse collectors in New York City; Guha gpd Browne (26),
who studied scheduling toll collectors fo£ the New York City
Port Authority; and Bennet and Potts (60) , who studied
scheduling conductors for the Adelaide Bus Company in
Australia.

The most extensive development of a systematic deéign
procedure capable of incorporating a variety of wd%k iﬁlesa
has beeﬂ done by Heller (16). Hé describes a sequenﬁial

process for the design of police schedules: The basic

steps of the process are:

.
4
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(1) determination of specific manning levels
for each shift tour for a fixed number of
men assigned to the operation; N
(2) use of "cyclic graphs™ to determine acceptable
distributions of recreation periods for each
shift (i.e., determining sets of recreation
periods which preserve the designated manpower
allocation); each cyclic graph is found by
trial and error; and
{(3) use of a "separation matrix" for determining

the proper sequence of recreation and work
periods.

This thesis builds on Heller's findings by contributing
more sophisticated and comprehensive algorithmic procedures
for enumerating the sets of acceptable recreation periods
and cyclic graphs, and for deriving optimal schedules using
the separation matrix, Optimality is extended beyond
eller's original formulation to include additional schedule

attributes of interest to police administrators, ~~4 seemingly

applicable in other scheduling contexts.
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2. 'THE MEASUREMENT OF PR SCHEDULES

2.1 INTRODUCTION
As indicated in Chapter 1 the basic design process
for the construction of PR schedﬁles was first identified
by Heller (16). Use of Heller's procedure, however, does
not insure (1) that any schedules exist for a given alloca-
tion of manpower, or (2)‘that a solution will be found, even
if one or more schedules exist. Despite these limitationé,
when the presence o one or more PR schedules can be reason-
ably assumed, Heller's procedure has proven to be quite
effectivelfor enumeraﬁing small numbers of scﬁedules*. In
addition; the procedure can be readily understood and used
by persons without technical backgrounds after a brief
training period.
Limitations of the method, however, include ths
following:
(1) the procedure has no natural termination
point (i.e., the user has no way of krowing
when he has exhausted all possibilities);
and
(2) the procedure provides the user with only

limited capability to find preferred schedules
when many alternate solutions exist.

Computatlonal experience acquired during this research
suggests that the good results obtained using Heller's e
procedure are due, in part, to the fact that for manpower
allocations associated with many practical scheduling
problems, large numbers of fea51ble schedules usually exist.
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With the algorithms developed in this thesis (and
described in chapters 4 through 7), it is possible to
examine all feasible PR schedules for any given manpower
allgcation*. This capability insures that a feasible
scﬁedule, if any exists, will always be found. It also
introduces the need for additional mechanisms to screen
out large numbers of feasible schedules that may exist so
that the enumeration procedure can be used as efficiently
as possible to find PR schedules which are both feasible
and, in some sense, the most preferred.

In this chapter, a procedure is described for screening
out "unacceptable" (defined below) schedules and for discrim-
inating between alternate acceptable schedules in terms of
relevant schedule properties. To state this more precisely,
let a; and a; each represent an acceptable PR schedule from
the set A of all acceptable schedules for a given manpower
allocation. (Acceptable schedules are, by definition,
feasible.) Let m(a:) and m(a;) represent measure vectors
based on the properties of schedules a; and a, respectively.
The principal guestions addressed in this chapter are:

(1) What schedule attributes and measures should
be used to comstruct m(a;) and m(ay,)? and

" {2) What decision process can be used to determine
whether schedule a; is "better" (i.e., superior,
‘preferred, more desirable, etc.) than schedule
as? :

2 ; ;
"Feasible" schedules are those which satisfy the
required manning levels by shift and day of the week,
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It is a basic assumption of this thesis that ho one
criterion exists which adequately measures the desirability
of all manpower schedules, This assumption follows directly
from the observation that each alternative schedule is
characterized by a variety of attributes and that the relative
importance of each depends upon the environment in which the
schedule is implemented and the preferences of individual
officers. The objective of this chapter is to identify
relevant schedule measures which, when used collectively,
will indicafe, in a valid and consistent manner, the prefer-
ability of one PR sthedule over another.

In the following sections, three schedule attributes are
introduced and quantitative measures are identified for
each. Each measure’is categorized into one of two groups.
The first group consists of measures which are used only to
determine whether a schedule is acceptable. As an example,
manpower schedules are almost always designed with specific
limits, both upper and lower, on the length of individual
work periods. The uvpper and lower limits are quantitative
measures which can be used to classify feasible schedules
as either acceptable or Unaccepﬁable; feasible’PR schedules
which contain one or more work periods that eﬁéeed either of
these limits are defined to be unacceptable.

The measures in the first group are used collectively

to deflne a subseL of acceptable schedules. The- measures

in the second group are used tO»quantlfy the "preferablllty

\\.‘

.
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of each acceptable schedule in the subset; these measures
serve as the components in the measure (or preference)
vector m(ai) associated with each acceptable schedule.

The simultaneous use of several measures to determine
preferable schedules requires a multicriteria decision model.
Such a model, a sequential lexicographic decision process
based on the preference vector associated with each schedule,
is described in the final section of this chapter.

2.2 PR SCHEDULE ATTRIBUTES
2.2.1 1Introduction

Ag indicated in the review of manpower scheduling
research, many authors have identified schedule attributes
that reflect the preferences, policies; and requirements
for a variety of implementation environments. Although
varying slightly in form depending upon the implementing
agency, most preference criteria are related to one of the
following schedule attributes:

(1) the nature of weekend recreation periods;

(2) the nature of all recreation periods, and

(3) the nature of the work periods.

These attributes and quantitative measures for each are
discussed below.
2.2.2 Weekend Recreation Periods

Consecutive days off on the weekend (Saturday and

Sunday) are almost always viewed as an important schedule

property. Weekend days are often the only time when
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leisure activities involving several family members can
be arranged. For workers in occupations which routinely
require some weekend work, the regular scheduling of weekend
recreation periods (i.e., recreation periods which include
both Saturday and Sunday) is also considered an important
schedule attribﬁte. In police departments in which only a
limited number of weekend periocds can be scheduled, officers
prefer to have these periods distributed as uniformly as |
possible. This may be particularly important for younger
officers who are unable to obtain summertime vacations
because of senority rules governing vacation selection.

In this thesis, two measures are used to distinéuish
PR schedules in terms of their weekend recreation periods.
These are:

(1) the number of weekend periods, and

(2) +the maximum number of consecutive working
weekends. ‘

The first measure is the number of weekend recreation periods
contained in one rotation period of a schedule. This measure
is independent of the nature or "quality" of the weekend
periods themselves (i.e., the length of the other days of

the week included in each weekend period are not considered);
the only requirement for a recreation period to be counted

is that it must include both Saturday and Sunday¥*.

*To avoid the complications introduced by long recreation
periods that cover consecutive weekends, it is assumed in the
remainder of this thesis that recreation periods are always
less than seven days in length.
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If Wf denotes the number of weekend recreation periods in

a schedule; the preference rule used in this thesis is that
the greater the number of weekend periods (i.e., the higher
the Wf value3, the "better" the schedule. (In chapter 5,

a method is described for determining the maximum value of
W%,fOr any schedule based on a given allocation of manpower
by day of the week.)

The second measure is used to gquantify the distribution
of weekend recreation periods over each rotation period of
the schedule. The preference for uniformly distributed
-weekend recreation periods is equivalent to a preference for
minimizing the maximum number of consecutive working weekends
(denoted as CWW). (Any weekend not covered by a weekend ‘
recreation period is defined as a working weekend.) The
preference rule used in this thesig is that the lower the
CWW value, the better the schedule.

2.2.3 Recreation Periods

Alternative schedules that are "equal" n terms of the
number and distribution of their weekend recreation periods
(i.e., they have equal values for both Wf and CWW) may be
considerably “unequal" in terms of the lengths of their
respective weekend recreation periods, and in terms of the
léngths and days of the week covered by their non-weekend
periods.

As an example, a schedule with four-day weekend recrea-

tion periodskwould be considered more preferable than a
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“schedule gontaining an equal number of two~day weekend
‘periods. As another examplé, suppose two schedules are
identical in all respects except for the placement of one
three—day recreation period; if one schedule has the pet;od
covering Thursday~Friday-Satufday, and the second schedule
has thé'éériod'covering‘?uesday~Wednesday—Thursday;'itris
likély that the first schedule would be preferred because
of the particular.three days covered*,

It is important to note that for both of these eilamples,
the schedule selected woﬁld dependlupon the preferences of
the individual schedule designer, and that the purpose in
this discussion is not to determine what these preferences
should be, buﬁ fathér to make explicit the schedule attributes
and measures on which such decisions can be based.

Two measures of the recreation periods containea within
a-schedule (whether weekend periods or not) are used in this
tﬁesis. These are:

(1) wupper and lower limits on the lengths of
recreation perlods, and

(2) a set of preference ratings for periods
with acceptable lengths based on the
length and position of each period
within the week.

The first measure is a bounding criterion used to define

the subset of acceptable schedules.  The second measure is

£ , .
It should be noted that these two schedules would not.
produce the same manpower allocation by day of the week.

A
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based on a preference rating of the recreation periods that
can appear in acceptable schedules. The preference rating
for each recreation period is based on its length (i.e., the
number of recreation days in the period) and its position
within the week, (i.e., on which day of the week the period
begins).

To illustrate, let UR = 4 and LR = 2 where UR and LR
are the upper and lower liﬁi%s respectively on recreation
period lengths; hence, for the example limits, only schedules
with recreation periods that are two, three, or four days
long would be acceptable. The number of distinguishable
recreation periods that can appear in an acceptable schedule
equals 7k where k is the number of distinct period lengths
(i.e., k = Up = Lp + 1). In this example, k = 3 and a
total of 21 distinct recreation periods {see table 2.1)
can be used to measure the preference of each acceptable
schedule.

Two seven-week schedules, both satisfying the daily
manpower allocation in table 2.2 are shown in figures 2.1
and 2.2. Both schedules are acceptable in terms of their
recreation periods (i.e., all of the periods in both
- schedules satisfy the UR = 4 and LR = 2 limits), and both
schedules have the same number and distribution of weekend
periods (i.e., Wf =1 and’CWW = 3). These schedules do

differ, however, in the nature of their recreation periods, .

both in length ang days of the week covered. A comparative
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Twenty-One Recreation Periods Classified by
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Table 2.1

%

Length and Starting Day of the Week with

Period
Period Length Starting Day
Number (Days) of the Week
\

1. 4 Monday

2. 4 Tuesday

3. 4 Wednesday

4. 4 Thursday

5. 4 Friday

6. 4 Saturday

7. 4 Sunday

8. 3 Monday

9. 3 Tuesday
10. 3 Wednesday
11. 3 Thursday
12. 3 Friday
13. 3 Saturday
14. 3 Sunday
15. 2 Monday
l6. 2 Tuesday
17. 2 Wednesday
18. 2 Thursday
19. 2 Friday
20. 2 Saturday
21. 2 Sunday
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Table 2.2

Daily “Manpower Allocation for a Seven-Week Schedule

Number
of Men Mon. Tue. Wed. Thu. Fri. Sat. Sun.
. On Duty 5 5 5 5 5 5 4
On Recreation 2 2 2 2 2 2 3
Total 7 7 7 7 7 7 7

assessment of these schedules can be based, in part, on the
number of each type of distinct recreation period that
exists in each schedule. To illustrate, both schedules
contain five recreation periods (see table 2.3); two periods
are common to both: a four—-day period beginning on Thursday
and a tWo—day period beginning on Tuesday. The remaining
three periods in each schedule are different: the four-day
period that starts on Friday in figure 2.1 begins on Sunday
in figure 2.2; the three-day period that starts on Tuesday
in the first schedule, begins on Saturday in the second
schedule; and finally, the two-day period that starts on

Sunday in figure 2.1 begins on Thursday in figure 2.2, A
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M T W T F S S
1 R |
2 R R R
3 R R R
4 R
5 R R
6 R R R R
7 R

Figure 2.1

Sample Schedule Based on the Manpower
Allocation in Table 2.2

M T W T F S S
1 R R R
2 R R
3 R R
4| R
g ) R R
6 R R R R
7 R

Figure 2.2

‘Sample Schedule Based on the Manpower
- Allocation in Table 2.2
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Table 2.3

Number of Recreation Period Types in the
PR Schedules in Figures 2.1 and 2.2

Number of Periods
Period Period
Number Length Start Figure Figure
(Table 2.1) (Days) Day 2.1 2.2
4. 4 Thursday 1 1
5. 4 Friday 1 0
7. 4 Sunday 0 1
9. 3 Thursday 1 0
13. 3 Saturday 0 1
16. 2 Tuesday 1 1
18. 2 Thursday 0 1
21. 2 Sunday 1 0

decision model to select the preferable schedule based on
the number of each type of recreation period is presented
in section 2.3.
2.2.4 WVork Periods

Another attribute that is important in selecting one
schedule over anothar is the nature of the work periods
within each schedule. In environments where manpower
allocations are driven by demand levels that vary by shift
and day of the week, manpower work schedules often contain
work periods that are longer and shqrter than the "normal"
'five—day period. As indicated in the survey of police
officers conducted for this thesis (see appendix 10.1),

some departments use schedules that require officers to
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work as many as ten consecutive days (the average maximun
work period length reported was 6.5 days). As recentl?

as 1973, the st. Louis Metropolltan Police Department used
a manpower schedule for field operations that reqguired
officers to work 13 consecutive days at least once during
the year (61). Not surprisingly, police officers who work
such schedules complain that their performance deteriorates
during the last day of such periods.

In contrast, very short work periods (e.g., only one
or two days) are also considered unattractive because officers
have little opportunity to adjust to the work routine; such
periods may be perceived as interruptions to the preceding
and follqwing recreation periods.

This discussion suggests another boundingrmeaSure to
determine the subset of acceptable schedules, upper and
lower limits on work period lengths. |

A number of additional preference measures based on
work periods are also used in this thesis to characterize
individual schedules. They include:

(1) the maximum length work period;

(2) the number of times the maximum length work
period appears in one rotation period of the
schedule;

(3) the uniformity of the work Périod lengths as
measured by the range of the lengths (i.e.,

the difference between the max1mum and
minimum length pellods),
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(4) the distribution of long and short work
periods as measured by the maximum number
of work days in consecutive work periods;
and

(5) the number of times the consecutive period
maximum appears in one rotation period of
the schedule.

The first two measures are used to identify PR schéedules
which minimize both the length of the longest work period and
the number of time it appears in the schedule. The third
measure reflects the preference for uniformity in work
period lengths. (If all of the periods have the same length,
the range equals zero.) The fourth and fifth measures
reflect the preference for alternating long and short work
periods when the range of the work periods does not equal
zero. The measures are used to identify schedules which
minimize both the maximum number of days that appear in
consecutive work periods and the number of times the
maximum value occurs.

To illustrate these measures, consider the schedule in
figure 2.1. The sequence of work period lengths is
{7,7,7,7,6}. The maximum length period is seven days
(measure 1) and the maximum value occurs four times (measure
2) . The range of the schedule is one day (measure 3), and
the maximum two-period total is 14 days (measure 4) which
occurs three times (measure 5). The PR schedule in figure
2.2 has exactly the same sequence of work period lengths and

hence with regard to work periods, is identical to the

schedule in figure 2.1.
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2.2.5 Other Schedule Features

Two additional schedule featureskexist which aré not
conveniently classified under any of the attributes discussed
above. Thése features, however, are important schedule
characteristics, and are incorporated into the PR schedule
design methodology described in this thesis. The first
characteristic is applicable only to multishift PR schedules;
the second is based on a schedule property defined by the
sequence of lengths of the work and recreation periods in
a schedule.

Rotating multishift schedules require each officer to
rotate periodically from one shift to another; such rotations
force each officer to readjust his personal off=-duty schedule
to accommodate his new shift assignment. Some departments
which use shift rotating schedules are not able to séhedule
changeover recreation periods for each shift changeover
point in the schedule (i.,e., a recreation period that
separates the last work day on the old shift from the first
work day on the new shift). To compensate:for the absence
of such scheduled time-off, most departments use a "backward"
rotation through the shifts (i.e., night to afternoon to
day) to insure that each officer receives a minimum of
eight hours off between work assignmeﬁts (see table 2.4).
(See table 2.5 for the consequences of a "forward" shift

rotation with no intervening recreation periods.)
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Table 2.4

Time Off Between Shift Assignments for
"Barkward" Rotating Schedules*

Time Off Between

Shift Assignments
Rotation (Hours)
Night to afternoon 8
Afternoon to day 8
Day to night 32

*Based on a three-shift schedule for
a "police day" beginning with the day shift.

Table 2.5

Time Off Between Shift Assignments for
"Forward" Rotating Schedules*

Time Off Between

Shift Assignments
Rotation (Hours)
‘Day to afternoon 24
Afternoon to night 24
Night to day ’ 0

, *Based on a three-shift schedule for
a "police day" beginning with the day shift.
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The presence of a recreation period between shift
assignments can minimizebor eliminate many of the diffi-
culties associated with shift changeover: personal adjust~
ments can be more easily made, short change—over times are
eliminated, and each officer begins his new assignment by
coming off a recreation period instead of experiencing the
fatiguing effects of working "straight through. "

Expressed as a preference measure, this attribute can
be quantified by noting the fraction of shift changeovers
that are covered by changeover recreation periods. (A
fraction of 1.0 would indicate that every changeover point
in the schedule was covered.) As a bounding measure,
acceptable multishift schedules can be defined as those
schedules which have a changeover recreation period for at
least a specified minimum fraction of all changeover points,

The desirability of this attribute lead to the decision
early in this study, to investigate the feasibility of using
the most stringent measure: that is, a bounding condition
that réquired the presence of a changeover recreation period
at every shift changeover point. Computational experience
has verified the feasibil@ty‘?f thig decision. It is
possible, for most applicétioﬁb, to find multishift schedules
which satisfy this rquirement; and when schedules cannot be

found, it is almost always due to another attribute.
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The second schedule feature concerns the relative
positions of the work and recreation periods within each
schedule. The importance of this feature lies in the fact
that officers prefer schedules which place long recreation
periods after long work periods (i.e., schedules which are
"orderly"). The measure adopted in this study to quantify
this characteristic is based on the set of ratios formed
by dividing the length of each work period by the length
of the recreation period immediately following it. The
standard deviation of these ratios is used as the "order-
liness" measure for each schedule. Although the specific
numeric value obtained for a schedule is not in itself
significant, the measure enables comparisons to be made
with other schedules.

The ratios and standard de&iations for the schedules
in figures 2.1 and 2.Z are shown in table 2.6. The lower
standard deviation for the schedule in figure 2.1 reflects
the slight superiority of this schedule in terms of the
sequence of work and recreation periods. The schedule in
figure 2.1 has both of its four-day recreation periods
following seven-day work periods; the schedule in figure
2.2 has its two four~day periods following seven and

six~day work periods.
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Table 2.6

Standard Deviations of the Work to Recreation
Period Length Ratios for the Schedules in
Figures 2.1 and 2.2

Following
_WOrk Recreation
Period Length Period Length Standard
(Days) (Days) Ratio Deviaticn
(1) (2) (1)/(2) of Ratios
Figure 2.1
7 3 2.33
7 4 1.75
7 2 3.50 0.69
7 4 1.75
6 2 3.00
Figure 2.2
7 2 3.50
7 3 2.33
7 2 3.50 0.84
7 4 1.75
6 4 1.50

2.2.6 Summary of PR Schedule Measures

This section summarizes the schedﬁle attribﬁtes and
measures that are used in this thesis to design optimal PR
schedules. To more clearly indicate how these measures are
used in the design process that begins with a manpower
allocation by shift and day of the week, and concludes
with a PR schedule that matches that allocation, it is

convenient to consider the design process in terms of three
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"sets of schedules. (The discussién that follows is
- schematically represented in figure 2.3.)%

Given any manpower allocation, the set of feasible
schedules contains all cyclic schedules which match the
required allocation. Although the number of feasible
schedules that exists for any allocation. is indeterminate
(there may be none), for most applications, multiple
feasible schedules exist. (With no constraints on the
lengths of>either the work or recrgktion periods, it is
usually possible to produce a feasible schedule by hand in
only a short time using trial and error methods.)

The second set of schedules is a subset of the collec-
tion of all feasible schedules for a given manpower alloca-

tion. The subset of acceptable schedules includes only

feasible schedules which possess each of the following
characteristics:

(1) a recreation period of acceptable length
at every shift changeover point (only
applicable to multishift schedules);

(2) a set of work periods each of which
satisfies the upper and lower limits
on work period lengths; and

(3) a set of recreation periods each of which
satisfies the upper and lower limits on
recreation period lengths.

A feasible schedule that does not possess each of these

features is defined to be unacceptable.

*Figure 2.3 is a conceptual model of the design process

. which is useful in explaining the application of individual

' schedule measures. It is not, however, an accurate represen-
tation of the actual computational process by which preferable
PR schedules are obtained.
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Set

Defining Criteria

Feasible Schedules: Cyclic schedules which match a
given manpower allocation by
shift and day of the week.

Acceptable Schedules: Feasible schedules which possess
each of the following:

(1)

(2)

(3)

a recreation period at every
shift changeover point (if
applicable);

a set of work periods, each’
of which satisfies the
upper and lower limits on
work period lengths; and

a set of recreation periods
each of which satisfies the
upper and lower limits on
recreation period lengths.

Preferable Schedules: Acceptable schedules which are
ranked according to the following
preference criteria:

(1)
(2)

(3)
(4)

(5)
(6)

(7)

number of weekend
recreation periods,
maximum number of
consecutive working
weekends,

maximum work period
length,

number of maximum
length work periods,
work period range,
number of ea¢h type of
recreation period,
maximum number of days
in consecutive work periods,

(8) number of maximum length
work period pairs, and
(9) standard deviation of
the work to recreation
period length ratios.
Pigure 2.3

Defining Criteria for Feasible, Acceptable, and
‘Preferable Sets of PR Schedules ,

s
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"After the set of acceptable schedples has been
identified, preference measures for weekend recreation
periods, work periods, and all other recreation periods
are used to establish the preferability of each schedule.
The ordexing of the acceptable schedules according to a

preference function produces a set of preferable PR

schedules. (This third set of schedules is formed, nct by
eliminating acceptable schedules, but rather by quantifying
the desirability of each in terms of its attributes.)

To illustrate the differences that can exist between
acceptable schedules, consider the four multishift PR
schedules in figures 2.4 through 2.7. Each schedule
satisfies the same manpower allocation (i.e., each is
feasible); and each schedule also possesses (1) a recreation
period at evexy changeover point, (2) acceptable work periods
(the limits set in this case were that every period be between
three and nine days long), and (3) acceptahle recreation
periods (every period was required to be either two, three,
or four days long). Despite these similarities, these
schedules differ in a number of ways. The values for nine
preference measures for each schedule are shown in table 2.7.

To determine which of the four PR multishift schedules
is the most desirable requires a multicriteria decision
model that incorporates the preference measures shown in
table 2.7. The decision model used in this thesis is

discussed in the following section.






Shift M T W T F 8§ S
o 1 [RI]R|R
2 R|R
Night 3 R{R
4
5 RIR|R
6 {R{R
7 R|R
Aft. 8 RIRJR
9
10 RIRIRIR
11 RIR
12t'rR | R
13 R.IR
Day 14 RIR|R
15 R R
16 R R ‘
17 R R R
Figure 2.4

Sample Multishift Schedule I

Shift M T W T F S 8
1IR{R|R
2 R K
Night 3 R | R
4
5 RIR|R
6 | R R
7 R{R
Aft. 8 RIR|{RI|R
9
10 RIR
11 RIRIR
12 | R
13 R | R
Day 14 R|R|R|R
15 RI1R
16 RIR '
17 RIR R
Figure: 2.5

Sample Multishift Schedule IIX



Shift M T W T F S § Shift M T W T F §
1 RIR[R 1 RIRIR '
2 R| R 2 RIR
Night 3 R| R Night 3 R
4 4
5 RIR|R 5 RIR] R
6 RIR|R 6 RIRIR|R
7 RIR 7 RIR
Aft. 8 RIR|R Aft. 8 R{ R
9 9
10 RIR|R 10 RI1R
12 RiR 12 R
13 R{R 13 RIR
Day 14 R|R|R Day 14 R{R|RI|R
15 RIR 15 R IR
16 RI R 16 RIR
17 RTR R 17 RIR R
Figure 2.6 ' Figure 2.7

Sample Multishift Schedule III , ' Sample Multishift Schedule IV
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Table 2.7

Preference Measure Values for Multishift

Schedules I, II, III and IV in
Figures 2.4, 2.5, 2.6, and 2.7

Preference Measure

Multishift Schedule
(Figure Number)

(2.4)

11
(2.5)

III
(2.6)

Iv
(2.7)

Number of weekend
recreation periods

Maximum number of
consecutive working
weekends

Maximum length work
period (days)

Number of maximum length
work periods

Number of recreation periods
of each type:

Length (days)/Start Day
4/Fri.
4/Thu.
4/8at.
3/Fri.
3/Sat.
2/Sat.
4/Wed.
3/Thu.
4/Sun.
3/Sun.
2/Fri.
2/Sun.

Work period range (days)
Maximum number of days
in consecutive work periods

" Number of maximum length

work period pairs
Standard deviation of

the work to recreation

period length ratios

NTOOOMHOONONMMHOO

ot
(571

0.87
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2.3 SEQUENTIAL LEXICOGRAPHIC COMPARISON OF PR SCHEDULES
2.3.1 Introduction

In the preceding section, several preferential schedule
measures were introduced. This section presents a decision
process for determining whether schedule a; is "more
preferred"} "equal to", or "less preferred" than scheduie as
in terms of these preference measures. The selection of a
decision process is difficult because of the diverse nature
of the schedule attributes to be compared. As an example,
suppose that in comparing schedules a; and a,, it is found
that a; has more weekend recreation periods than a,, but
also contains work periods that are longer than any'work-
periods in a,. The tradeoff between the number of weekend
recreation periods and the maximum length work period
cannot be resolved by purely analytic procedures but should,
in some manner, reflect the relative importance of these
attributes to the schedule designer.’
2.3.2 Sequential Lexicographic Elimination

To utilize the individual preferential schedule measures
discussed above and to incorporate the relative importance
assigned to each measure by schedule designers, a sequential
elimination procedure using a lexicographic ordering of the
schedule measures is used in this thesis. The lexicographic
method requires that the schedule measures (i.e., the compo-
nents of the measure vector) be ranked in terms of importance,

and that the values of each measure be placed, at a minimum,
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on an ordinal scale. Once the most important measure is
selected, the schedule(s) having the best value for this
measure is(are) determined. If a single such schedule
exists, it is selected as the best; if multiple schedules
have the best wvalue for the specified measure, these |
schedules are then compared with respect to the second most
important measure. This process is continued on a measure-
by-measure basis until either a single schedule emerges or
two or more schedules, egual among all measures, are found.
Repeating this process on the set of schedules not already
ranked, eventually yields a ranking order for all of the
alternative schedules. As indicated, the lexicographic
procedure only requires that the components of the measure
vﬁctor be ranked in order of their importance. Hence the
inter-component measurement scale is ordinal and the only
input reguired from the schedule designer is a set of
preference rankings for the schedule measures to be considered.
To implement this procedure, nine preference measures
were identified and used as components in the measure vector;
the nine measures and their relative importance as used in

this thesis are indicated in table 2.8. Each of these

measures has been discussed above, and the use of each is
self-explanatory except for the measure of the recreation
period set (preference ranking number 5 in table 2.8).
This measure is formulated as a subvector whose components

represents the number of times each type of recreation
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Table 2.8

Preference Rankings of the Nine Schedule Measures
Used to Design PR Schedules

Preference
Rank Schedule Measure

1. Number of weekend recreation
periods

2. Maximum number of consecutive
working weekends

3. Maximum length woerk
period (days)

4, Number of maximum length
work periods

5. Recreation period measure
based c¢n the number of
each type of recreation
period*

6. Work period range (days)

7. Maximum number of days in
consecutive work periods

8. Number of maximum length
work period pairs

9. Standard deviation of the

work to recreation period
length ratios

*See table 2.9 for the preference rankings used to
measure each set of recreation periods.
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period (defined by length and start day) appears in the
schedule. The ordering of the components in the subvector
is determined by the relative importance given to each
period type. The importance rankings used in this thesis

are shown in table 2.9.

Table 2.9

Preference Rankings for Individual Recreation Periods
Used to Design PR Schedules

Preference Period Length
Rank (Days) Start Day
1. 4 Friday
2. 4 Thursday
3. 4 Saturday
4. 3 Friday
5. 3 Saturday
6. 2 Saturday
7. 4 Wednesday
8. 3 Thursday
9. 4 Sunday
10. 3 Sunday
11. 2 Friday
12. 2 Sunday
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These rankings are used for all of the schedules
discussed in this thesis and are applicable for schedules
that limit the recreation period lengths to two, three, or
four days. (The method is easily extended to periods with
other lengths.) The use of these rankings parallels the
lexicographic process described above. If two schedules
have equal values for the first four components of their -
measure vectors, their respective recreation period euﬁ—
vectors are compared. The comparison is done component-by-
component (in the order indicated in table 2.9) until a
difference between like-ordered components is found; the
schedule with the higher value for this component is defined
as the preferred,schedule. If the;subvec%ors are equal
(i.e., the like-ordered components are equal for all 12
components), the comparison continues with the sixth ranked
measure {work period range) in the measure vector.

To illustrate the use of the sequential process,
consider the‘comparison of the four PR schedules in figures
2.4 through 2.7. The comélete‘measure vector for each
schedule is shown in table‘2.7. (ThevCOmponents for each
schedule are read from top to bottom in ofdet~of decreasing
importance.)‘ All four schedules have identical,values for
the first two’measﬁtes: each schedu1e centains exactly
five weekend recreation periods and a maximum of four .
consecutive workingeweekends.‘ For the next most important

 measure (i.e., maximum work period length), schedules I,

0

__-—-;._\m ‘ ‘v -
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II, and IITI are still equal, but schedule IV is less
préferable by virtue of its nine-day work period. Exam-
ination of the ﬁext measure (i.e., the number of maximum
length work periods) for schedules I, II,Vand III indicates
that sdhedules II and III both contain three eight-day
work periods while schedule I contains only two. Hence
both schedules II and III are judged to be less preferable
than schedule I. As the only remaining schedule of the
original four, schedule I is defined as the most preferred.
To determine the second preferred schedule, the measure
vector components for schedules II and III are compared.
Based upon the measure vectors in table 2.7, schedule IX
is preferred to schedule III because it contains one four-
day recreation period beginning on Friday while schedule III
contains none. (Schedule II, in fact, possesses the most

preferable set of recreation periods of the four schedules,

- but is ranked below schedule I because of less attractive

work period properties.)

.. 2,4 MULTIPLE CRITERIA DECISION MAKING PROCEDURES

a@.4.1 Introduction

The design and selection of an "optimal" schedule,

like many social and political decisions often cannot be

'realistically based on only one criterion. Rather, as

seen in the discussion above for comparing schedules, a
variety of factors must be considered which usually are not

directly comparable (e.g., which is more important: one
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additional recreation weekend period or one less day in
the maximum length work period?). In response to the .
growing demand for more sophisticated decision tools, a
variety of multiple criteria decision making procedures
have been developed. This section presents a briéf
review of these procedures in order to identify the
specific advantages of the seguential elimination procedure
used in this thesis. "

Multiple criteria decision methods can be dividéd intd
two categories: collectivé procedures which assuﬁe that
the individual components of the measure vector <an bé
unified either explicitly or implicitly into a one~dimensional
measure for each alternative schedule, and componént methods
which compare schedules strictly on a component-by-component
basis.* Both of these methods are discussed below.
2.4.2 Collective Procedures

Explicit collective prbcedures‘are characterized bj the
requifément that an éxplicit compensatory objective function
must be defined which numerically relates all of the compon-
ents of the measure vector. All weighting schemes, regar&less
of how diverse they appear, fall into this category. Despite
their individual differences, all weighting;procedures
possess the following characteristics:

(1) a set cof available alternatives with
specified measures and measure values;

— | BT
‘The discussion that follows is based to a large extent

- on an excellent survey paper by Kenneth R. MacCrimmon entitled:
~"An Overview of Multiple Objective Decision Making". (62)
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(2) a process for obtaining numeric values for
each measure and numeric weights across
measures;

(3) a well-specified objective function for
aggregating the numerically scaled pref-
erences into a single number for each
alternative; and

(4) a rule for selecting the alternatives on
the basis of the highest (or best) value.

Weighting methods can be grouped into two subcategories
accordiﬂg to the method used for determining the preferences
of the decision-maker. Preferences can be obtained by:

(1) inference based on statistical analysis of
past choices; or

(2) direct questioning of the decision-maker
about each component.

Inferential methods include both linear regression
(63,64), and analysis of variance (64,65,66)., Direct
questioning methods have the advantage of not reguiring
a history of past decisions made under similar circum-—
stances, and the disadvantage of requiring the decision-
maker to verbalize his preference. A variety of weighting
models based upon direct guestioning exist. Some of the
moré commonly utilized include trade-offs (67), simple
‘additive weighting (56,68,69), and modified weighting
schemes (67,70,71,72,73,74,75).

More advanced among explicit collective procedures
are mathematical programming schemes which incorporate
constraints on individual or groups of attributes and are

able to handle measure'vectors with large numbers of
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components. These methods include linear programming,‘goal
programming (76,77,78), and interactive programming (79,80).

Implicit collective procedures do not externalize a
specific function to relate the coﬁponents of each measure
vector, but assume that such a function can be operationally
defined by the preferences of the decision-maker. These
methods are characterized by the manner in which preferences
are obtained and_utilized to find the best decision; Delphi
methods and the Churchman-Ackoff pair-by-pair decision
procedure (s) are both implicit collective methods.
2.4.3 Component Procedures

Component procedures seek to avoid the difficulties
frequently cited with collective procedures. With explicit
collective methods, it is necessary to establish numerical’
relationships between components which often conceptually
defy such comparisons; implicit collective methods assume
that the decision-maker possesses a consistent sét of pref-
erences which can be, in some manner, extracted, and
frequently require that the decision-maker be available
for direct participation in the resolution process,

Component procedures are characterized by comparisons
which are made ex¢lusively between 1ike;components of the
measure vectors of two alternatives. Included among_these
methods are conjunctive and disjunctive constraints,
dominance, and the method used in this study; 1exicogfaphic

sequential elimination.
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2.4.3.1 Conjunctive and Disjunctive Constraints
In this method, the decd¢ision-maker establishes
standards for the values of certain components. 1In a
conjunctive form, ail of the standards must be satisfied
for the alternative to be judged acceptable. (The
acceptability or bounding measures described earlier
in this chapter are used as conjunctive constraints.)
In the disjunctive form, only one standard of a specified
group must be met for an alternative to be acceptable.
Since each alternative must satisfy a number of
standards in the conjunctive method, the procedure serves

primarily as a filtering device to screen out all but the

most desirable alternatives. Kleinmuntz (8l) utilizes

conjunctive and disjunctive decision models to describe
the decision process expert clinicians use to categorize
persons into "adjusted" and "maladjusted" categories on
the basis of the MMPI profiles. Other applications of
constraint usage are given by Clarkson (82) for portfolio
decisions, by Smith and Greenlaw (83) for personnel
selection decisions, and by Bettmen (84) for consumer
choices. Combs (85) and Dawes (86) present theoretical
consideration about the method.
2.4.3.2 Dominance

In conjunctive and disjunctive consﬁraint procedures,

each alternative is compared to a minimal set of standards

-for some or all of the components. Dominance methods
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provide for direct comparisons between pairs ofnalterna~
tive schedules. If one alternative has coméonent values
that are at least as good as those of another alternative
for all of the components and if it has one or more values
that are better, the first alternative is said to "dominate"
the second and the second alternative can be eliminated.
Although this procedure is one of the least controvérsial
decision methods, it often fails to eliminate many ai;er—
natives. Most decision-makers use dominance whenever
appropriate as an initial filtering device to reduce the
set of viable alternatives. |
12.4.3.3 Lexicography
Although lexicography is also’' a form of sequential
elimination, the method differsvfrbm both éonstraint and
dominance methods; the comparison of alternatives is’
accomplished by comparing the values‘of like components
in a specified order. As a result, the lexicographic
procedure requires that the decision-maker rank the
components of the measure vector in terms of importance,
andkthat the values for each component be placed, at
least, on an ordinal scale. A complete ranking for;all

alternatives is achieved using the process described in

~section 2.3.2.

Extensions of this method include allowing for bands

of imperfect discrimination so that one alternative will

s

not be judged better than another because of a slightly

g
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better value for one attribute. This "semiorder"
processing is described by Luce (87) and Tversky (88). The
theoretical aspects of lexicography are discussed by Luce
(87), Shepard (89), and Fishburn (90).
The most important condition associated with the use
of the lexicographic method is the requirement that a strict
and consistent hierarchical ordering of the components
exists which can be externalized by the decision-maker. In
addition, the method also imposes the constraint that if
component a is judged to be more important than component b
and 1f b is judged to be more important than compcaent c,
then it is assumed that component a is also more important than
all possible combinations of components b and c¢. In fact,
component a is assumed to be more important than the
cumulative value of all components that are individually
less important than a.
The lexicographic method does, however, possess
several distinct advantages as a decision tool for determining
preferable PR schedules. These include:\
1. The method requires the direct comparison
of only like components (e.g., the number
of weekend recreation periods for a schedule
is compared only with the corresponding
number in alternative schedules). The
method avoids entirely the necessity of
determining, either implicitly or explicitly,

compensatory relationships between unlike
components.
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2. The method permits the decision-maker to
indicate which attributes he values and the
relative importance he assigns to each.

3. The component—by~component decision process
is particularly well-suited for the sequen-
tial construction methods used in this
thesis to design PR schedules. Partially
designed schedules available at each stage
of the design process can be ranked according
to the component values that are known; this
ranking in turn can ke used to discard sets
of partially designed schedules which can only
produce complete schedules that are less
preferable.

4. The use of the bounding measures (conjuntive
constraints) serves to minimize the negative
aspects of the hierarchical ordering of the
components imposed by the lexicoégraphic
procedure (i.e., the method is only used to
rank schedules which already satlsfy accept-
akility constraints).

5. The method is easily understood by schedule
designers who must (1) identify the schedule
attributes and measures they wish to use;

(2) provide a preference rating for each
measure, and (3) specify the constraint
values for the bounding measures.

The use of the lexicographic decision method for the

design of optimal PR schedules is described in chapter 3.
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3. THE DESIGN OF OPTIMAL PR SCHEDULES

3.1 INTRODUCTION

Although the feasibility of constructing acceptable
PR schedules by hand for relatively small schedules (e.g.,
four or five weeks long) has been demonstrated by Heller (16),
improved design methods are needed to provide schedule
designers with more systematic and reliable procedures
for constructing schedules which satisfv given manpower
3lloca£ions and are preferred in terms of relevant schedule
properties. Without such methods, the design of PR schedules
is highly dependent upon the skills, resources, and experience
of individual schedule designers. Improved design methods,
such as those described in this thesis, can contribute to
the process of shifting the effort required for the design
of manpower schedules from one of “finding" feasibie
schedules (which, hopefully, also possess desirable features)
to the more fruitful area of identifying important schedule
properties and using them to "design" the best schedules
possible.

This chapter describes each major step in the design
and construction of PR schedules. This overview of the
desién,process serves as an introduction to the material
presented in the next four chapters which describe the
algorithms used for each step of the process. The

remainder of this chapter is divided into three sections:
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the first describes the data requirements for the design
process; the next describes a four-step procedure for the
design of optimal one~shift PR schedules; and the final
section describes the process for the design of optimal

maltishift PR schedules.

3.2 SCHEDULE DESIGN DATA REQUIREMENTS
3.2.1 Manpower Allocation

The schedule design procedures begin with an allocation,
by shift and day of the week, of the total number of work
tours {(or manshifts) per week for a specified number bf
officers. Cyclic schedules which preserve this weekly
allocation are defined to be feasible. To indicate the
elements of a manpower allocation more clearly (and also to
introduce notation which will be used throughout this

chapter), we define the following quantities:

N = number of officers*;

s = number of shifts;

N, = number of men assigned to each shift (i=1,
2,604,8);

£ = the average number of work days expected from»

each officer per week;

*In designing PR schedules, it is more precise to
speak of the number of schedule brackets to be allocated
to each shift rather than the number of officers. For
convenience, however, the presentations in this and
subsequent chapters are based on the assumption that one
man is assigned to each bracket. This causes no loss of
meaning or generality, and permits the use of the more
commonly used terms "men" and "manshifts" in place of
"brackets" and "bracketshifts". :
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“ ‘ W = number of manshifts {(i.e., on-duty tours),
each week over s shifts for N officers:;
Wi = number of manshifts each week on shift i

for Ni officers;

LI number of manshifts (officers) assigned to
J work shift i1 on day 3j;

R = number of recreation days each week over s
shifts for N officers; '

R. = number of recreation days each week on shift
i for Ni officers; and

ri. = number of officers on recreation from shift
J i on day j.

The following relationships hold between these quantities:
(1) +the number of officers,
s 7

catrL L) g
i£1 jgl(wlj rlj)

b~
]

I e~1tn
=2
]

~j =

| ~1tn

(Wi+Ri) =

~j -

(2) +the number of on-duty manshifts per week,

j iy
W = W, = w,. = FN*:
= i=1 4=1 *J

{3) the number of recreation days per week,
S

;
R, = J ) xr..:
1t i=1 421 Y

)
i
%,
=
[

Il 10

i

(4) the number of on-duty manshifts for shift i
per week,

W, =

7
) w,. = fN,; and
T & i

*Since the number of manshifts expected from each officer
: ; per week is usually not equal to an integral number of shifts
f ‘l’ (due to the "amortization" of time off for holidays, if
v included, over each week of the schedule), the product £N
is usually not an integer.
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(5) the number of recreation days for shift i
per week,

7
Ri=7Ni~Wi= é r.. . (3.1)

As an example, consider a work force of 20 men (N=20)
in which each officer works an average of 4.75 daYs per
week (f=4.75). These values indicate that the 20 officers
work 95 on-duty manshifts each week (i.e., W= fN =
(4.75)%(20) = 95). A sample allocation of these 95
manshifts over three shifts (s = 3) and seven days of the.
week is illustrated in table 3.1. The distribution of the
corresponding 45 recreation days per week (R = 7N = W =
(7)%(20) - 95 = 140 ~ 95 = 45) is shown in table 3.2.

A PR schedule designed to preserve the allocations shown
in tables 3.1 and 3.2 would have a 20-week rotation period
in which each officer would be assigned to shift 1 for
seven weeks, to shift 2 for eight weeks, and to shift 3
for five weeks. Over the 20 week period, each officer

has 95 work days and 45 recreation days.

The allocation problem and the algorithmic procedures
used to obtain satisfactory manpower distributicns have
been reviewed in chapter 1 (section 1.5.4). All of the
methods discussed in chapter 1 focus on the derivation of
the wij values (i.e., the number of officers on-duty for

each shift and day of the week). Determination of the
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Table 3.1

Seven Days of the Week

Number Number of Men On Duty (wiq)
of Men Total
Assigned Number
to Shift Mon. Tue. Wed. Thu. Fri. Sat. Sun. of ,
(M=) (3=1) (3=2) (3=3) (3=4) (3=5) (3=6) (3=7)| Manshifts
7 4 5 5 6 6 3 33
8 5 5 5 7 7 4 38
5 3 3 4 4 4 3 24
N=20 W=95
Table 3.2

Distribution of the Recreation Days Corresponding to the

Manpower Allocation in Table 3.1 by Shift and

Day of the Week

Number Number of Men on Recreation (rij)
of Men
Assigned
to Shift Mon. Tue. Wed. Thu. Fri. Sat. 8Sun.
(=) (3=1) (3=2) (3=3) (j=4) (3=5) (§=6) (3=7) | rTotal
7 3 2 2 1 1 4 16
8 3 3 3 1 1 4 18
5 2 2 1 1 1 2 11
R=45

N=20
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‘w,.'s, however, does not define a unique set of Ni values

1]
(i.e., the number of officers assigned to each shift). To

illustrate, consider the manpower allocation shown in

table 3.1. The wij values for shift 1 indicate that a

minimum of six on-duty officers must be assigned to that

shift in order to satisfy the manpower requirements for

Friday and Saturday. Similarly, the maximum values for
shift 2 and 3 indicate that a minimum of seven,officefs
must be assigned to the second shift (to work on Friday
andﬁSaturdéy) and a minimum of four officers must be
assigned to the third shift (for Thursday, Friday and . , 4§
Saturday). The sum of these three minimum values® equals
17, leaving three of the 20 officers unassigned.

In (16) Heller determines shift designations for
unaesigned officers by using their shift assignment to
minimize the quantity % (g~gi)2 where W/R equals the

; i=1 i |
ratio of work to recreation days for the entire sghedule.
The motiﬁation for this objective function is to equalize,
as nearly as possible, the ratio of work tokrecreatien‘days
(Wi/Ri) for each shift. TheWi Values, determined from the
wij values, are fixed, but the Ry value for eaehkshifteis "
a function of both W, and Ni; and the final N; value fo# each
shift is dependent on the placement of "unassigned" officets.‘k 
Hence, using result (3.1), the objective function can be‘

written as:
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=

-

i >~
o=

: 1 W 1 '
min  z =( ——) = ) (~ - -——:-) , (3.2)
N, Ry~ L2\R T 7N W, | |

In tables 3.1 and 3.2, the R and Wi values are

R 95/45 = 2.11,

W, = 33, W, = 38, W

. = 24, and

3
‘the objective’function is minimized when one unassigned
officer is piaced on each shift; i.e.,

N, =7, W,/R;, = 2.0625;

N, = 2, Wy/R, = 2.1111;

N, = 5, W,/R,

2.1818: and

Z = ,.007.

Determination of the N. values completes specifica-
tion of the manpower allocation. The PR schedule design
process deScribed in the following sections uses the Ni
and w4 values computed in this way to identify the
manpower allocation that must be préserved by feasible
‘PR schedules.

3,2;2 ~Schedule Design Features

The schedulé attfibutes_used in the design procédures
described in this thesis were discussed in‘detail‘in
chapter 2 (sze section 2.2.6); the specifié preference
structure_uﬁilized was shown in table 2.8. This structure 

has been in¢Qrporated intoyfhe computer code developed
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thesis and used for all of the schedules

Lo

presented herein.

In addition to the manpower allocation data discussed :

above, the data required for use of the computerized

procedure are:

(1)

(2)

upper (U,) and lower (L) limits on work ‘

oerlod lengths, and

upper (U’) and lower (L ) limits on
recreatlon period 1engths.

For multishift PR schedules, the de51gn data regulred are:

(1)
(2)
3.3 THE
The
consists
(1)

(2)

(3)

a set of candldate schedules for each shift
tour to be included in the multlshlft‘
schedule (this set is descrlbed in

section 3 5 1), and

upper (U ) and lower (Lﬂ ) limits on
changeover recreatlon perlod lengths.

DESIGN OF OPTIMAL ONE-SHIFT PR SCHEDULES
sequential design of one-shift PR schedules
of the following Steps:

the specification of distinct sets of
recreation periods of acceptable length;

the distribution of each recreation
period set over the days of the week;

the specification of work perlods of

~acceptable length- and

W

the enumeration of feasible sequences of
work and recreation periods.

Each of these steps is discussed below.
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3.3.1 Specification of Sets of Recreation Periods of
‘Acceptable Length
“The total number of recreation days which each officer

receives during his Ny weeks on shift i is given by

7

Ry = ) r;4- To produce days-off schedules for individual
j=1

officers, these Ri days must be aggregated into recreation

periods of lengths which satisfy the upper and lower

limits set by the schedule designer. Determining a set

of recreation periods, each of which satisfies these

limits, is equivalent to finding an unordered partition

P of R; such that each member {Pg} of the kIl partition

satisfies the requirement: L, < Pg < Uy, and that all
members of PF sum to Ri(i;e., )3 Pg = R;).

q
To illustrate, consider a manpower allocation for

‘a five~week shift tour containing 11 recreation days
(see shift 3 in table 3.2). If the recreation period
length limits are Ly = 2 and Uy = 4 respectively, then only

four distinct sets (or partitions) of the 1l recreation

k

days exist which satisfy the requirement that I P = 11,

k q
and 2 < Pq < 4 for each member. The four sets are:

: . k_
Partition (k=) Member Period Lengths(Pq—)

(4, 4, 3) ‘
(4, 3, 2, 2)
(3, 3, 3, 2)
(3, 2, 2, 2, 2)

B W
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Although 56 distinct partitions can be created from the il'
recreation days (assuming only that each member is a positive
integer less than or egual to 11), enly four partitions |
satisfy the acceptability criteria imposed by the upper and
lower limits on period lengths. As & result, each acceptable
five~week PR schedule that matches the specified manpower
allocations in table 3.2 must use,oee of these four eets of
recreation periods. | |

The algorithmic enumeration of all partitions for a

given R; value and a specified set of limits, L, and UR’

v R
is presented in chapter 4.

3.3+2 The Distribution of Recreation Periods Over Days |
of the Week :

After the recreation days have been aggregated into
periddskof acceptable length, each set of periods must be
distributed over the days‘of the Week in a way which matéhes
the required daily allocation of recreation days. This

distribution must specify the day of the week on which each

recreation peried will begin.

As an example, consider the second partition derived

above which consists of four recreation periods with lengths:

{4,3,2,2}; and assume that these fouf"periods must be dis~-

tributed over the days of the week according to the recrea-
tion day allocation shown for shift 3 in table 3.2 (i.e.,
over the five-week tour, each offmcer receives a total of

1l recreation days: two each on Monday, Tueaday, Wednesday,
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and Sunday, and one each on Thursday, Friday and
Saturday) .
Following the proéedure developed by Heller, the

required daily allocation for the 11 recreation days can

be 5chematically represented in a star diagram (see

figure 3.1). Eéch day of the week is represented by a

ray, and the number of nodes on each ray corresponds to

the number of recreation days each officer receives on that
day during the five-week schedule. Recreation periods can

be represented by drawing lines to connect nodes on adjécént

rays. A star diagramfwhich has its nodes connected into a

set of recreation periods is called a cyclic graph. The

cyclic graph in figure 3.2 is based on the star diagram in
figure 3.1, and consists of one four-day period (Thursday-

Friday-Saturday-Sunday), one three~day period (Monday-

Wed.
Tue.\\\&\‘\j , Thu.
Mon. -———-7\/.-/\ — PFri.
; Sat.

Figure 3.1

Sun.

Star Diagram with Eleven Nodes
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Mon. Fri.

Figure 3.2

Cyclic Graph Based on the Star
Diagram in Figure 3.1

Tuesday~Wednesday), and two two-day periods (Tuesday—
Wednesday and Sunday-Monday); these four periods correspond
to the second partition derived above. This cyclicggraph‘
defines one distribution of the recreation periods which
matches the required daily allocation.

The cyclic graph in figﬁre 3.2, howaver; may‘not'be
the only dlstrlbutlon of the {4,3,2, 2} partltlon that can
be formed on the ll-node star dlagram in flgure 3.1, The
exact number of distinct cycllc.graphb that can be enumeiated
from each partition is ihdeterminaté: 'there‘maf be sevéral
dr none at all. An enumeaatlon algorlthm for g@neratlng

all dis tlnct cyclic graphs for a glven dally allocatlon of

recreation days and a.speulflc partition of recreatlon

days is described in chapter 5.
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3.3.3 8pecification of Work Pericds of Acceptable Length

Again following Heller, associated with each cyclic
graph is a square matrix S§ (called an elementary separation
matrix) whose entries'{sij} indicate the ﬁinimum number of
work days that can occur between each ordered pair of
recreation periods, i and j, defined in the graph. The
number of rows and columns in the matrix equals the number
oﬁ recreation periods in the graph, and each matrix entry
isadetermined by the graph.

As aﬁ example, the elementary separation matrix,
associated with the cyclic graph in figure 3.2 is shown in
figure- 3.0i." Since there are four recreation periods in the
graph, the matrix has four rows and columns. The (1,4)

matrix entry indicates that a minimum of three work days

Recreation Period

1 2 3 4
1 - 5 0 3

Recreation
Period 2 4 - 0 3
3 0 1 - 6
4 6 | 0 2 -

Figure 3.3

Elementary Separation Matrix Based on the
Cyclic Graph in Figure 3.2
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must separate the end of pericd 1 (Monday-Tuesday-Wednesday) and
the beginning of period 4 (Sunday-Monday); the three on-duty |
days correspcond to tﬁé three rays in the graph which separate
the last day of period 1 (Wednesday) and the first day of
period 4 (Sunday). All of the matrix entries can be.obtained
in a similar manner. The entries on the main diagonal of the
matrix are not defined. For cyclic graphs with seven rays,

all matrix entries in the elementary matrix lie between

zero and six.

An infinite number of modified matrices can be generated
from each elementary matrix by using the fact that if ordered-
periods (i,j) can be placed S5 3 days apart, they can also
be placed S;5 + 7k, k=1,2,... days apart {(e.g., periods 1
and 4 in figure 3.2 can be 3 days apart, or 3 days plus one
week apart (10 days), or 3 days plus two weeks apart (17
days), etc.).

The selection of one valie for each matrix entry (and
hence the selection of one separation matrix) is accomplished
us.. j the upper and lower limits on work period lengths
(i.e., each matrix entry is restricted to theiintervai,

L, < s;; < W )*. To illustrate, assume that the work

W o~ "ij

period limits, L_= 4 and U, = 8, are applied to the

w

* g . o
Since consecutive values for each s,. differ by seven

' days, the interval [LW,UW] will define only one Sij
value, at most, if U -L <6. It may happen
that no,sij value lies within the interval. :
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elementary matrix in figure 3.3. The modified matrix
obtained with these limits is shown in figure 3.4. Three
possibilities exist for each entry in the transition from
figure 3.3 to figure 3.4: (1) the entry is unchanged
since it lies within the interval [4,8] (e.g., entries
(L,2), (2,1), (3,4), and (4.1)); (2) the entry must be
increased by seven to fall within the interval [4,8]
(e.g., entries (1,3), (2,3), (3,1), (3,2), and (4,2));

or (3) the entry is voided because none of the values,
S +k7k lie in [4,8] (e.g., entries (1,4), (2,4), and

1]
(4,3)).

Recreation Period

1 2 3 4

1 - 5 7 -
Recreation
Period 2 4 - 7 -
3 7 8 - 6
4 e 7 - -~
Figure 3.4

Modified Separation Matrix Based on the
Cyclic Graph in Figure 3.2
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The significance cf the modified separatioh matrix is
that it indicates the length of the acceptable work period,
if one exists, separating each ordered pair of recreation
periods in the cyclic graph. Hence, the modified separation
matrix of figure 3.4 identifies the only nine work peiiodz—=
that can be used to produce PR schedules based on the four
recreation periods of figure 3,2 and the upper and lower

limits on work period lengths, U_ and LW. A more thorough

w
discussion of separation matrices and their use in the final
step of designing optimal one-shift PR schedules is presented
in chapter 6.

3.3.4 Enumeration of Acceptable Sequences of Work and
Recreation Periods

The final step suggested by Heller for the design of
optimal one-shift schedules is the specification of accept-
able sequences of work and recreation periods based on
information contained in a modified separation matrix.
Since each schedule produced must include each recreation
period exactly once, each distinct sequence (or permutation)
of the recreation periods defines a schedule candidate.

Aé an example, consider the four recreation periods
used to construct the matrix of figure 3.4; these four

periods define the following six sequences:*

*The first period selected for cyclic schedules is
arbitrary; hence n periods produce, at most, (n-1)!
sequences. The presence of identical recreation periods
(i.e., periods with the same length and starting day)
further reduces the number of distinct sequences (see
chapter 6 and appendix 10.2). S

»
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Sequence No. Sequence
{1, 2, 3, 4}
{1, 2, 4, 3}
r 4}
, 2}
» 3}

UL WN
.
j
~
w
-
W N N
-
N
b

{lf 4I

Each segquence of recreation periods defines a sequence of
ordered pairs which identify specific matrix entries; for
~example, the sequence {1,2,3,4} corresponds to the seguence
of ordered pairs: {(1,2), (2,3), (3,4), (4,1)} which
identifies the four work period lengths {5,7,6,6}. This
particular combination of recreation and work periods
produces the five~week PR schedule shown in figure 3.5.

The first recreation period in the sequence, period 1,
covers Monday, Tuesday, and Wednesday of week 1 followed

by the five-day work period that separates periods 1 and 2

M T W T F S s
1|1r R R
2 2R R
Week
3 3Rr R R R
4 4R
5 R
Number of N :
officers on duty 3 3 3 4 4 4 3

Figure 3.5

Five-Week, One—=Shift PR Schedule Based on the
Recreation Period Seqguence {1,2,3,4}
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‘l}

(matrix entry (1,2))*. Period 2 covers Tuesday and Wednesday,
and is followed by the seven-day work period that separates
recreation periods 2 and 3 (matrix entry (2,3)). This
process is continued until all four recreation periods
have been used as defined by the sequence {1,2,3,4}.

Tt is useful at this point to note the properties of
the schedule in figure 3.5:

(1) the schedule contains 24 Rork days aggregated
into four work periods of acceptable lengths
which match the required daily allocation (see
table 3.1, shift 3); and

(2) the schedule contain 11 recreation déys aggregated
into four recreation periods of acceptable lengths
which match the required daily allocation (see
table 3.2, shift 3).

‘ It is also important to note that the seguence of
recreation periods {1,2,3,4} produces the schedule in
figure 3.5 for the following reasons:

(1) each ordered pair of recreation periods defined
by the sequence specifies an acceptable work
period (i.e., each pair of recreation periods
identifies a valid entry in the separation
matrix); and

(2) the sum of the lengths of the four work periods
defined by the sequence equals the number of
work days (i.e., 24) reguired in the manpower
allocation. :

If either of these conditions are not satisfied by the

schedule produced from a sequence of recreation periods,

The first recreation period in the sequence is by
definition always pLaced in week 1l; any week can be used,
however, since the specific labelling of the weeks is
arbitrary in a cyclic schedule. :
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an acceptable PR schedule does not exist for that sequence
In fact, of the six sequences of recreation periods originally
identified for the matrix in figure 3.4, only two produce
acceptable schedules: sequence 1 (schedule shown in
figure 3.5) and sequence 4 (schedule shown in figure 3.6);
each of the other seqguences includes one or more matrix
entries which do not define an acceptable work period
length (i.e., the sequence contains a voided matrix entry).
The use of the modified separation matrix to enumerate
sequences of recreation periods which yield acceptable sched-
ules is discussed in chapter 6. An analogy between the
generation of acceptable PR schedules from a separation
matrix and the enumeration of tours for the travelling
salesman problem is used to develop an implicit enumeration

scheme to systematically search for optimal PR schedules.

M T W T F S S
1iir R R
2 3 g R R R
Week
3 4 g
4| R
5 2R R
Number of

officers on duty 3 3 3 4 4 4 3

Figure 3.6

Five~Week, One-Shift PR Schedule Based on the
Recreation Period Sequence {1,3,4,2}
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3.4 OVERVIEW OF THE COMPUTER PROGRAM ILOGIC FOR DESIGNING

OPTIMAL ONE-SHIFT PR SCHEDULES

A computer program, entitled EXEC and written by the
author, incorporates and extends each of the algorithms
discussed above for the sequential design of one-shift |
PR schedules. A flow diagram illustrating the logic of
the program is shown in figure 3.7. The four steps iden-
tified in the flow diagram correspond to the four procedures
discussed above: the partitioning of recreation days into
periods (step 1), the generation of cyclic graphs for each
partition (step 2), the construction of a modified‘separation
matrix for each graph (step 3), and the use of each matrix
to enumerate acceptable PR schedules (step 4). The logic of
the EXEC program utilizes tﬁe preference structure indicéted

in table 2.8. The current version of the program'does not

permit the user to reorder the preference rankings or in any

way to modify the preference measures themselves¥*.

The computer program, written in FORTRAN iv, was
originally tested on an IBM 7040 computer and later modified-
for use on an IBM 360/65 system. The code has been exten-
sively tested and has been used to design one-shift PR
schedules up to nine weeks long. Examples of the program

printout are presented in chapter 8.

gFSuch a generallzed program would have necessitated . -
a greater programming effort than was deemed necessary since’
the primary objective of this thesis was to demonstrate the
feasibility of computerized design procedures using a
specified preference structure.
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)

Enumerste first (pext) parcition

of the recreation dayas

Enumerate all cyclic
grapha for p&tt{t[dn

l

Rank order sach cyclic
graph xecording to ita
preference measurs

1

examine the first (paxt)

ranked cyclic graph

graph{s)
exints

Conatruct the separaticn

matrix
1

Epumerate the first (next)
acceptabla schedule

Conatruct measura vector
for achedule

Replace K* with il, atore

schedule attributes

Figure 3.7

Notea

Based on tha total number of
recreation days, and the
upper and lowsr limits

on recreation pexiod lengths

Based on the daily allocation
of recreation days

Praoforence weasura based on
the nusber of weekend
recreation perioda and

the number of oach recreation
period type

Njx 18 the nucber of weekand
racreation periods in the best
schadule enumorated; N, x ia
the number of periods Y5 the
cyclic grapha being examined

Bassd on the cyclic graph, and
the uppar and lower limits oo
work period lengths

Damed on the nine schedule
attributes fdentified in
table 2.8

K 14 the measurs vectar for
t?a beat schedule anumarateds
K is the measurs vactor for
the current schedule

Flow Diagram for the Computerized Design of

Optimal’ One-Shift PR Schedules

(EXEC Computer Code)
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3.5 THE DESIGN OF OPTIMAL MULTISHIFT PR SCHEDﬁLES

A procedure for the design of multishift PR schedules
has been developed by the author. It involves a tWo~stép
process. First, a small set of non-cyclic, one~shift
schedules are designed for each shift tour to be included
in the multishift schedule. The non-cyclic, one-shift
schedules are constructed by solving a modified cyclic
scheduling problem using the deéign procedures described
in section 3.3. In the second step, combinations of the
one~shift schedules aré systematically examined to determine
the most preferable multishift schedule. Each of these
steps is discussed bélow.
3.5.1 Optimal Non;Cyclic, One-Shift PR Schedules

Cyclic schedules, by definition, have no naturallbegin—v
ning and ending point; although the seqﬁence or ofaer of thé‘
brackets is important, which bracket is identified as week 1
is not. After each n weeks (the rotation period of tﬁe
schedule), each officer has rotated through each bracket
once, and none of the characteristics or measures of the
schedule are dependent upon bracket labels. .

Multishift PR schedules are cyclic over all shift touré 7
(i.e., after m weeks, the multishift schedule period, each
kofficer has been assigned to each bracket of the schedule
for one week), and the labeling of the "first" week of the
multishift schedule is arbitrary. The individual shift

schedules, however, are not cyclic. Each shift schedule
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has a specific beginning and ending bracket; the first or

initial week of each shift schedule is defined as the first

' bracket worked in that schedule after rotating from the

previous shift. Similarly, the last or final week of each
shift schedule is defined as the last bracket worked before
rotating\to the next shift. The éharacteristics of the
multishift schedule are dependent upon the specific brackets
within each shift schedule which are used to begin and end
the shift tour. Cﬁanging the first and last brackets of one
shift schedule (e.g., by rotating the brackets within that
shift tour) may alter the preferability of the multishift
schedule.

To illustrate, consider the two one-shift schedules
shown Lnfigures 3.8 and 3.9. If used as cyclic schedules,
thesg‘ﬁR schedules are equivalent; (i.e., have identical
properties); the only diffevence between them is that
different labels have been used on the brackets. Each
bracket in figure 3.8 can be rotated backwards one week
to obtain the schedule in figure 3.9 (bracket 1 becomes
bracket 4). These two schedules, however, may not produce
équivélent multishift schedules. This may occur because
the properties of a multishift schedule are dependent upon
the characteristics of the first and last weeks of each
shift schedule. As an example, in figures 3.10 and 3.11,

the two one-~shift schedules are each used for shift A in
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FPigure 3.8

Four-Week PR Schedule

Figure 3.9

Four-Week PR Schedule
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M T W T F S S
1 R
Shift A 2 R R
: (figure 3.8)
3 R R

Shift B 5 R R

(identical to

shift B #» 6 R R
figure 3v.l1) =

Figure 3.10

Seven~Week Multishift Schedule Commencing with
the Four~Week Schedule in Figure 3.8

1 R R
Shift A 2 ' , R R
(figure 3.9)
. 3 R R
4 >
shift B 5
(identical to -
shift B in 6 R R

figure 3.10)

Figure 3.11

Seven-Week MultishiftkSchedule Commencing with
the Four-Week Schedule in Figure 3.9
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a multishift schedule with the same Ehree*week schedule
for shift B. Examination of these multishiftlschedules
indicates several differences; the schedule in figure 3.10
has a recreation period at each shift changeover point and
contains no work periods that are'longér than seven days
while the schedule in figure 3.11 doeé not have a recreation
period at either changeover point, and contains one ten-day
work period. |

The differences between the multishift schedules in
figure 3.10 and 3.11 can be more clearly explained if three
classes of recreation pe;iods are defined for non—cyclid’
ohe=shift schedules:

n (1) a beginning perlod ‘that precedes the first
' work day of a shift;

(2) an ending period that follows the last work
day of a shift; and

(3) interior_periods which lie between the first
work day and last work day of the shift.

Let bi and e, equal the lengths of the beginning and ending
recreation periods for shift i (i.e., these lengths indicate
the number of recreation days at the beginning and end of a
non—Cyclic schedule) *.

The reguirement that a recreation period of acceptable

length sepdrate the last work‘day on shift i and the first

If the first day of the shift schedule (Monday) is a
work day, the beginning reqreaclon period is defined to have
length zero (i.e., bl 6) . FSimilarly, if the last day of the
shift schedule (Sunday) is a work day, the ending recreation
period is defined to have length zerc (i.e., e,=0). If both
b, and e, equal zero, every recreatlon period “in the schedule
is an 1n%er10r perlod. , :
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work day on shift i+l can be stated in terms of the
lengths of the ending and beginning recreation periods for

shift i and i+1; i.e.,

Log £ &3 7 b1 2 Uorr LorUcr 2 0 and integer
{3.3)
where UCR and LCR represent the upper and lower limits on

the length of the changeover recreation periocds. (These
limits are not necessarily the same as the limits, Up and
Lne imposed on the lengths of interior periods.) The limits

in (3.3) further imply that

0 < e., b, < U e

= %i’” Pi+l = "CR b4y integer (3.4)

i’ Ti+

If, for convenience, the same upper and limit limits UCR and
LCR are used for all changeover and interior recreation
periods in a multishift schedule (i.e., UR = UCR and LR = LCR)'
then result (3.4) holds for all beginning and ending recrea-
tion periods in the schedule. Hence, a complete statement of
the limits on the lengths of all recreation periods in each
non~cycle shift schedule is:

(1) beginning period,

0 < b.

15U

i = l,z'naq’s (305)
CR bi integer
(2)° ending period,

02 e < U i= l,2f...,s (3.6)
ey integer
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(3) interior period(s),

L,<2%..<U i=1,2,...,8 (3.7)
R 1] 2ij integer

R

where lij represents the jEE-interior period in the iEE

shift tour.

Since each non-cyclic shift schedule contains, by
definition, only one beginning and one ending recreation
period, the lengths of these periods can be used to classify
each non-cyclic schedule: that is, let (bi,ei) represent
the collection of all non-cyclic schedules for shift i that
have a beginning period equal to length bi and ending period
equal to length ey - The only non—gyclic schedules of interest;
however, are those which satisfy conditions (3.5) and (3.6)
above; these are the only schedules which can be used in aj
multishift schedule with limits Ung and Lop- The number of
such (bi,ei) sets equals (UCR+1)2. The corresponding set
of two-number pairs is‘{(0,0),(O,l),...,(O,Uca),(l,O),

(1,1) yvees (UnprUnp=1) 7 (Upp rUnp) 1.

In chapter 7, a procedure for determining the optimal
schedule for each set of non-cyclic schedules having the
same bi and e, values is presented, based on the one-shift
design algorithm described in chapter 6. The optimal
schedule for each set is détermined using the following

procedure:
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(1) a corresponding set of cyclic schedules is
" defined in which each schedule has a one-to-one
correspondence to a schedule in the set
(bi' ei) H
(2) the optimal cyclic schedule in the corresponding
set is found using the algorithm described in
chapter 6 (and outlined above in section 3.3); and
(3) the optimal, non-cyclic schedule is defined by

the properties of the optimal cyclic schedule
obtained from the corresponding set.

The one—~to~one correspondance between cyclic schedules
in the corresponding set and non-c¢irclic schedules in each
(bi,ei) set is achieved with the addition of an "artificial"®
recreation period of length zero to each cyclic graph that
contains a bi length period beginning on Monday and an e;
length period ending on Sunday. Each augmented graph, in
turn, produces an expanded separation matrix which possesses
one additional row and column. The artificial recreation
period represents the off-shift time between the last Sunday
and the first Monday of a non-cyclic shift schedule. The
placement of the beginning and ending recreation periods
is accomplished by "dedicating" selected matrix entries,
which forces these recreation periods to appear immediately
after and before the artificial period in each schedule

Venumerated from the separation matrix.
To illustrate the procedures outlined above, consider

the problem of finding the optimal non-cyclic, one-shift
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schedule for the (bi,ei)'= (1,1) set based on the manpower

~allocation in table 3.3. (This is the same allocation used

in the examples in secticn 3.3 and corresponds to shift 3

in tables 3.1 and 3.2). The procedure involves the following

w0

four

teps.

l. Specification of All Sets of Acceptable Schedules

Since the optimal schedule must contain two one-day
recreation periods (one at the beginning of the shift and
one at the end of the shift), two recreation days are
removed from the recreation days to be partitioned. The
remaining recreation days are then aggregated into sets or

partitions of acceptable lengths for interior recreation

Table 3.3

Daily Manpower Allocation for a Five-Week Schedule

Number

of Men Mon. Tue. Wed. Thu. Fri. Sat. Sun. Total
On Duty 3 3 3 4 4 4 3 24
On Recreation 2  2 2 1 1 1 2 11

Total 5 5 5 5 5 5 5 35
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periods. Full partitions are formed byladding the two
one-~day periods to each set. To illustrate, the nine
recreation days to be partitioned from the allocation

shown in table 3.3 can be grouped into three sets:

Partition Period Lengths
1 {4, 3, 2}
2 {3, 3, 3}
3 {3, 2, 3, 2}

Adding the two one-day periods to each set yields three

full partitions of the 11 recreation days:

Partition Period Lengths
1 {4, 3, 2, 1, 1}
2 {3, 3, 3, 1, 1}
3 {3, 2, 2, 2, 1, 1%}

2. Distribution of the Recreation Periods Over
the Days of the Week

As discussed in section 3.3.2, there may be several
distinct cyclic graphs associated with each partition; to
continue the current example, consider the first partition
above: {4,3,2,1,1}. The enumeration of every cyclic graph
for this partition (and for every other partition) is
simplified by the fact that two of the periods (the two
one-day periods) must appear on particular days of the
week. As a result, the remaining three periods {5}3,2}
must be arranged over the nine nodes that remain in the
star diagram after one Sunday and one Monday node have

been used. This reduced star diagram is illustrated in
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figure 3.12. The two one-day periods are added to each
cyclic graph formed on the reduced star diagram to

produce each complete graph. One graph for the first parti-
tion is shown in figure 3.13.

The dashed line in figure 3.13 represents an artificial
recreation period which indicakes time spent on other shifts.
The artificial period always begins on Monday (the first
day of the first week off a shift schedule) and always ends
on Sunday (the last day before the beginning of a shift
schedule). Regardless of the actual number of off-shift
weeks in the schedule (which equals the period of the
multishift schedule minus the length of the shift schedule
being designed), the artificial period has length zero
since it represents time spent on other shifts and does
not contribute recreation days t¢ the shift of interest.
(The zero length of an artificial recreation period is
indicated by the fact that the‘period does not use or
connect any nodes in the graph.)

3. Specification of Acceptable Work Periods

The elémentary separation matrix associated with the
- augmented cyclicgraph in figure 3.13 is consttucted
following the procedures described in section 3.3.3. The
expanded matrix, containing an additionai row and cblumnﬁb
corresponding to the artificial period, is showﬁ in

figure 3.14.
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Wed.

Mon. Fri.

Figure 3.12

Reduced Star Diagram, Nine Nodes

Sun.

Figure 3.13

Cyclic Graph Based on the {4,3,2,1,1} Partition
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Recreation Period

1 2 3 4 5 a

1] - 6 0 2 5 6
Recreation 2 4 - 5 0 3 4
Period

3 4 4 - -0 3 4

4 0 0 1 - 6 0

5 0 0 1 3 - 0

a 0 0 1 |- 3 6 0

Figure 3.14

Expanded Elementary Separation Matrix Based
on the Cyclic Graph in Figure 3.13

Since the artificial period represents off-shift time,
it is used as a reference period for positioning the begin-
ning and ending recreation periods. The beginning recreation
period (period 1) in figure 3.13 must start onjthe Monday
of the first week of the shift schedule; this requi:ement
can be met by placing the beginning period "next to" the“
end of the artificial period by placing a zero lquth,ﬁork'k

period between them (i.e., by,setting éntry (a,1) = 0). In

a similar manner, the ending period (period 5 in figure_3.13)'

can be placed on the last Sunday of the shift schedule by

putting a zero length work period between the end‘ofuperiOd'5” f

and the beginning of the artificial period (i.e., by setting

entry (5,a) = 0).

RLCVRN

¥
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With these entry v&lues, every sequence of recreation
periods that defines an acceptable schedule and uses the
entries (a,l) and (5,a) will produce a non-cyclic schedule
with bi = 1 and e, = 1. The inclusion of these two matrix

entries in every sequence can be insured by dedicating the

(a,1) and (5,a) entries*. The modified separation matrix
obtainea by dedicating the (a,l) and (5,a) entries, and
using the work period length limits U, =8 and L =4 on
~all other entries is shown in figure 3.15. The dedicated
enﬁries are circled, and all vdided entries are indicated

with a dash.

Recreation Period

1 2 3 4 5 a

1 - 6 7 - 5 -

‘ 2 | - - | 5 7 - -
Recreation

Period 3 - 4 - 7 - -

4 - 7 8 - 6 -

Figure 3.15

Modified Separation Matrix with Two Dedicated
Entries Based on the Cyclic Graph in
Figure 3.13

= :
. Entry s;. is said to be dedicated if every other entry
in row i and column j is voided; this insures the use of
S.. in every schedule since each sequence of periods must

contain one entry from each row and column of the
separation matrix.



~130-

4. Enumeration of Acceptable Sequences of Work
and Recreation Periods

Each sequence of periods enumerated from the modified
matrix in figure 3.15 must satisfy the properties described
in section 3.3.4 in order to produce an acceptabie schedule.
These properties are:

| (1) each matrix entry defined in the sequence must
represent a work period of acceptable length
(excepting dedicated entries); and

(2) the sum of all work period lengths must equal

the total number of reguired work days for the
shift.

Only two sequences of periods from the matrix in
figure 3.15 satisfy both of these conditions: {a,1,2,3,4,5},
and {a,1,3,2,4,5}.* The five-week schedules associated with
these sequences are shown in figures 3.16 and 3.17; these
schedules not only satisfy the daily manpower allocation
specified in table 3.3, and the upper and lower limits
imposed on work and recreation periods (interior periods
only), but also possess one~day recreation periods at
both the Eeginning and end of the schedule. :

The'complete enumeration of all non—-cyclic schedules
with bi = 1 and e, = 1 for a given manpower allocation can

be obtained by using the procedures described above on each

cyclic graph produced from each partition of the re¢reation

* ) 0 ) 3 (] ]

The first recreation period following the artificial
period is, by convention, the first period in the schedule.
As a result, every sequence of perlods begins with period a.



. | ~131-

M T W T F S S

N ES:
212R R R

Week
3 3R R
4 4r R R R
5 5 R

Number of

officers on duty 3 3 3 4 4 4 3

Figure 3.16

Non~Cyclic PR Schedule Based on the
Recreation Period Sequence {a,1,2,3,4,5}

M T W T F S S
1{1r
2 3R R
Week
3|2R R R
4 4 5 R R R
5 5 R
Numbexr of

officers on duty 3 3 3 4 4 4 3

Figure 3.17

Non-Cyclic PR Schedule Based on the
Recreation Period Sequence {a,l1,3,2,4,5}
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days. Such an enumeration permits identification of the
optimal or dominating schedule for the (1,1) set;* Repeating
this process for each of the (UCR+1)2 sets for shift i
produces, at most, (UCR+1)2 schedules, each optimal over a
particular set (bi,ei). (Some sets may not cohtain any
schedules.) Repeating this procedure for each shift
yields a pool of optimal noh—cyclic, one-shift schedules
from which optimal multishift echedules can be constructed.
3.5.2 Optimal Multishift Schedules

Multishift schedules are constructed by selecting one
non—-cyclic schedule for each shift tour and arranging these-
schedules in the desired shift rotation sequence. The only,‘
acceptability requirement that must be satisfied between each
pair of shift schedules, i and i+l is:

Tor £ 81t Py 2 Ucr (3.8)

which insures that a recreation period of acceptable length
exists at the sh$ft changeover point between shift tours i
and i+l. Each Qéquence of one-shift schedules that satisfies
condition (3.8) at every shift changeover is defined to be
an acceptable multishift PR schedule.

The total number of sequences of one—shift schedules
that must be examined depends upon the number of schedules

h: generated for each shift and the number of shift tours T

* ; L .y

Optimal non-cyclic schedules are determined with the
same basic measure vector components and preference structure
used to determine optimal cyclic schedules.
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. in each rotation period. The maximum number of sequences
. . T . ' ;
to be examined is S, which assumes that a non—cyclic

schedule is found for every set (bi,ei) for each shift.

Using § = (U._+1)?, the maximumvnumber of sequences, S
CR d m
becomes:
_ T _ 2. T _ 2T
sm =8 = [(UCR+1) 17 = (UCR+1) (3.9)

Result‘f3.9) indicates that; except for small values of
UCR and T, complete enumeration is not reasonable (e.g.,

a three~shift, one-tour multishift schedule (T = 3) with
Uog = 4 produces (4+1)° = 5° = 15,625 sequences to be
examined; while a three-shift, two-tour schedule (T = 3x2 =
6) produce as many as 5'2% = 2,4x10°® sequences).

The enumeration of all sequences of non-cyclic schedules
is avoided by using a strategy of constructing each séquence
one shift schedule at a time. The properties of each partial
séquence can be used to identify implicity large sets of
multishift schedules which are either unacceptable or
undesirable. As a result, only sequences for the most
preferable schedules are completely enumerated.

| The implicit examination and elimination of both
unacceptable and undesirable multishift schedules are
achieved by the requirement that before each shift schedule

can be added to a partial sequence, three conditions must

be satisfied:
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(1) acceptability - the shift schedule to be added
must be compatible with the shift schedule
that precedes it (i.e., there must be a
changeover recreation period of acceptable
length); *

(2) weekend recreation periods - the new shift
* schedule must contribute a sufficient number
of weekend recreation periocds; and

(3) consecutive working weekends - the new shift
schedule must not produce an unacceptable
number of consecutive working weekends.

If the shift schedule to be added fails any of these
conditions, it is rejected, and an alternate schedule is
sought for that tour. If none exists, the process returns
to the previous shift tour and replaces that schedule. Each
time a shift schedule satisfying all three conditions is
found, the schedule is added to the current sequence, and an
acceptable schedule is sought for the next shift tour.

Each multishift schedule enumerated is ranked with the
preference measures and structure described in chapter 2.

A complete description of the enumeration process is
presentedkin chapter 7. Several illustrative multishift
schedules are presented in chapter 8.

3.6 OVERVIEW OF THE COMPUTER PROGRAM LOGIC FOR ENUMERATING
OPTIMAL MULTISHIFT PR SCHEDULES

The enumeration of optimal non~cyclic, one-shift
schedules is accomplished with the EXEC program described

in section 3.4.  To enumerate multishift schedules; a

*Since the completed multishift schedule is cyclic, the
last shift schedule added to the sequence must be compatible,
with the preceding shift schedule and following shift
schedule (1 ey the first schedule in the sequence)
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second program, entitled MERGE, is used. A flow diagram
indicating the major logic steps of the MERGE program is
sheéwn in figure 3.18. Coded in FORTRAN IV and implemented
on an IBM 360/65 system, the MERGE program has been
successfully used to construct multishift schéaules that
are 20 weeks long and contain as many as six shift tours.

Examples of the computer printout are presented in chapter 8.
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4. THE ENUMERATION OF ACCEPTABLE RECREATION PERIODS

4.1 INTRODUCTION

This chapter describes an enumeration algorithm to
determine distinct partitions of the recreation days
allocated to a shift. Each partition consists of clusters
of recreation days which can be uzed as periods of consecutive
recreation days in the design of work schedules. The
enumeration scheme presented determines all partitions
consisting of a given set of period lengths. As an example,
eight recreation days can be divided inte four unique
partitions consisting of periods of only two, three or four

days in length; i.é.,

8 =4 +
8 = 4 + 2
8 =3+ 3+ 2
8 =2+ 2+ 2+ 2,

Determining all distinct partitions for a total number
of recreation days R is equivalent to finding all vectors

(nl,nz,...,nk) such that

R=mn,8; + nypy + oo + ny Ly (4.1)
integer ng > 0, i = 1;2,...,k
where

Ly = number of days in recreation period

length i; i = ]-'2,...,k; there are
k distinct lengths, Ri > 0.
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n, = number of periods of length Ri.
Without loss of generality, the set of lengths can be
arranged in decreasing order; i.e.,

2,1 > 22 > ) > QI > Ou

k
In the example above, k = 3 and 4; = 4, % = 3 and 23 = 2.
The four partitions presented in the example can be presented
as the vectors: (z,0,0), (1,0,2), (0,2,1) and (0,0,4).

The set of partitions which satisfies equation (4.1) for
k lengths can be considered as a subset of all permutations
of the components of the k-dimensional row vector N =

(nl,na,..,nk). In addition, associated with each permutation

of the components is a nonnegative number d defined as

d = |R-8| = |R-NL'| > 0 (4.2)
where

L*— (9'1,242,.1-,24}{)-

S = equals the number of recreation

days given by the wvector product
of permutation N and length L.

Let P represent the set of all permutations of N and let
Pj represent-the subset of permutations with d = j. Hence

the set of all permutations can be expressed as

VE?
p = P, .
azo ¢

O

B - e Al . - . As e b L B ot i
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Each permutation which satisfies equation (4.1)
represents a partition, which by definition implies that
R = NL' or equivalently that 4 = 0, and hence all partitions
of R for a given set of period lengths are members of the
subset Pp. The converse is also true; i.e., all members of
Py are partitions of R. As a result, determining the set
of partitions which satisfy eéuation (4.1) is eqguivalent
to finding all members of the subset Py.

The enumeration algorithm described below restricts
the search for partitions of R %0 a small number of Pi
subsets which always includes the subset Py. This character~
istic of the algorithm ensures its relative efficiency in
enﬁmerating all partitions for a given number of recreation
- days and a specified set of period lengths.

The remainder of this chapter is divided into four
sections. The first introduces the basic definitions and
procedures on which the partitioninggalgorithm is kased;
the important properties of each concept are identified
and non-trivial results are proven. The next section
outlines each step of the algorithm, presents a detailed
example, and describes computational experience with a
variety of problems. In the next section, several results
from number theory are used to discuss the relative
efficiency of the algorithm. In the concluding section,

the relationships between several schedule attributes and
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various parameters and procedures of the algorithm,are‘
identified. |
4,2 BASIC CONCEPTS OF THE PARTITIONING ALGORITHM

The algorithm described in this chapter for the o

enumeration of all partitions for a given number of recrea-

tion days and a specified set of period lengths relies updn,
the following concepts:
(1) a ranking definition which defines a unique‘
ordering for all permutations of the components
of N, and : :

(2) a step-wise procedure for the systematic,
implicit examination of each permutation.

Each of these concepts are discussed below.
4.2.1 Ranking Definition

The ordering of all k-dimensional permutations is

easily accomplished with the use of theyfolloWing5definition:

Ranking Definition. Given a specific length

vector L, permutation N =(n¥,n} ,..;,nk+)<is
defined to be greater than N* = (nf,ng,..f,nk*)
if there exists an i' such that‘ni ='n§ fork 
i= l,2,.,.,i'—l and ni+ > ni* for i = 1'., For
values of i » i', the relationships #etwéen ni*'
and ni+ are unconstrained. If ni+ = ni* for'

all i, then N' is said to be equal to N*.
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As an example, using this ranking definition, the four
- partitions identified above for eight recreation days would

have the following order:

N! = (2,0,0) greatest
N% = (1,0,2)

N = (0,2,1)

N* = (0,0,4) least

It should be noted that the ranking definition does’
not require that the elements of the length vector L be
arranged in any specific order; and in fact, a change in
the order of the elements of L in the example above would
prodﬁce a new ordering of the four partitions. Regardless,
however, of which order of period lengths is used the ranking
definition will always produce an unique ordering of all
permutations.

The partitioning algorithm enumerates all partitions
for a given value of R and specific L vector by initiating
its search with a permutation which is greater than or equal
to the highest ranking permutation which is also’a partition.
The algorithm then systematically examines a series of
permutations, each lower in rank than the one before it,
until a permutation is found which is lower in rank than
the lowest ranking partition. This systematic or s&ep—wise
procedure and the properties of the procedure which insure

:‘that all partitioné will be found (withou£ the explicit

~enumeration of all permutations) are described below.

} XV"L
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Q 4.2.2 Step—-Wise Search Procedure
The step-wise procedure for the implicit enumeration
of all permutations involves the alternate use of two
distinct operations:
(1) a "£ill" procedure to determine a unique
permutation from any given partial :
permutation (defined below), and .
(2) a backtrack procedure which uses a
complete permutation as the basis
from which to construct a new partial
permutation.
4.2.2.1 Fill Procedure
Given any k—dimensional partial permutation of N
(i.e., a permutation designated as (nq,nz,...,np,',',...,'),
in which only the first p elements (where p is any ndn—negative
e integer less than k) are specified), a unique cdmpvletre per-

mutation can be found by "£illing" the remaining k—p elements,

np+l,...,nk, with

k L.

~S. _ :
n, = max t~——£~;},0 i = p+tl,p+2,...,k (4.3)
i .

where, as previously ‘defined,

'R = total number of recreation days
~  to be partitioned

Ly = i—t—}l element of the length vector L
i-1
— - ‘[-— . " 1}
8, ; = _Z %404 i-1 partial sum
‘ .3_]_ : ‘
[R-8,_ . R-S,._ RN -
MINE e 3 greatest integer < DI % : R
Ly R — 25
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As an exanmple, let R = 14 and L = (4,3,2). If a
partial permutation is given with n; = 1, represented as

(L,*,+), the £ill procedure produces

and

ng = L“‘—-f-'—

The resulting permutation (1,3,0) is a member of the subset
P; (i.e., d = |R-S| = |14~13] = 1) and, as a result, is not
a partition of R.

The fill procedure has two important properties:

(1) it can be used to determine an initial
permutation for the stepwise procedure
which is greater than or equal to the
highest ranking partition for a given
R and L; and

(2) wused with the proper class of partial
permutations, the procedure will produce
only permutations which belong to P,
subsets which satisfy 0 < i < f;~-1
(i.e., the procedure will _
explicitly enumerate only partitions
and "near partitions").

Both of these properties are discussed below.

Fill Property 1

If the £ill procedure is used to complete
the k-~dimensional partial permutation with
p = 0, the resulting permutation is greater
than or equal to the highest ranking partition
for a given R and L.
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Proof:

The proof is by contradiction. Let N' represent the
completed permutation determined from the p = 0 paftial
permutation, with equation (4.3), and let N* represent
a partition that is greater than N' (i.e., that has a
higher rank’. Beginning with i = 1, examine the corre—
sponding n,; components for both permutations. Since
N* > NI, nf must either be greater than or equal to ni.
The following argument will show that n¥ = n}. The n}

component, determined from equation (4.3) implies that

. R-=So R~Sy .
n; = T < T < n;+1 .

If n¥ is greater than nl

i+ then nf > nl+l

and
R—S 0 1
- ni+l n¥
% < Ny < ny
hence
R""So
*
¥ < nf
and
* %
R < So + nlzl
or

R < 8% _ ; (4.4)

Since N* is a partition (i.e.,‘Si = R), and since

5% < Sg < e f.s*,rresult {4.4) is a contradiction. Hence
n¥ cannot be'greater than~ni. Repeating this argument for
i=2,3,...,k indicates that n¥ must equal hi for all i,

and hence N* cannot be greater than N. This'resu1t,
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howevér, contradicts the initial assumption that N* > N!
and the property is proven.

Fill Property 2

If the £ill procedure is used to complete
a k-dimensional partial permutation (p components
specified) with partial sum S§_ < R, then the sum
S, of the components of the * complete partition
satisfies the condition
0 <R-S5

x < mln{R-Sp,zk—l}.

Proof:
The proof is divided into two parts. The first part

establishes that 0 < R-S; and the second verifies that

CR-5, < m1n{R~SP,Rk—l}.
1 First show that 0 < R-S .
(1) hat 0 < o+l
4 - P '
Let n ptl 2p+l’ where n p+l >0
and may be non-integer.
Hence
- = !
R Sp n p+lzp+l
—— 1
R = Sp + n p+lzp+l
Now by definition
R~S R-S
lp+l - 2p+l
]
or np+1 n p+l
1
Not1fpr1 £ P pratprrrtper 20
1
Sp+np+12p+l s Sp+n p+12p+l
Sp+np+l£p+1 ﬁqu :
Sp+l A R
and 0 < R-S
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(2) Now establish that R-S, < min{R~S, 4y 4}
(a) By definition
k k
S, = jzl njzj = jil nj“J + j=g+1 njzj
k

(b)

S, > S_ since n.%. > 0 for
k = °p 373 = 0 E°
j = p+l]p+2’t..’k and

< R—S .

- P

Again by definition

R-8_q R~S

k-1
[ ol P G Lot
R
[R-8 R-S
k-1 k-1
L+ I o= , 0 <1I, <1
n, + Ik = nk' (nk' may be non-integer)

— [
Nyl + Ty = 0y Ty

Sy T oOply F Iy = 8y g oy

1
Ty

k k'k =

R - Sk =TI, %

R=-25; < &

k k °
Since both R and Sy are integers

, R"‘Sk < ,Q, - .le

= %k

Hence the, B results of (a) and (b) produce
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Property 2 is particularly important because d = R=Sy .+
and hence when any partial permutation with Sp < R is
filled using the procedure described above, the final
permutation belongs to a subset of permutation with
0 <dcx< Zk—l. For example, if 2k = 2, every complete
permutation (obtained from a partial permutation with
Sp < R) belongs to either the Py or P; subsets. If
zk = 1, every filled permutation which starts from a partial
permutation with R—Spkz 0 belongs to Pp and is a partition.
4.2.2.2 Backtrack Procedure
Given any full permutation N!, this procedure uses
N! to find a new partial permutation which when completed,
as described above, yields a new permutation N2, with two
importan£ properties:
(1) N’is lower in rank than N?!, and
(2) no permutation ¥ belonging to the set
Py exists which satisfies the condition
N! > N® > N%; i.e., no partition will
have been passed over in stepping from
N! to N2,
Using any permutation‘N1 = {(n ,n ,...,nk), a new
permutatioﬁ N* gsatisfying the conditions above can be

obtained in the following manner:

(1) Examine the components of N! in reverse
order {i.e.. nk’nk*l'nk—Z"“)' If all
n, =0, stop. (N! is already the minimum

ranking permutation.) If one or more
n; > 0, continue with step (2).
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(2) Find i = p for the first non-zero entry
such that np > 0 and n, = 0 for

i = ptl,p+2,... k.

(3) Define a partial permutation with p
components specified from N! by using
n, for i = 1,2,...,p~1, and np—l for

the pth entry.

(4) ~Find the N® permutation by filling the
partial permutation produced in step (3)
using the fill procedure described above.

Both backtrack properties are discussed below.

Backtrack Property 1

- Given any complete permutation Nf, use of the

backtrack and f£ill procedures will produce a second per-

mutation Nf+l which is lower in rank than Nf.
Proof:
. f f+1 . ; .
By construction N~ and N have identical entries
for n, . i=1,2,...,p~1. Also by construction n§+1 = nfml

which by the ranking definition implies that Nf+l < Ni

regardless of what values are assigned to the remaining

f+1‘ £+1 £+2 f+1

k-p components of N np+l,np+2,...,nk ).

Backtrack Property 2

Given any permutation N! and the next lower ranking
permutation Nz'detegmined with the backtrack and fill
procedures described above, no permutation N° exists which
is a member of the set Py (i.e., a partition) and satisfies

the condition N* > N° > N2.
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‘ Proof:

To verify that no partition exists between N? and
N?, assume that such a permutation N° can exist and consider
its construction on a componen® by component basis:

{a) Since the first p-1 terms of N! and N2

are identical (i.e., ni = ni for

i=1%1,2,...,p~1), in order for the
inequality N! > N° > N? to hold, the

first p-1 terms of N° must be n; = n; -

n;, i = 1’2,.oo,p—1o
(b) For the n; component, the entry must be

b = ng = n;_l since

(i) if n; > n;, then N° would be
greater than N', which would
.contradict the initial assump-
tion N! > N°,

(ii) if n; = n;, N} will never be less

than N! since ni = 0 for

i=p+l,p+2,...,k, and

(iii) if n; < né_l, N* would be less

than N? since by construction

‘ n; = n§~l which would contradict

the initial assumption N® > N2,
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The specification of the first p entries

in N® insures that N} < N! since ni = ni

for i = 1,2,...,p~1 and n; < n;. No

relative ranking can be determined yet

for N2 and N?® since n; = ni for

i=1,2,¢0.;,p. In determining the value
for each remaining component of K,

beginning with n®_ ., each term must be
g p+1 :

; 3 2 3 2
ither n), = n; . > ns.

set equal to eit § = Bnj orn; >ng

3

Once the first n} 2

> ni.assignment can be
made, the ranking N* > N2 is insured.

A restriction on the construction of the
N® partition, however, is the requirement

that S; < R for all i in N'. If S, >R

for any i, a valid partition (i.e., 8y = R)

cannot be obtained; e.g., if Si > R, then

S; > S (£,>0, n;>0, all i)
and 8, > R, indicating that N3 is not a

ﬂ .

k

partition.
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. » . 3 2 .
(e) First consider the asélgnment N1 > oy
. 3 _ 2 _ oy

i.e., nP+l = np+1 +h (h=1,2,...Y. To

show that this assignment leads to a

contradiction for any h reguires the
following inequality based on N?:

R Sp+l £p+1

(i) Since every‘term'in N? was derived using

< 0.

the fill procedure, each Sp sum must
satisfy

R-S2 R-52

Zp+l £p+l

Il

rR-52 [Rr-g?
—r

) 3 ] tlopyr 02T, <1

ptl

2t
np+l

p+l

2 21 .
np+l + Ip+l (np_,-l may be non-integer)

2t - 2
Bor1tptl = Pptl

L L

p+l + Ip+1 ptl

2 21 —_ 2 2
Sp T Ppt1fpr1 = Sp F Pppitoer o Iniitpn
— 2
R=82,0 + T 110041
—. 2 =
R = So41 = Ippitpia
o a2
R Sp+l < 2p+l
and
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(ii) Now examine the result of setting ; ¢

3 - p2
np_'_r1 np+l+h.
3 )
np+l'q'p+l B np+l'q'p+l + h£p+1
(h= 1,2,...)
3 3 L a2
Sp + np+l'Q'p+l - Sp + np+12’p+l

+ hi 2

s? ls S
(_p equals S

pt+l’
by construction)

p+1 +1 p+l
R-8, =R-82, -ht (4.6)

Using inequality (4.5) from above, on
the right side of (4.6)
R S ‘ hlp < R Sp+l 2P+1 <0
which leads teo
- 3
R-58%,, <0

or

" a3
SP+l > R.

This result violates the requirement that
S; <R for all i (see (d) above). Hence
n%%l must be set equal to n§+1. Repeating
this same argument for i = p+2,p+3,...,k
indicates that ni must equal ni for.

i = p+l,p+2,...,k which leads to N® = N2,
a contradiction of the initial conditionv
that N3'>7N2. Hepce, no partition ¥ exists

sach that N!' > N% > N3,
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4.3 PARTITIONING ALGORITHM LOGIC

The basic concepts introduced above are use& in an

enumeration algorithm to generate all partitions for a

~given number of recreation days R and a fixed set of

period lengths L. The basic steps of the algorithm are:

Step 1.

Step 2.

Step 3.

Step 4.

Arrange the components of the length vector
L in decreasing order.

Find the first permutation using the £fill

procedure for the p = 0 partiél permutation.

If the initial permutation is a partition,
save the result.

Use the backtrack procedure to find a new
partial permutation. Begin the search for
the first non-zero entry at i = k~1l. (The
i = k term can be ignored since S, < R for
all filled permutations, and reducing ny by
1 cannot produce a new Si = R.,) If no non=
zero entries exist for i = k-1,k~2,...,1
the process is termiﬁated.

Fill the partial permutation. If the
result is a partition, save the answer.

Return to Step 3.
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an exampie, consider partitioning eight recreation
= 8) into periods of length four, three, or two

(4,3,2)).

il

Step 1. Order the Ri's, L= (4,3,2).

Step 2. Find the first permutation:

o0
!
O

R-Sy
%
R~S,
L2

|

ny = 2,

oo
ook
@

np == = 0,

4

o o]
|
o]

R=S,

T = 0.

and ns =

~l

Hence, N1.= (2,0,0). Since d = R=-S3 =

8-8 = 0 for this example, N! is a member

of Py and a partition of R. (Note £hat

if Sj = R,for j < k, then n; = 0, for

i = 941,35+2,...,k.)

Step 3. Use the backtrack procedure on

N! to find a partial permutation. Since the
first non-zero entry is n;, it is reduced by
one to create the partial permutation
(L,+,%).

Step 4. Fill the partial permutation to
obtain N2 = (1,1,0). Since S; = 7 # R,

N2 is not a partition.

Step 5. The next partialvpermuﬁation is

(1701')-



-155-

6. ‘Step 4. The fill procedure produces a
third permutation ﬁ5'= (1,0,2) which is
a partition (S; = 1(4)+0(3)+2(2) = 8 = R).
Steps 2 and 4 are continued until permutation
N2 = (0,0,4) is obtained. Since no ndn—zero entries
| exist for i = k-1,k~2,...,1, the algorithm is terminated.

A summary of this example is presented in table 4.1.

Table 4.1

Permutations Enumerated to Partition Eight Recreation
Days (R=8) into Periods of Four, Three, and
Two Days in Length (L=(4,3,2))

Permutation Partial Full A Subset Pg
Number Permutation Permutation (d=R-S3)*

1. (*r°s") (2,0,0) Py

2. (L,*,") (1,1,0) P,y

3. . (1,0,*) (1,0,2) Py

4. (0,°,+) (0,2,1) Py

5. (0,1,") (0,1,2) Py

6. (0,0,*) (0,0,4) Py

*S.=4n.,+3n,+2n, where n. equals the number of
>3, 3
recreation periods of lengtﬁ Zi. '
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Table 4.2 summarizes the results of applying the
algorithm to several problems.with different values for R and
L. The efficiency factor noted in the table is discussed
in section 4.4. ’
4.4 EFFICIENCY OF THE PARTITIONING ALGORITHM

The partitioning algorithm described in section 4.3
can be used to enumerate all partitions for a given number -
of recreation days and a fixed set of recreation period
lengths. Whether it is desirable or feasible to enumerate
all partit}ons depends upon the relative efficiency of the
algorithm and the total number of partitiocmns that exist : ;_;
for a given set of initial conditions. If the effort
required to produce each partition is very high or if the
total number of partitions is extremely large, it may be
necessary to introduce a screening process whiéh can
isolate partitions which yield preferable schedules.
4,4.1 Mesasure of Relative Efficiency

One meaéure of the relative efficiency of the
partitioning algorithm is shown in table 4.2. The effidiency
measure is defined to be the ratio of‘the total number Qf
partitions found to the total number of permutations |
generated by the alqorithm.\ The ratio serves as a directa
measure of the relative effort required to‘find each
partition. A high ratio iﬁdicataé-that most of thé

permutations generated are partitions.' In table 4.2, the
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Table 4.2

Performance Statistics for Several Examples cf the

Partitioning Algorithm

Total Number of Recreation Days

8 16 26 52 104
Length Vector L=(4,3,2)
,(%g Total number of P
i partitions (class Pj) 4 10 21 70 252
it ‘
(2), Total number of
-, permutations 6 17 37 131 486
“(classes P, and P.)
, 0 1
(3) Efficiency=(1)/(2) .667 .588 .568 .534 .519
Length Vector I=(6,5,4,3)
(1) Total number of
partitions (class Pg) 2 7 19 104 666
(2) Total number of
permutations 5 19 54 299 1,949
(classes Pqes Pl, and P2b
(3) Efficiency=(1)/(2) .400 .368 .352 .348 .342
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S

efficiency measure for I, = (4,3,2)vdeclines from .667 for R = 8
to only .519 for R = 104. For L = (6,5,4,3), the effiéiendy
measure declines from . 400 to .342 as R is increased ;
from 8 to 104. Thése results indicaﬁe that thé algorithm
is more efficient for low values of zk.*
4.4.2 Upper Bounds on the Total Number of Partitions

To determine the total number of partitions for a
given set of initial conditions, several results from
combinatorics are useful. In number theory a partihion
of a positive integer R is a represeﬁéation of R as a

sum of positive integers, i.e.,

R = X1 + X2 + ..l le X, 2 0

i = 1,2,-0.,&.

’To discﬁés the number of partitions, it is necessary
to distinguish between ordered and unordered partitions.
The number of unordered partitions refers ﬁo‘thé}nqmber
of distinct sets of positive integers which sum to a
given positive integer. The arrangément or oider of the -
integers within each set is not distinguishablﬁli;The
number of ordered partitions refers‘to'the‘su@‘of the” -
nutber of distinct arf&%gements that‘caglbe made wiﬁh

each'set;of positive integers that sum to a given
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»‘ib : positive integer. As an example, there are five

| unordered partitions {or sets of integers) which sum

to fdur: {4},{3,1},{2,2},{2,1,1},{1,1,1,1}. These five
sets, however, can be used in eight distinct arrangements

(i.e., eight ordered partitions); the eight are:

4 = 4

4 = 3+1 = 1+3

4 = 242

4 = 24141 = 1+42+1 = 1+1+2
4 = 1L+1+1+1

The number of ordered partitions is easily found; i.e.,
to divide R into & ordered parts is equivalent to the
nurber of ways of puting (£-1) markers into the (R~1)

spaces between R dots (91). This number is (i:i).* For

the total number of ordered partitions, (i.e., intayany
number of parts), a marker may or may not be placed in
each of the R-1 spaces. This yields-a total of ZR-l
ordered partitions.

Consideréble work has been done on the problem of
counting the number of unordered partitions. Let pz(R)
designate the number of unordered partitions of R into
% parts. To determine pz(R) for small values of & and

any value of R, the following recursive formula can be

used (92):

* . ) -
As an example, the integer 6 can be represented with
5 ordered partitions, each containing exactly two parts;

i.e., (g:i) = 5: 5+1, 442, 3+3, 244, and 1+5,  There

. are only three unordered partitions of 6 with exactly
'~ two parts: {5,1},{4,2}, and {3'3}';'
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Py (R) = py (R-L) + py [ (R-2) + ... + p1(R-2) (4.7

The initial conditions are pg(R) = 0 for R < & andb P

pl(ﬂ{) = 1 since the only &ay to represent & as a sum of
% positive integers is to write it as the sum of Rj 1's.
Formula (4.7) can be used to derive a table P,Q,(R) 's as

shown in table 4.3.

Table 4.3

Values of PQ(R)_

Number Integer Value (R)
(%) 1 2 3 4 5 6 7 8
:
1 1 1 1] 1 1 1 1 1
2 0 1| 1 2 2 3 3 4
3 0 0 1 1 2 3 4 5
4 0 0 0 | 1 1 2 3 5
5 0 0 0 0 1 1| 2 3
6 oo oo e| 1|12
7 0 0 0 0 0;  0 1 1
8 0 0 ol o 0 o |1 | 1




AL

Each partition of R can be schematically illustrated

with a diagram consisting of a row of dots for each part,

'quttingkﬁhe largest part at the top and the rest in

decreésing size below it. Hence 15 = 5+5+34+2 can be

diagrammed

. . . . . 5
. . . . . +5
. . + 3
. . N )

4+4+3+2+2’= 15 .

Associated with each diagram is another partition congisting
of parts representéd by the columns rather than the rows.
In the diagram above, the second partition consists of

15 = 4+4+3+2+2, Two partitions related in this manner are

called conjugates of each other. It is easily seen that a
one-to—-one correspondence exists between each pair of
conjugate partitions. This property leads to the following .
result: |

Theorem 4.1

The number of partitions of an integer R into
L parts is equal to the number of partitions
of R into parts the greatest of which is 2.

Proof:

The conjugate of each partition with % parts
is a partition whose greatest part is &. The
one-to-one correspondence between each pair
of conjugates establishes the theorem (92).
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This theorem adds a dual méaﬁing to each P,(R). In
addition to representing the number of unordered partitioﬁs ft
of R into g parts, it also equalsﬂthe number of unordered ‘
partitions of R in which the greafest,is 2., As an eXampié;
in table 4.3,p,(7) indicates that there are four partitions
of 7 with exactly'three parts; i.e.,

7=5+1+1
7=4+ 2 + 1
7=3+3+1
7=3+2+ 2,

It also indicates that there are four partitions of 7 with

3 as the greatest part; i.e.,

7=3+3+1
7=3+ 2+ 2
7=3+2+1+1

+ 1+ 1+ 1.

7=3+1
This second meaning for each pl(R) can be used to
establish upper bounds on the number of ways that R recrga—
tion days can be partitioned into recreation periods of
lengths L = (21,22,...,2k). Let each unordered partition

of R be placed in set r® if the greatest part of the

L
partition equals §; as a result, the set of all partitions

of R can be expressed as the sum of the sets RGz for

% = L1+8%2ree2s2+ The maximum number of partitions in each

set RGZ is given by pz(R), and the maximum total number of

partitions of R for all values of j equals z PQ(R)‘
all g.
. 4
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Hence an upper bound B(R,L) on the total number of ways
that R recreation days can be divided into the lengths

B(R,L) = ) p R . (4.8)
all Zi

As an example, if R= 8 and L. = (4,3,2)

B = py(8) + p3(8) + p2(8)
=5+ 5+ 4 (from table 4.3)

B = 14.
The actual number of partitions for R = 8 and L = (4,3,2)
is four (see table 4.2). The PQ(R) value for the number
of partitibns for each set rGy @ssumes that all lengths
less than or equal to & are available for use in the
partitions. If the L vector does not contain every length
less than %, each pg(R) value used will overestimate the
actual number of partitions and . as a result, the B(R,IL)
value will be an overestimate. In the special case when the
k~dimensional vector L does contain all lengths from 1 to
k, each pl(R) value indicates the exact number of partitions
and the resulting B(R,L) value vields an exact count of
the total number of partitions.

Since one-day recreation periods are frequently not

used, it is also useful to derive an estimatiné procedure

to determine the number of partitions of R with parts that
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are less than or equal to £ ahd(greatervthan one. Let

pE(R) represent the number of such partitions for a given
R and %. The determination of p;(R) is quite simple with -
the help of the following result: ‘

Theorem 4.2

pg(R) =pg(R) - pe(R-1), R = 2,3,...
Proof:

Divide all the partitions of py (R) into two mutually
exclusive groups: I and II. Let group I consist of all
partitions which contain one or more parts that are equal
to one, and let group II contain all partitions which do
not belong to group I (i.e., which do not contain a part
egual to one). Hence

pg(R)J=”N

T ¥ Npg

where N. and N, indicate the number of partitions in I

I I

and II. By definition pE(R) = Np;» hence

py(R) = Np + p*(R)

Py (R) = Ny .

* (R)
p2

It will be established that there iz a one-to-one corre-
spondence between each partition in grbﬁp I and each

partition in the set [ ,G,.
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(2) By definintion each partition in

group I is a member of the set ner) and

contains at least one part equal to unity.

Removing one part equal to unity produces

a member of R_le(i.e., the parts of the

new partition sum to R-1 and the greatest

part remains %).

(b) Adding one part equal to unity to

each member of R—1G£ produces a member of

RGz and a partition in group I (i.e., the

new sum of the parts is R and the greatest

part remains ).
Hence fhe iotal number of partitions in group I‘equals the
G

total number of partitions in Therefore N, = pz(le)

R-172°
and
Py (R) = p, (R) - p,(R-1).

With‘this result, if the length vector L does not
contain &, = 1, each pz(R) in (4.8) can be replaced with
pE(R) to obtain a more accurate estimate B* (R,L) of the
maximum number of partitions:

B¥*(R,L) = ] Pp*(R) = ] (p,(R)-p,(R-1)) (4.9)

all zi all &,
Using the B*(R,L) bound for R = 8 and L = (4,3,2)

produces

v
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B* (R,L) = p#(8) + p}(8) + p*(8)
= p,(8) - p,(7) +p, (8) = p (7) +p,(8) - p,(7)
=5~-3+5=~4+4-3
=2+ 1+ 1

B*(R,L) = 4

The B*(R,L) value for this example yields an exact count

of the total number of partitions. 1In fact, thekB*(R,L)

value will be exact whenever the k-dimensional vector L

contains all integers from 2 through k.

4.4.3 Upper Bounds on the Total Number of Permutations
It was shown in section 4.2 that the enumerating

algorithm will produce only permutations which belong to

one of the subsets‘{Po,Pl,Pz,...,Px _1} where Qk is the kth

entry in the length vector L. Thiskresult followed
directly from the fact that all of the permutations
enumerated satisfy the condition 0 < d < %,~1. This
same condition can be used to determine the range on the
sum, Sk’ of the parts of each permutation; i.e.,

0<dc< g -1

X
0 < R=5, < 2,-1

R~%,+1 < 8, <R . (4.10)

k k

The inequalities in (4.10) can be used to obtain upper
bounds, BT(R,L), on the number of permutations generated
by the algorithm based on the B(R,L) limits observed

above;. i.e.,



BT(R,L)

or

B, (R,L)

For R =8 and L =

BT(R,L)

BT(R,L)
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R .

= ) L Py (S,) (4.11)

Sk=R—2k+l all 2i

(4,3,2), BT(R,L) becomes

8
L B(Sy,L)

S, =8~2+1

k

8
) B (S ,L)

S, =7

k
= B(7,L) + B(8,L)

= Py (7)+p; (7)+p, (7)+p, (8) +p; (8)+p, (8)
=3+4+4+ 3+5+5+ 4

24,

If the length vector L contains Rk = 1, then

- Bq(R,L)

BT (R,I—l)

By (R,L)

R

)
= B(S IL)
Sk=R k

= B(R,L)
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and the upper bound on the number of permutations equals
the upper bound on the number of partitions. This result
is not unexpected since as noted above, if unity is inciuded
in L, every permutation enumerated is a partition.

If L does not contain Sy = 1, theorem 4.2 can be used
to obtain a more accurate estimate for BT(R,L) by replacing

each B(sk,L)'with B* (S, ,L); i.e.,

or

B, (R,L)* = (p, (8,)-p, (8, ~1)
T S, =R-2,+1 all 2, LTk TR TR

(4.12)

Paralleling the characteristics of the upper bound
B*(R,L) for the number of partitions, B%(R,L) will vyield
an exact count of the number of permutations if the length
vector consists of L = (k+1,k,k-1,...,2).

Table 4.4 presents upper bounds on the number of
partitions and permutations enumerated for several combina-
tions of length vectors and recreation days. The upper
bounds presented in table 4.4 indicate the relative
efficiency of the partitioning algorithm for a variety of

period lengths and recreation days.
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Table 4.4

Upper Bounds on the Total Number of Partitions, B(R,L), and
Permutations, BT(R,L),'Enumerated by the Partitioning Algorithm

Total Number of Recreation Days (R)
Length
Vector Equation

(L) Numbex 8 16 26 52 104
(3,2,1)** O (4.8) 10* 30 70 252 954
(4.11) 10 30 70 252 954

(4,3,2,1)%* (4.8) 15 64 206 1,285 8,991
{4.11) 15 64 206 1,285 8,991

(3,2)** (4.9) 2 3 5 9 18
(4.12) 3 6 ] 18 35

(4,3,2) %% (4.9) 4 10 21 70 252
(4.12) 6 17 37 131 486

(5,4,3,2)%* (4.9) 5 17 50 286 1,901
{4.12) 8 31 94 654 3,944

(4,3) (4.9) 3 9 20 69 251
{4.12) 7 23 54 194 727

{5,4,3) (4.9) 4 1s 49 285 1,900
(4.12) 9 42 134 810 5,582

(6,5,4,3) (4.9) 5 25 96 853 9,773
(4.12) 11 63 253 2,385 28,287

*Top number equals upper bound on the number of partitions; bottom number
equals the upper bound on the number of permutations.

**Bounds equal the exact number of partitions and permutations produced
for this length vector.
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If an average of two recreation days per week is
assumed, the results in table 4.4 are applicable for
schedules varying in length from 4 to 52 weeks. The
upper bounds on the numbers of permutations and parti-~
tions are well within the computational and printing
capabilities of modern high-speed computer equipment.

4.5 USE OF THE PARTITIONING ALGORITHM TO CONTROL SOME
PR SCHEDULE ATTRIBUTES

The enumeration of acceptable sets of recreation
periods is the initial step in the sequential procedure
for the design of one-shift PR schedules. This section
identifies PR schedule attributes which can be controlled
by manipulating the parémeters and procedures of the
partitioning algorithm. These attributes include:

1. Upper and lower limits on recreation period
lengths

This limiting condition ig equivalent to

specifying the first and last entries in the length
vector L (where 21 > %, > ... zk).

2. Specific lengths for the recreaticn periods

This condition is merely an extension of setting
upper and lower limits on period lengths. Specifying
each valid length is equivalent to specifying each

component in the length vector.
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3. Upper and lower limits on the total number .
of periods-

This condition ié equivalent to bounding the sum .§ n;
and can be easily incorporated into the basic partitio;Zig
algorithm. As each n. in a partial permutation is determined,
the aggregate number of periods is compared with the upper
limit. If the total number of periods, n, through ni,
exceeds ‘the limit, n, and N; qre++sDy are set equal to zero
and a new partial permutation is determined. If a complete

enumeration has too few periods, it is excluded.

4. Upper and lower limits on the number of periods
of each length.

This limiting condition is easily incorporated into the
enumeration algorithm. As each ny is computed, either with
n; = [3:2%:l]in the fill procedure or with n; = ni-l in the
backtracklprocedure, the new result is compared with the
bounds for that length. If n, exceeds its upper limit, it is
reduced to that limit and the f£iil procedure is completed.

If n; falls below the lower limit, n, and R qreessDy are
set equal to zero and a new partial permutation is
determined.

5. Exact numbers of periods for sgpecific lengths.

This condition, equivalent to setting the upper and
lower limits on the number of periods for each specified
length equal to each other, can be incorporated into the

partitioning algorithm as described in 4 above. A more
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direct procedure, however, can be used based on a modifica-
tion of the original problem defined by R and L.
Each‘partition P for the original problem can be
considered as the union of two subpartitions: P; and P,.
The two subpartitions are distinguishable by the length
vector used for each. The length vector L; for the P;
subpartition consists only of period lengths for which the
exact number of periods has been speéified (i.e.,
L: = {#;]%; e L and n; is known}). The length vector L.
for each P, subpartiion consists of all periods lengths
in L not included in L; (i.e., L: =‘{2i[2i € L and ¢ Ly},
The n, values for each L, € L2 are unspecified.
Since the n,; values for the L; vector are specified,
only one P; subpartition exists. In addition, the
number of recreation days, Ri and Rz, partitioned by P,
and P2 respectively is constant for every partition' i.e.,

Ry = Z 2.n.

and

Il

Rs R -~ R ..

As a result, the task of determining each partition P,
is equivalent to finding each subpartition P aggujoining
it with P;. Determining all P, subpartitions is?equivalent

to a reduced problem defined by R, and L,,

ke
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As an example, consider theAproblem~defined by R.= 15
and L = (4,3,2). If exactly one 4—day period is desgiured
(i.e., n1 = 1), then Ly = (4), Ry =. 4, Lo = (3,2), and

Ry = 11, Application of the partitioning algorithm to the

‘problem defined by Ry and L, yields two P, partitions:

(3,1) and (1,4). Adding the P; partition to each yields
two complete partitions of R, each with exactly one 4-day

period: (1,3,1) and (1,1,4).



-174-

@ « 5. ALLOCATION OF “INDIVIDUAL RECREATION PERTIODS
TO DAYS OF THE WEEK ‘

5.1 INTRODUCTION
After individual recreation periods have been determined
by the partitioning algorithm, each period must be éssigned
to specific‘days of the week in a way that matches the
allocation of recreation days by day of the week. To
illustrate, consider the schematic representation-in |

figure 5.1 of an allocated daily distribution of recreation

days for one shift. Each ray in the star diagram represents
one day of the week. The number of nodes on each ray

corresponds to the number of recreation days allocated to

Wed.

Tue.

Figure 5.1

Star Diagram with Eleven Nodés
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that day of the week. The star diagram indicates that
each man will receive a total of 11 recreation days while
on the shift: one day off on Tuesday, Saturday, and
Sunday, and two days off on Monday, Wednesday, Thursday,
and Friday. The star diagram also indicates the number of
men assigned to this shift who‘will be off duty each day of
the week: one man will be off duty each Tuesday, Saturday,

and Sunday; and two men will be off duty each Monday,

- Wednesday, Thursday and Friday.

Assigning recreation periods to specific days of the
week is equivalent to joining adjacent nodes in a star
diégram into clusters. As an example, if the 11 nodes of
the star diagram in figure 5.1 are partitioned into three
3—déy periods and one 2-day period (1i = 3+43+3+2), the
star diagram in figure 5.2 indicates one distribution of
these four periods over the days of the week. The 3-day
periods start on Monday, Wednesday, and Saturday while the
2~day period begins on Thursday.

A star diagram which has its days clustered together

into recreation periods is called a cyclic graph.- In the

degenerate case in which all recreation periods are one
day long, the cyclic graph and its star diagram are

identical. As outlined in chapter 3, cyclic graphs can

" 'be used to construct separation matrices which indicate the

- number of consecutive work days between each ordered pair

of recreation périods. Each separation matrix, in turn,
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Wed.

Tue. Thu.

Mon. _ Fri.

Sun. Sat.

Figure 5.2

Cyclic Graph with Four Recreation Periods
Based on the Star Diagram in Figure 5.1

is used to determine one-shift schedules for the :ecreation
periods represented in the cyclic graph. A detailed'dis~
cussion of the construction and use of separation matrices
is presented in chapter 6.

The problem of determining all distributions of avgiven
set of recreation periods over the allocated recreation dayé
for each day of the week is equivalent to the problem of
enumerating all cyclic.graphs for a.given star diagram‘ana .
set of recreation periods. Né forﬁula for determining the v
number of cyclic graphs that exist for a given star diééraﬁ_ -
and set of recreation periods is known. Experience has

shown that there may be no graphs in some cases, while

s
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in others many exist. As an example, figure 5.3 illustrates
a second cyclic graph for the recreation periods and star
diagram used in the cyclic graph in figure 5.2, 1In this
second graph, the 2-day period begins on Monday instead of
Thursday and the 3-day period which begins on Monday in.
figure 5.2 now begins on Wednesday, It is important to

note that the only differences between the cyclic graphs

in figures 5.2 and 5.3 are ﬁhe start days for two of the
recreation periods; the total number and lengths of the
periods used and the allocation of the individual recreation

days over the days of the week are identical in both graphs.

Wed.

Mon. Fri.

Sun. Sat.

Figure 5.3

Alterngte Cyclic Graph Based on the Same
Recreation Period Lengths and S$tar Diagram
As the Cyclic Graph in Figure 5.2
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The following sections describe an algorithm which
enumerates all cyclic graphs for a given star diagram and
sét of recreation‘periods by systematically examining all
feasible start arrangements of the recreation periods over
all days of the week. The algorithm described in this
chapter was first proposed by Dr. Philip Zwart while a
faculty member in the Department of Applied Mathematics
and Computer Science at Washington University, and a
consultant to the scheduling research project in which the
author developed many of the results presented here. The
algorithm was subsequently programmed and implemented by
the author.

5.2 OVERVIEW OF THE CYCLIC GRAPH ENUMERATION ALGORITHM

This section describes the basic logic of the algorithm
for the enumeration of all cyclic graphs for a given star
diagram and set of recreation periods. The algorithm
identifies each cyclic graph by specifying the starting
day of the week for each recreation period.

5.2.1 Tabular Representation of Cyclic Graphs

All éf the information contained in a cyclic graph
can be represented in tabular form by specifying the length’
and start day of the week for each recreation period. For
example, table 5.1 describes the cyclic graph shdwn in
figure 5.2. The table indicates there are three’34déy.;,

recreation periods with one each beginning on Monday,
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Table 5.1

Tabular Representation of the Cyclic Graph in Figure 5.2

Number of Starts
Period Number

Length of
(Days) Periods Mon. Tue.| Wed.| Thu.| Fri.| sat.| Sun.

3 3 1 0 1 0 0 1 0

2 1 0 0 0 1 0 0 0

Wednesday, and Saturday, and one 2-day period beginning'
on Thursday. Construction of the cyclic graph from the

information in table 5.1 would reveal the number of

‘recreation days allocated to each day of the week i.e.,

the underlying star diagram.

As a second example, table 5.2 presents the tabular
representation of the cyclic graph in figure 5.3. This
second cyclic graph is based on the same star diagram
and recreation periods used in the cyclic graph described
in table 5.1. Comparison of tables 5.1 and 5.2 indicates
that the only differences between the two cyclic graphs
are the start assignments of the individual rédreation

periods; in table 5.2, the 2-day period begins on Monday

instead of Thursday and two 3-day periods begin on Wednesday

instead of one on Wednesday and one on Monday.



-180-

Table 5.2

Tabular Representation of the Cyclic Graph in Figure 5.3

B

Number of Starts
Period Numberxr

Length of
(Days) Periods Mon.| Tue. Wed. Thu. Fri.| Sat.] Sun.

Since both cyclic graphs use the same star diagram and
recreation periods, the only variables needed to identify
distinct cyclic graphs are the start days for the individual
recreation periods. The algorithm described in this chapter
is a systematic procedure for implicitly examining all start
arrangements of the recreatibn periods over all days of thé
week. |
5.2.2 Cyclic Graph Enumeration Logic

Branching processes have been successfully used to
enumerate solutions for a wide variety of problems and
applications which requife the implicit examination of a
large, but finite number of possible values for each
variable of the problem (93,94). Such processes begin wiﬁh

a single set which contains all feasible solutions to the
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problem and an indeterminate number of infeasible solutions.
This initial set is subdivided into two or more mutually
exclusively subsets by specifying a different value for_the
same variable for each subset; the number of subsets created
- equals the number of distinct values that the variable can
assume. Each subset represents a more restricted problem
since all of the solutions within each subset have the
additional constraint impcsed by the specific value assigned
to one variable. Each subset is divided again into two or
more subsets with the introduction of a second constraint
defined by the assignment of a specific value to anothér
variable. All of the solutions within each second subset
must now satisfy two constraints.

This process of creating new sﬁbsets with the specifica-
tion of a value for one variable at each division continues
until either:

(1) one or more infeasibility conditions are

- encountered which indicate that regardless
of what values are assigned to the remaining
variables, no feasible solutions will be

found; or

(2) all of the variables are given specific
values and a feasible solution is obtained.

When either an infeasibility condition is encountered or a
solution is found, the value of the most recently specified
variable is changed and a new solution is sought. If all

possible values for the most recently specified variable
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have been examined, the variable is left unassigned and the
algorithm returns to the next most recently selected
variable. This process continues until éll subsets of
solutions have been examined.

The efficiency of such branching algorithms relies on
the recognition and use of infeasibility conditions which
permit early identification of large subsets {(i.e., with
few specified variables) which contain no feasible solutions.
If an objective function is used which attaches a value to
each feasible solution, bounds can be computed for each
subset which can also be used to identify énd discard
subsets of solutions which can not possess the optimal
solution. |

The algorithm used to enumerate all cyclic graphs
for a given star diagram and set of recreation periods is
a branching process which uses a set of variables indexed
by day of the week and type of recreation period. The
"value" assigned to each variable is the number of starts '
of its corresponding recreation period type on a specified -
day of the week; the "type" of recreation period refers to
its length; e.g., all 2-day periods are considered the same
type. Let Sij represent the number'of i type perio@g which
begin on day j (j = 1 represents Monday, j = 2 repreéents
Tuesday,...;j = 7 represents Sunday); and let Sj represent

a k~=dimensional row vector which indicates the number of
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each tYpe of recreation period assigned to day j; i.e.,

Sj = (slj,Szj,...,Skj)

where k represents the number of types of recreation
periods. (The k period types in this chapter are equivalent
to the k lengths defined for the partitioning algorithm in
chapter 4.) In table 5.1, k = 2 and the Sj vector or start
arrangement for each day of the week is S; = (1,0),
S = (0,0), S3 = (1,0), S, = (0,1), S5 = (0,0), S¢ = (1,0),
and S, = (0,0).

Let S be the matrix defined by S = (S!,S},...,5%).

Then for table 5.1;

s=[5001000) . (5.1)
The S matrix is merely an alternative statement of the
tabular format introduced above to identify distinct cyclic
graphs. The matrix contains seven columns, one for each
day of the week and for table 5.1, two rows, one for each
recreation period type (length). The total number of
recreation;periods which begin on day j is given by the sum
of the entries in column j in the S matrix. The total number
of recreation periods of length zi is given by the sum of
the entries in row i. Let N = (n;,pz,...,nk) represent a
partition where n, indicates the number of periods of length

2i' then it can be shown that
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na

N' = § . f=5-1,

whers 1 is the seven-dimensional unity vector. As an

example, using the matrix in (5.1),

Nt = (L 010010}
0001000

= b e
1
——
[ 7%
b S
~

which indicates that the start arrangement in the S matrix

for table 5.1 has three starts for the i = 1 type period
(3~day periods, %; = 3) and one start for the i = 2 type
period (2-day periods, 22 = 2).

These results also confirm the observation that the
tabular format introduced above for the representation of
cyclic graphs is an-alternative notation for presenting
the information contained within each graph; i.e., both
identify the recreation period lengths L; the number of
each period type N; and the specific start arrangement
for each day of fhe week Sj‘

The branching process described in this chapter uses
the I, and N vectors as constraints, and identifies each
cyclic graph by speCifying each Sj vector within the S
matrix associated with each graph. The branching algorithm

determines each cyclic graph by assigning, in step-wise
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fashion, specific values to the components of Sj' The

number of distinct start arrangements that must be

examined for each day Sj is the product of the number of .
distinct values that can be assigned to each component of
Sj' Each possible start arrangement for a day represents
a different subset of cyclic graphs.

The generalized branching process is schematically
illustrated in figure 5.4. From the set of all solutions,
day J (i.e., j = J) is selected as the first day for
examination. Hence, the first constraint used to subdivide
the set of all solutions is based on the assignment of
specific values to the components of the Sﬁ column of the
S matrix. The number of distinct values or start arrange-
ments that can be assigned to Sy determines the number of
subdivisions that can be made of the original set. For
the generalized diagram in figﬁre 5.4, four start arrange-
ments (J1,J2,33, and J4) are shown for day J. The procedure
for systematically enumerating all start arrangements for
each day is described below.

The circled number above each: node indicates the actual
sequence in which the nodes are generated by the enumeration
algorithm; each start arrangement or node for day J is
fathomed by the algorithm before the next start arrange-
ment for day J is examined. Node 1 represents the subset

of all solutions with start arrangement J1 assigned to day
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7~ All
. Solutions

Day Jl. Day A/g;;~;§
Jl j=J Q}/
(:> Day J r(:) |

J2 J3 /

Day J Day _{bay J¢
JaJl i=JJ JJs
. Day Ja Day J
@ JJ7 uJ4
i o Day J
‘ C JJ3
Day Day
J=JJ3J7 J=JJJ
/ N\ : g N
/ | Ny |
| |
Figure 5.4

Schematic Representation of the Branching Process for
the Cyclic Graph Enumeration Algorithm
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Jf(i e.,'aseigned to S& of~the‘s‘matrix) The absence of
any branches from node 1 indicates that an 1nfea51blllty
condltlon ex1sts and that node 1 contains no fea51ble
solutlonS; Infeasible conditions are defined below. Node‘

2 is creaﬁed by ass;gnlng the next start arrangement to

1oday'J; again no feasible solutions are found. When start

arrangement'JB-is assigned creating node 3, however, no

1nAea51b111ty condltlons are encountered and this subset is

‘ examlned further, The next day is selected (JJ may be any

‘day of the week other than J), and each distinct start

arrangement for day JJo(there are five) are examined.
Nodes 4, n and m produce subsets with no feasible solutions;

nodes 5 and n+l, however, are examined further, A new day

(JJJ);is selected for'each node (the JJJ day from node 5

need not be the same day selected for the JJJ day for node
n+l) and the branchlng process continues (first from node

5 and then node n+l)~unt11 either an infeaszbility condition
ieoencountered.or‘a feasible.solﬁtion is obtained. The

node number for the JJI3 start arrangement for day JJ is

'specified with the literal "n" since the algorithm will

first exPlore ar. as yet to be determinedvnumber'of paths
frdm node 5 before returning to node n.

It is important to recognize that each node in the

branching diagram represents a subset of cyclio graphs



~-188~

which satisfy each of the cohstraints which lie on the‘

path from that node back to node O;»e.g., all cyclic

.graphs defined by node 5 satisfy two constraints: day.JJ

with start arrangement JJ2 and'déy J with Stért arrargement

J3. An acceptable cyclic graph is determined each time a

path from node 0 has been constructed which sPecifiesva’

start arrangemeht for each day of the week. The braﬁching o

process terminates whén’the last start arrangement for day

J has been examined. | PR

5.3 BASIC CONCEPTS OF THE CYCLIC GRAPH ENUMERATION ALGORITHM
This section introduces three concepts~which are. |

fundamental to the cylic graphlenumeration algoritbm.

5.3.1 The Number of Recreation Perlod Starts Fcr Each Day
of the Week

‘Given any star diagram and set of recreaﬁion periéds
to be assigned, it is possible to esﬁablish upper and
lower bounds on the’total numbef of recrmation‘pefiods‘
that can start from each day of the week (1 e., llmltq unk

k

the sum sij,for each j). Let T be the total number
i=1

of periods to be assigned and let ¢ be the number of

recreatlon days allocated to day j (1‘e, the numberA@f

nodes on ray j ofithe star,diagram), Further, let BJ max’

and B min represent the maximum and minimum number of

' period starts on day j. It is easily shown that

i - . . R
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Bj max—‘:(bj ] =l,2’lov’7 (5.2)

‘.’andv

]

max{0,¢j-¢j_l} 3 =1,2,...,7 (5.3)
do E ¢7

Bj min

Equation {5.2) sets the maximum number of period

starts from.day j equal to the number of recreation days

. allocated to day j (¢ ).* The minimum number of starts for

day j is zero unless there are more recreation days allocated
to day’j than to day j-1: i.e., unless ¢j—¢j-1 > 0.
,As‘anvexample, the number of recreation days allocated

to each day of the week, and the maximum and minimum starts

~ for each day in the star diagram in figure 5.1 based on

four period starts, T = 4, are presented in table 5.3. The
méximum‘number of starts for each day equals the number cof
recreaticn days allocated to that day. For Monday and
Wednesday, the minimum number of starts is one since for
both days the number of nodes on the preceding day is one
less than the number of nodes on Monday and Wednesday each.

5.3.2 Enumeration of All Start Arrangements for Each
Day of the Week :

As each day of the week is selected in the enumeration

scheme, all distinct values (or start arrangements) which

»;:can be assigned to that day must be examined. Each start

Equatlon (5.2) is applicable if recreation period

'Jlengths do not exceed the number of rays in a star diagram.
If period lengths are unrestricted, equation (5. 2) becomes

Bj max—mln{T ¢J, j‘»’:-‘lz’voo,7
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Table 5.3

Maximum and Minimum Number of Starts for
Each Day of the Week for the Star Diagram-
in Figure 5.1%

Mon.| Tue.| Wed. Thu. FriJ Sat. Sun.

= 1 2 3 4 5 6 7

Number of recreation j

days on node i By= 2 1 2 2 2 1 1
Maximum number of :

period starts, Bj max™ 2 1 2 2 2 1 1

Minimum number of

period starts, B. . =
J min

*Four recreation periods to be assigned (T=4).

arrangement can be found with the following information:
(1) the upper and lower limits on the total
number of period starts which can be
assigned to that day, and

(2j the total number of starts to be assigned
for each recreation period type.

As an example, suppose that Wednesday is selected as
the first day (i.e., J = 3) to be examined from the star
diagram in figure 5.1. From the bounds calculated above
(see table 5.3), it is known that either one or two
recreation periods must begin on Wednesday. Consider first
the aésignment of ekactly two periodbstarts.‘ (There are‘

four recreation periods available: one 2-day period and

P S P g
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three B—aay periods, denoted by L = (3,2) and N = ‘3,1).)
Only two start'arrangEments are possible; either one 2-day
period and one B—déy period (SJ = (1,1)) or two 3-day
periods (S5 = (2,0)). A start arrangement consisting of
two 2~day periods (55 ='(0,2)) is not included since only
one 2-~day period is available for assignment. If only one
period start is assigned to Wednesday, there are two
possibilities: one 2-day period (83 = (0,1)) or one 3-day
period (SJ = (1,0)). The four start arrangements for

Wednesday are summarized in table 5.4.

Table 5.4

Distinct Start Arrangements for Wednesday
Selected as the First Day from the
Star Diagram in Figure 5.1

| i
Start Number of Number of
Arrangement Three-Day Two-Day
Number Starts . Starts S3
l‘ 1 1 (lll)
3. l O (llo)
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The enumeration of all sFart arrangements for each day
of the week can be accomplished with the partitioning |
aigorithm described in chapter 4. Let Tjs-represent the
set of start arrangements for day j with exactly s starts,
The set of all start arrangements for day j, Tj' can be

represented as ‘ ‘ o

'—l,ov-,B- }

Iy = {Tjs|s = B4 max, "®3 max j min

J

The partitioning algorithm can be used to enumerate all of

the start arrangements within each set T,

s with the following

constraints:
(1) the total number of days to be partitioned
(R) equals the total number of starts;
icea.' R = st and
(2) the unity vector with k elements is used in
place of the k-dimensional length vector L;
i.e., L = 1.
As an example, the constraints for the use of the
partitioning algorithm for enumeration of the start arrange-
ments shown in table 5,4 are k¥ = 2 (the number of recreation
period types), L = (1,1) (the twofdimensionalbﬁnity length
vector), and for T;,,R = 2, and for Ty, ,R =1 (the number
of periocd starts to be assigned). Beginning with R = 2,
the algorithm produces the three permutations shown in

table 5.5. For R = 1, the partitioning algorithm produces

the two permutations shown in table 5.6. Permutations 2

and 3 in table 5.5, and 1 and 2 in table 5.6 correSpond to
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Table 5.5

Start Arrangements for Two Recreation Periods
Enumerated by the Partitioning Algorithm
for Wednesday of the Star Diagram

in Pigure 5.1

Feasible
Permutation! Partial Full Start
Number Permutation| Permutation| Arrangement
1. (,") (2,0) Yes
2, (1,-) {1,1) Yes
3. (0") (012) No
Table 5.6

Start Arrangements for One Recreation Period
Enumerated by the Partitioning Algorithm
for Wednesday of the Star Diagram
in Figure 5.1

Peasible
Permutation Partial Full Start
Number Permutation| Permutation | Arrangement
1. (*,°) (1,0) Yes
2. (0,+) (0,1 Yes

the four start arrangements shown in table 5.4.

Permutation

3 in table 5.5 is not a feasible start arrangement since it

requires two 2-day periods.

The screening ¢f the permuta-

tions generated by the partitioning algorithm to identify

feasible start arrangements is based on the N and Sj vectors.

Let N = (nl,nz,...,nk) represent the wector of the numbers
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of recreation periods of each length, (where ny is the

number of periods of length Zi) and let Sj = (Slj'SZj""'Skj)

represent a specific start arrangement generated by the

partitioning algorithm for day j‘(s:.Lj

of periods of length Qi assigned to start on day ij). The

represents the number

start arrangement Sj is a feasible start arrangement if

8y £ N; d.e., {Sij-inili =1,2,...,k}. This condition

insures that the number of assigned periods of each'length
(Sij) doés not exceed the number of periods of that length
available for assignment (ni). In the example illustrated
in table 5.5, N = (3,1) and for permutation 3, Sj = (0,2);
since S, {4 N, the permutation is not feasible.

If a lower bound of zero starts had been indicated
for Wednesday in table 5.3, one additional feasible start
arrangement would have been generated in the example above:
S3 = (0,0) (i.e., the assignment of no period starté to
Wednesday) . |

In summary, all‘start arrangements for each day of the
week can be enumerated based on the following information:

(1) the upper and lower bounds on the total

number of starts that can be assigned to

each day, and

(2) the number and lengths of the recreation
periods to be assigned.

The start arrangements for each day can be partitioned

into mutually exclusive sets based on the number of starts
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in each arrangement. The number of sets is determined
directly from the upper and 1owet limits (Bj max and
Bj min)on the number of starts that can be assigned to
each day. Beginning with the set containing arrangements
with the greatest number of starts (i.e., Bj mas) Ehe
partitioning algorithm can be used to enumerate each
feasible start arrangemeht. After all feasible arrangements
for the first set have been determined, the set of arrange-
ments with one less start is examined. The process continues
until all arrangements within each set have been enumerated.
5.3.3 Reduced Star Diagram

Particularly useful to understanding the eﬁumeration

algorithm described in this chapter is the concept of a

reduced star diagram. As indicated above, each start

arrangement creates a new subset of cyclic graphs. Associ=
ated with each subset is é reduced star diagram which contains
only those nodes (recreation days) which have not been included
in any assigned recreation period.

As an example, assume that Wednesday is the first day
examined for the star diagram in figure 5.1; and that the
first start assignment considered is S; = (0,1) (i.e., one
2-day period, arrangement 4 in table 5.4); the recreation
period uses one node on Wednesday and one node on Thursday.

The resulting reduced star diagram is shown in figure 5.5;
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one node has been removed from both the Wednesday and

Thursday rays of the diagram in figure 5.3.

d.

We
Tue. {/‘////Thu.
Mon.._¢~\:ii:‘\~ &——o- Fri.

Sun. - Sat.

Figure 5.5

Reduced Star Diagram, One Wednesday Node and
One Thursday Node Removed from the
Star Diagram in Figure 5.1

This reduced star diagram and the reduced number of

recreation periods to be assigned can be treated as a new

subproblem with the additional constraint that no additional

period starts can be assigned to Wednesday. The subproblem

is defined by:

(1)
(2)

the reduced star diagram in figure 5.5,

the reduced set of unassigned recreation
periods, N;. (N, represents the set of
unassigned periods after day J has been
specified.) In the example above, N, =
N—-SJ = (3,1)—-(0,;1) = (3,0) indicating that
thréee 3-day periods must still be assigned;
and
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(3) the constraint that Wednesday cannot be
assigned additional recreation period
starts. This condition does not prohibit
the use of Wednesday in recreation periods
which begin on other days. In fact, as
evident in figure 5.5, the Wednesday ray
contains one node which will have to be
included in a period beginning on a different
day of the week.
5.4 CYCLIC GRAPH ENUMERA;TIQN ALGORITHM LOGIC
This section draws upon the concepts introduced above
to describe the procedures and logic of the cyclic graph
enumeration algorithm. After describing the basic iterative
pattern of the algorithm, a detailed example is presented
which illustrates the branching process.
5.4.1 TIterative Process
As each new node is examined in the branching process,
the cyclic graph algorithm repeats the steps outlined in
figure 5.6. The value j = 0 represents the set of solutions
that can be obtained by enumeration of all start arrangements
for all seven days of the week. The information associated
with j = 0 is the original star diagram, denoted by SD,, and
the complete set of recreation periods to be assigned to the
cyclic graph, represented by the vector Ny,. For every other
value of j the information available consists of a reduced
star diagram SDj and a reduced vector of unassigned recreation

periods Nj. The four basic steps in the process of moving

from one value of j (day) to another are:
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START

day J

STEP 1

STEP 2

STEP 3

STEP 4

day j+1
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Set of solutions for day jJ
Information available:
star diagram, SD:, and a
vector of unassi%ned periods Ny

‘

Determine the upper and lower
bounds on the number of starts
for each day using SDj and Nj.

Select the first (next) day using
the bounds determined in step 1.

.

Select the first (next) start
arrangement for the day selected
in step 2 using the bounds on

the number of starts and Nj.

A 4

Start arrandement creates a new
subset of solutions. Determine the
new reduced star diagram SDy.1

and the new set of unassigned
periods Nyq.

Figure 5.6

Basic Logic Flow for the Cyclic Graph

Enumeration Algorithm

<y
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Step 1. Calculatibn of the minimum and maximum
number of period starts (Bj min 2nd
Bj maxy for each day of the week.

To select the first day to be examined from j = 0 the
upper and lower bounds on the number of periocd starts for
each day of the week are calculated based on the complete
star diagraﬁ denoﬁed by SDy. When j > 0, the upper and
lower bounds are calculated based on the reduced star
diagram SDj associated with day 3.

Step 2. Selection of the first (next) day to

be assigned a specific start arrangement.

Although any sequence of the seven days of the week can
be used in the enumeration algorithm, careful szlection of
the next day to be examined can reduce the computaticnal
effort required to find all solutions. The day selection
criterion utilized in this work is motivated by the fact
that to specify a complete graph it is only necessary to
‘indicate which days of the week have one or more period
starts since once all of the periods in Ny have been
assigned, any remaining days of the week must havé Zero
starts.

Hence, if days with non-zero start arrangements are
examined as early as possible in the branching process,
subsets of solutions requiring examination of fewer than

seven days can be obtained for which no recreation periods

1
'
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remain to be assigned. For each such subset, no further
branching is necessary since all of the remaining days
must receive zero starts.*

In this thesis, the "next" day selected j' from each
node is the day with the greatest number of required

starts; i.e..

day j' = {day j|max B, for all j e J}
J

j min
where J = (set of j indices associated with
unassigned days of the week).
If two or more days have the same maximum number of required
starts, the day with the lowest j value is selectéd.

Step 3. Selection of the first (next) start
arrangement for the current day under
consideration.

As described in section 5.3.2, the upper and lower
bounds on the number of starts, and the current set of
unassigned recreaticn periods associated with each selected
day are used as input data for the partitioning algorithm
to enumerate all'possible start arrandements for that day.

Beginning with the set of start arrangements with the

-

maximum number of starts, B: max the partitioning algorithm

enumerates each arrangement. After all start arrangements

* ; . . . _
Each subset completed in this manner produces one
cyclic graph. ‘
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in the initial set have been found,the algorithm is used

“to -enumerate all arrangements with one less period start,

i.e., B, méx - 1. This process continues until all of the
arrangements from the set with the minimum numb:: of

required starts B have been enumerated.

j min
If the minimum number of required starts Bj min for

the selected day is zero, the last start arrangement

examined for that day consists of zero starts and the
reduced starldiagram and set ofrunassignéd periods remain
ﬁnchanged.

Step 4. Construction of the reduced star diagram

| and vector of unassigned peiiods.

Once the fiist‘(next) start arrangement has been
assigned, a new reduced star diagram can be constructed.
This is done by removing the nodes from the current star
diagram which are used in the periods just assigned. The
hew vector of unassigned periods equals Nj+l = Nj - Sj+l'f

The new star diagram and reduced vector now serve
as part of}the.initialkinformation for another iteration
of'tﬂé algorithm.

5.4.2 Two Example Problems

Repeated applicaticn of the four-step cycle described

above will lead eventually to either the enumeration of a

feasible cyclic graph or to one of several infeasibility
conditions which indicate that the current subset of solu-

tions does not contain any feasible graphs. Two examples
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of the algorithm are presented in this seculon to 1llustrate
the iterative process described above and also to 1dent1fy
c¢onditions which indicate when:

(L) the current subset contains only 1nfea51ble
‘ solutions,

(2) a feasible cycllc graph has been obtalned,.
and

(3) the enumeration process should be termihatea;ﬁ

Toc simplify the example to be éfesénted, ¢ohsidéf a
four-day "week" cohsisting of daYs A, B, C, and D for'Whichl
a three-week (i.e., 12 day) schedule is to be dééigned |
which contains seven recreation days.v Fﬁrther? assuﬁe that
the seven recreation days have been allocated to the four
days of the week as illustrated in the starvaiagrém'in
figure 5.7, and that for this exaﬁple, cYgiic graphs will
be enumerated for a partition of the recreation dayS‘éonF  
sisting of one 3-day period and two zedgy periods;_i.e.,:
L = (3,2) and Ng = (1,2).

To determine the first day to be examined, the upper

and lower I inds on each day of the week must be detérmined

based on the star diagram in figure 5.7 and the total number,

of periods to be assigned; these bounds, based on formulas
(5.2) ‘and (5.3), are shbwn‘in table 5.7. Day C with the7
highest lower bound is selected as the first day to be

examined. The partitioning algorithm is used first to
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Figure 5.7

Initial Star Diagram for the CYclic
Graph Enumeration Example

Table 5.7

Upper and Lowex Bounds on the Number of Period
Starts for Each Day Based on the Star
Diagram in Figure 5.7 ‘

Day of the Week

A B c D

- Number of nodes 2 1 2 2
Maximum number of
period starts, Bj max |- 2 | 1 2 2

Minimum number of
period starts, Bj min 0 0 1 0
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enumerate all start,arrangements’for day C that contain
exactly two period starts (the maximum number ofvstarts
for C); after all two-start arrangements have been
enumerated, all one-start arrangements are generated.

.The tree structure generated by the branching algorithm ‘
for this example is shown in figure 5.8. The circled | -

numbers at each node indicates the sequence of steps taken .

- by the algorithm -- from step 0 (START) to step 27 (TERMINATE).

From START, the first day selected is C; the right superscri?t
on the C node: (2/1), indicates the opper and loWef‘boundsvon‘
the number of starts that can be assigned to day C. ‘Each
branch from this node represents a spe01f1c start arrange— S
ment for C; the correspondlng S vector associated w1th each

arrangement is shown on each branch in the dlagram The

’lnltlal start arrangement as51gned to each’day 1s represented'

by a horlzontal branch directed to the left of each node;

.subsequent branches for each day are. read in a counter-

clockwise dlrectlon about the hode., For example; the first-

C = (2'0)' ioeo" tWO

3 day perlods and no 2-day perlods. Thellast arrangement L

a551gned tO"day.C is S = (0, 1) Follow1ng the last start ,“1
asslgnment for C, the branchlng process is term1nated.~~'
With the a381gnment of each spec1flc start arrangement,';Lihff*f"ﬁ

op of two p0551b111t1es can occur, elther
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TERMINATE

~ *INFi indicates infeasibility condition i

Figure 5.8

; Tree Structure for the Cycllc Graph :
Enumeratlon Example .
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(1) one or more infeasibility conditions are
encountered which indicate that the subset
of solutions created with this arrangement
does not contuin any feasible graphs; or
(2) no infeasibility conditions are encountered
which indicates that the new subset may contain
feasible graphs.
If no infeasibility conditicns are encountered, the new
subset contains exactly one feasible graph if

(1) one start arrangement has been specified
for each day of the week, and

(2) all of the periods in Ny have been
assigned.

Each of these possibilities is discussed bé&low with the
development of the example.

As noted above, the first start arrangement for day C
is S¢ = (2,0).' This assignment leads to infeasibility |
condition 1 (INFl in figure 5.8) since the number of
recreation periods assigned exceeds the number of periods
available for at leasf oheyof the period types; i.e.,

Sq $ N((2,0) £ (1,2)). The next start arrangement for
C is Sa = (1,1), one 3-day period and cne 2-day period.
- Since Sa satisfies SC
is feasible and the reduced star diagram»and‘reducéd vector

< Ny ((1,1) < (1,2)), the arrangement

of unassigned periods can be constructed. Thé,reduced
diagram, SDC;'shdwn in figureFS.Q, is obtained by removing
the nodes which are used in the periods for S5¢ = (1,1) from

the original star diagram. The reduced set of unassigned.
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periods is given by No = Ny - SC = (1,2) - (1,1) = (0,1);

i.e., only one 2-day period remains to be assigned.

Figure 5.9

Reduced Star Diagram Corresponding to the
Assignment of Two Period Starts (One
Three-Day Period and One Two-Day
Period) to Day C

With the creation of the reduced star diagram and the
reduced vector of unassigned periods, a new subprogram is

defined and another iteration of the four-step cycle

described in section 5.4.1 is initiated. The upper and

lower bounds on the number of period starts for each day
are calculated and used to select the next day (see table
5.8). Day A is selected since it has the greatest number

(B } of required starts.

3 min
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Table 5.8

Upper and Lower Bounds on the Number of Period
Starts for Eacp Day Based on the Reduced
Star Diagram in Figure 5.9

Day of the Week

A B . C D

Number of nodes 1 1 1 0 0
Maximum number of

eriod start . »

P rts, Bj max 1 1 0 0
Minimum number of

period starts, Bj min 1 0‘ 0 0

Two infeasibility conditions can arise when upper and
lower bounds on the number of period starts are calculated.
The first, identified as INF2 in figure 5.8, only occurs
when bounds are calculated based on a reduced star diagram.
The existence of a reduced diagram implies that one or more
days have already been assigned specific start arrangements
and as a result, cannot be assigned further period starts
in subsequent iterations of the algoxrithm along its current
branch. Consequently, the lower bound on the number of
period starts for each previously selected days‘must be

zero (day C satisfies this reguirement in table 5.8). If

P TV L . A
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the lower bound for a previously»selected day is greater

than zero, all solutions in the current subset are infeasible.
The INF2 infeasibility condition occurs twice in the example
problem -- at steps 9 and 26.

‘The second infeasibility condition (identified as INF3
in figure 5.8), which can also be recognized when the upper
and lower bounds on the number of period starts are determined,
occurs when the number of required starts for a day exceeds
the maximum number of starts for the same day; i.e., when
Bj min > Bj nax® This condition can arise when é dispro-
portionate number of nodes exist on one ray of either an
initial or reduced star diagram. This infeasibility con-
dition occurs twice in the example problem -- at steps 6
and 17 in figure 5.8.

Since neither infeasibility condition 2 or 3 exists in
table 5.8, the algorithm continues with the enumeration of
specific start arrangements for day A. Only two start
arrangements are possible: (1,0) and (0,1). The first
arrangement is rejected because Sa ¢ N., i.e., (1,0) %
(0,1) (infeasibility condition 1 at step 4). The second
arrangement, (0,1) is feasible and one 2-day period is
assigned to start on day A.

The new reduced star diagram SD, is obtained by remov-

ing the two nodes corresponding to the 2-day period beginning
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on day A from the star diagram in figure 5.9. The resulting
null star diagram (i.e., zero nodes on all the rays)
indicates that all of the~allocatéd recréatibn'dayskhave
been used in the three periods assigned to start on days A
and C; and hence, the subset of solutions at step 5 in
figure 5.8 contains a feasible cyclic graph. Each of the
remaihing days that have not been examined (i.e., B and D)
are assigned zero starts.

The first sclution is shown in tabular form in table
5.9 and as a cyclic grabh in figure 5.10; the columns under
days A and C in table 5.9 identify the start arrangement |
vectors indicated on the branches for those days in figure

5‘80

Table 5.9

Tabular Representation of the First Solution for the
Cyclic Graph Enumeration Example
{(Step 5 in Figure 5.8)

Number of Starts
Period Number

Length of
(Days) Periods A B C D
3 1 0 0 1 0

2 2 1 0 1 0
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Figure 5.10

First Cyclic Graph Solution
(Step 5 in Figure 5.8)

With the determination of a feasible graph, the algorithm

continues by seeking the next start arrangement for day A.

Since {0,1) is the last start arrangement possible for day A,

the algorithm backtracks to day C to determine the next start
arrangement (if any) for C. The next arrangement for day C
is (0,2); i.e., no 3-day periods and two 2-day periods.

Since S5 < Ny ((0,2) < (1,2)), the arrangement is feasible

and the reduced star diagram (see figure 5.11) and reduced
vector of unassigned periods can be determined. The vector

of unassigned periods becomes N, = N¢ - S, = (1,2)-(0,2) = (1,0);

c c



4
gi)

~212~

i.e., only one 3-day pericd remains unassigned. The upper

and lower bounds for each day based on N, and the star

C
diagram in figure 5.11 are shown in table 5.10. The bounds
for day A indicate infeasibility condition 3 (INF3 in
figure 5.8); i.e.,, the lower bound on the number of starts
on day A exceeds its upper bound. As a conseguence, the

(0,2) start arrangement produces an infeasible subset of

solutions.
a B
D (&
Figure 5.11
Reduced Star Diagram Corresponding to the
Assignment of Two 2-day Recreation
Periods to Day C
Table 5.10
Upper and Lower Bounds on the Number ¢f Period
Starts for Each Day Based on the Reduced
Star Diagram in Figure 5.11
Day of the Week
A B c D
Number of nodes 2 1 0 0
Maximum number of
period starts, Bj max 1 1 0 0
Minimum number of o
period starts, Bj min 2 0 0 0
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The (0,2) arrangement for day C is the last arrangement
with two period starts. Next, all arrangements with one
start are enumerated beginning with the (1,0) arrangement
(step 7 in figure 5.8). The arrangement is feasible,and
based upon the upper and lower bounds on the number of
period starts for each day determined f£rom the reduced
star diagram and vector of unassigned periods, day A»is
selected next. Base™ pn upper and lower limits of one and
zero starts respectively, three start arrangements are
examined: (1,0), (0,1) and (0,0). The (1,0) and (0,1)
arrangements each produce infeasibility conditions (steps
"8 and 9 in figure 5.8).

No infeasibility conditions, however, are encountered
with the assignment of the (0,0) arrangement in step 10.
Construction of the reduced star diagram SDp and the vector
of unassigned periods Na is guite simple since no nodes are
removaed from the current star diagram SDq and no periods
are used from the set NC. Hence, the same bounds on the
number of starts for each day that were used to select day
A can be used again with only one exception: in selecting
the day for step 10; both days C and A are excluded since
both have already been assigned a specific start arrangement.

Day B is selected as the next day and a second solution
is eventually found at step 14 (see table 5.11 and figure
5.12). In the second solutibn,_the 3~day'perimd begins on

day C and the two 2~day periods begin on
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Table 5.11

Cyclic Graph Enumeration Example
(Step 14 in Figure 5.8)

Number of Starts
Period Number
Length of
(Days) Periods A B c D
3 1 0 0 1 0
2 2 0 1 0 1

Figure 5.12

Second Cyclic Graph Solution
(Step i4 in Figure 5.8)
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days B and D. The third and final cyclic graph for this

example, found at Utep 25, is presented in table 5.12 and

figure 5.13. The complete branching process terminates
‘at step 27 after the examination of ‘the last start arrange-

ment for day C.

This samﬁle problem also illustrates two additional .
infeasibility:conditions which can be used to recognize
subsets 6f solutions wh&éh do not contain feasible cyclic
graphs. Both}conditions are discussed below.

At step 21 in figure 5.8, the (1,1) start arrangément

is assigned to day A. Since the Sp = (1,1) arrangement

appears to be feasible, the  algorithm proceeds to the
construction of the reduced star diagram SDp+ In reméving

the two periods in the (1,1) arrangement from SD, (see

Cc
figure 5.11), however, an infeasibility condition arises on
ray B; both periods assigned to start on day A use a recrea-
tion node on day B, and hence, to consﬁruct the reduced
diagram assdciated with the (1,1) arrangément, more nodes
must be removed from the B ray than exist on SD - Since

the number of nodes o any ray of the reduced star diagram

cannot become less than zero, the (1,1) start arrangement

in step 21 is not feasible (identified ag INF4 in figure 5.8)..

The final infeasibility condition occurs at step 18.
After day D is assigned the (0,0) start arrapgement, all

four days of the week have been assigned specifiC’arrangements.
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Table 5.12

Tabular Representation of the Third Solution for the
Cyclic Graph Enumeration Example
(Step 25 in Figure 5.8)

: Number of Starts
Period Numbexr
Length - of
(Days) Periods A B c D
3 1 1 | o 0 0
2 2 o | o | 1 1

FigureJ5513‘

.. Third Cyclic Gra9h SQlution
Y (Step 25 in Figure 5.8)
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"

Despite this, there are still two unassigned‘recreation

periods: i.e., at step 18, Np = Nq - sc' - 8y - Sy~ Sy =

(1,2} = (1.0) - (0,0) = (0,0) = (0,0) = (0,2). The exam-
ination of all days of the week without the assignment of
all recreation periods is infeasibility condition 5 (INF5
in figure 5.8). |

-As a second example of tﬁé cycliec graph enumeration

algorithm, consider the star diagram in figure 5.14. This

‘diagram contains 12 recreation days distributed over the

seven days of the week. Consider the problem of determining
all cyclic graphs for this diagram if the 12 recreation days

are partitioned into five clusters consisting of two 3-day

Wed.

Mon. Fri,

Sun. ‘ Sat.

Figure 5.14

Star Diagram with Twelve Nodes
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veriods and three 2-day periods; i.e., if L = (3,2) and-k
No = (2,3). The cyclié.graph algorithm enumerates the
13 solutions to this problem (see figure ;:lS) in only
126 steps. Each solution represents a unique dlstrlbutipn
of the five recreation periods over the 12 recreation nodes.
5.4.3 Enumeration Algorithm Performance Chatédteriétics’

The perforhénce characteristics ofkthe‘cyciic graph
algorithm for several sample problens are‘presented in
tables 5.13 and 5.14.% 1In each table, three star‘diagrams
containing 8, 16, and 2¢ recreation’da&s‘reSPectively are
examined. In table 5.13, the reCreation days are allocated
aé uniformly as possible over all seven dayé of‘thé week;b\
in table 5.14, the recreation days are distributed as if
Friday and Saturday are busy days requiring more men on
duty (and conversely permitting fewer mehkon reéreation).
Several fecreation period pérﬁitions are used with each |
star diagram to provide;comparative/perfdrmance ééatistics;

Several observations_ére snggested by the data in
tables 5.13 and 5.14:

(1) The amount of computer execution time required

for a problem is proportional to the number of
cyclic graphs to be enumerated.

The data presented in columns 5 and 6 refEr to the
number and distribution of weekend recreatlon perlods in
schedules constructed from the cyclic graphs. A dlscu531on'
of these. propertles is presented below in sectlon 5. 5 -
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‘Figure‘s 15
Thlrteen Cycllc Graphs Enumerated for the Star Dlagram
in Flgure 5. 14 (L*(B 2) and P—(Z 3))




Performance Characteristics of the Cyclic Graph Enumeration Algorithm for

Table 5.13

Ten Sample Problems with Uniform Recreation Day Distributions

No. cf
Recreatin Number . ] Maximum Solutions
Period of Number  |Computer | No. of with
. Length Recreation of CPU Weekend Max. No. of
Problem| Vector Periods | Cyclic Time Recreation Weekend
- Star Diagram No. L= P= Graphs (Seas) * Periods Re¢. Periods
8 xecreation days
7 1. {3,2) {(2,1) 3 1 1 3
‘gQ——-», 2. (4,2) (1,2) 3 1 1 3
] g~
16 racreation days. : 1
L 3. (3,2) (4,2) 13 1 2 7 b
T T B
4. (3,2) (2,5) 28 2 2 10 T
H r - 5. (4,3,2) (1,2,3) 66 3 2 30
s o 6. (4,3,2) “{2,2,1) 44 2. 2 27
26 recreation days . :
4 7. (3,2) (6,4) 77 3 3 19
8. (3,2) (4,7) 140 6 3 40
9. (4,3,2) (2,4,3) 393 .20 3 191
¥ s 10. (3.2,4) 454 25 3 184

(4'3'2)

*Execution time only, based on a compnter code written in FORTRAN IV’ and compiled ' ]
with a FORTRAN G level compilexr on an IBM 360/65 system. ' '




Performance Characteristics of the Cyclic Graph Enumeration Algorithm for

Table 5.14

Ten Sample Problems with Non-Uniform Recreation Day Distributions

No. of
Recreation Number Maximum . Sclutions
Period of Numbey |Computer | No. of with
Length . | Recreation of CPU Weekend Max. No. of
Problem Vector Periods | Cyclic Time Recreation Weekend
Star Diagram No. L= P= . Graphs (Seasg})* Periods Rec. Periods
8 recreation days »
P z 1. (3,2) (2,1) 2 1 0 2
2. (4,2) (1,2) 0 1 0 0
3. (3,2) (4,2) 7 1 1 7
4. (3,2) {(2,5) 13 1 1 8’
5. (4,3,2) (1,2,3) 29 1 1 22
6. (4,3,2) (2,2,1) | 16 1 1 12
s’ ] . .
ion 4 ]
26 :eczea‘: on. days 7. (3'2) (6,4_) 31 1 2 17
T T
8. (3,2) (4,7) 70 3 2 30
] r 9. (4.3,2) (2,4,3) 133 5 2 2
(4,3,2) 109 4 2 79

S8

]

10.

(3:2,4)

*Execution time only, based on a compuﬁer code written in FORTRAN IV and compiled
with a FORTRAN G level compiler on an IBM 360/65 system.

_TZZ_
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(2) The number of graphs found for a star diagram
is dependent on the nature of both the length
vector L and the partition vector N.

(3) The number of grephs for a star diagram and
a given length vector L increases as the
number of recreation periods increases (i.e.,
as the average period length decreases).

(4) The number of cyclic graphs for a given
length vector L increases as the number of
recreation days R increases or as the total
number of recreation periods increases.

(5) For a given number of recreation days R, the
number of graphs decreases as the days become
less uniformly distributed over the days of
the week.

5.4,4 Enumeration Algorithm Logic Summary
This section presents a summary of the algorithm to
enumerate all cyclic graphs for a given star diagram and
set of recreation periods. The following notation is
utilized:
"{j} = set of indices which identify each day of the
week; 4 =1,2,...,7 (e.g., 3 = 1 for Monday,
j = 2 for Tuesday,...,j = 7 for Sunday)

{i} - set of indices which identify the sequence in
which the d days are examined in order to find
each graph; i = 1,2,...,7.

D. -~ name of the iEE selected day (e.g., if Tuesday
is the first day examined D; = 2)

A ~ set of days D, which have been assigned specific
start arrangements; initially set A is empty
(i.e., A = ¢).
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U - set of days D, which have not been assigned
specific start arrangements

SD. - reduced star diagram obtained when day j is
assigned a specific arrangement (original
star diagram is SDg) :

5. =’(slj'SZj""'sij'°."Skj) - the sij com@anent
in the Sj vactor identifies the number of
periods of length i which have besen assigned
to start on day j. The Sj vector identifies
a specific start arrangement for day j

N. = (nlj’naj""’nij""'nkj) ~ the nij‘component
in‘the Nj vector identifies the number of
periods of length i which remain unassigned
after a specific arrangement has been assigned
to day j. Ng is the vector of the original
set of recreation periods to be assigned,

N, = Nop = Z S..
J all j=D €A J

B - upper and lower bounds on the total

i max’B5 min
nurber of period starts which can be assigned

to day J.
The enumeration algorithm consists of the following
steps:

1. ~Initjialization: Set i =0, j =20, A = ¢,

U ="{jlall ]}
2. Determine limits on the number of starts for .
= 1’2,-0.,7} -

each day. Calculate {Bj‘max'Bj minlj

using SD; and Nj
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(i) 1I1f Bj win > Bj max for any j, go to 3
(infeasibility condition 3).
(1i) If Bj‘miﬁ > 0 for any j € A, go to 3
(infeasibility condition 2).
(iii) Go to 4.
3. Backtrack.
(i) If i = 0 or 1, terminate.

(i1) If i > 1, move j = Di from A to U, let
i=1i-1, go to 5.

4. Select day for step i in the sequence. Select

) . ‘ iy . LA,
day j' using {j Imax{Bj min} s 3 =D; e U}

(i) If U is empty, go to 3 (infeasibility

condition 5).
(ii) Let i = i+l, D, = j', move j = Ds from
U to A, go to 6.

5. Determine next start arrangement for day ij.

Determine next Sj for D, using partitioning
algorithm (note j = Di).
(1) If no Sj exists, go to 3.
(i) If s, i-Nj—l’ go to 5 (infeasibility
condition 1).
(iii) Go to 6.

6. Determine reduced star diagram and vnassigned
period vector for day j. Determine SDj and Nj
Use N, = N. - S.).
(Use Ny =Ny, = S3)
(1) If SDj = ¢ {no nodes), go to 7.
(ii) 1If SDj requires negative number of nodes,

"go to 5 (infeasibility condition 4).
(iii) Go to 2.
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7. Record solution. Complete solution obtained.

Set {Sj = 0|lall j e U}, record solution,
go to 5.
Y5 WEEKEND RECREATION PERIODS
The cyclic graph enumeration algorithm described above

can be used to determine all cyclic graphs for a given sktar
diagram and set of recreation pericds., Among the graphs
obtained, however, some may be considerably more desirable
than others for use in the design of schedules. Although
no formula is known for calculating the exact number of
schedules that can be designed from each cyclic graph, it
is possible to identify specific properties which every
schedule derived f£rom the same graph will possess. These
properties can be used to identify wyclic graphs which
yield more desirable schedules.

- The computer design models described in this thesis
use two preference measures which can be determined directly
from each cyclic graph; these are (1) the number of weekend
recreation periods, and (2) the number of recreation periods‘
of each length that begin on each day of the week. The
following discussion of these properties is presented in
two parts. The first examines the relationship between the
number of weekend recreation periods in a graph, and the
distribution of recreation days on the Saturday and Sunday

rays of the cyclic graph; the second describes the use of
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the number of weekend recreation periods to accelerate
the schedule design process.
5.5.1 Wec¢kend Classification of Recreation Periods

An important schedule property which is governed by
the distribution of recreation periods over the days of the
week is the number of weekend recreation periods. Each -
recreation period in a seven-day cyclic graph can be
classified as ohe of three types:

full weekend recreation period (f) - a

recreation period which includes
consecutive recreation days on Saturday
and Sunday:

*partial weekend recreation period (p) - a

recreation period which is not a full
weekend periodr and either begins on
Sunday or ends on Saturday; or a

‘non-~-weekend recreation period (n) - a
: recreation period which is not a full
or partial weekend period (i.e.,
contains neither a Saturday;Sr a Sunday) .

The weekend-related characteristics of recreation periods
having lengths of from one to six days are shown in table 5.15.

The number of full and partial weekend recreation

periods which can be constructed from a star diagram is

determined by the number of recreation days which have been
allocated to Saturday and Sunday; i.e., by the number of

nodes on the Saturday and Sunday rays, ne and ns. It

5 ‘1\4
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o

‘Table 5.15

Weekend Classification for Recreation Periods from
One to Six Days in Length and Beginning on
Each Day of the Week

Start Day of the Period
Period
Length ‘
(Day) Mon. Tue. Wed. Thu. Fri. Sat. Sun.
1 n n n n n P - p
| 2 n n n n P £ P
3 n n n P £ £ P
4 n n p £ £ £ p
5 n £ £ £ £ P
6 p £ £ £ £ P

Note: f£=full weekendkrecreation period, p=partial .
weekend recreation period, and n=non-weekend recreation
period. ' ‘ ‘ .

- o | 5
follows directly from the definitions above that the maximum
number of full weekend periods, Wey for any star diagram A

is given by:
max We = min{ng¢,n,}. | (5.4)’

The maximum numbers of full weekend recreation periods;
possible for the samplékproblems‘illuétrated inrtabies 5.13
and. 5.14 are listedfin columnkS of each'taﬁle. VIt is imporf
tanf to note that the maximum number of full Weekend‘peribds

is dependent only on the numberfof the recreation days

© Ry
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allocated to Saturday and Sundéy,,and is independent of
the partition (i.e., vectors L and P) of recreation periods
used to énumerate the cyclic graph. As a result, the
maximum number of full weekend periods which a‘Cyciic‘graph
can péssess can be ":ead" directly from the original allo¢a~
tion of recreation days. Hence, if the number of full'weekend
recreation periods is a valued schedule attribute, a schedule
designer may decide to reallocate recreation days in order
to increase the potential number of full weekend periods
that ¢can be schéduled, even at the expense of achieving
a less "optimal' manpower allocation.

,To‘iliustrate, consider the manpower allocation for a

10~week schedule in table 5.16. Despite the presence of

five recreation days on Sunday (n; = 5), a maximum of only

one full weekend recreation period can be scheduled during

thekentire 10 weeks because of the single recreation day
allocated to Saturday (n¢ = 1). Table 5.17 shows a realloca-
tion of the recreation watches (one recreation day has been
shifted from Sunday to Saturday) which allows up to two full
Weékend periods to be scheduled. Other redistributions of
tﬁe recreatidn days in table 5.16 could also be used which -

would permit more than two full weekend periods to be

constructed. Any of these reallocations, however, would

be achieved at the expense of a slight departure from the

original “optimal" manpowér allocation. It should also
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Table 5.16

Manpower Allocation for a Ten-Week PR Schedule
with a Maximum of One Full Weekend
Recreation Period per Rotation Period

Number i

of Men Mon. Tue. Wed. Thu. Fri. Sat. Sun.| Total
On Duty 6 7 7 8 8 9 5 50
On Recreation 4 3 3 2 2 1 5 20

Table 5.17

Manpower Allocation for a Ten-Week PR Schedule
with a Maximum of Two Full Weekend
Recreation Periods per Rotation Period

Number :
of Men Mon. Tue. Wed., Thu. Fri. Sat. Sun.] Total
On Duty 6 7 7 8 8 8 6 50
On Recreation 4 3 3 2 2 2 4 20

-

Tbe noted that formula (5.4) indicates only the theoretical

upper, 1limit on the number of full weekend periods; the

actualknumbér of weekend periods for which feasible schedules

can be designed may be less.

Although the number of full weekend recreation periods

is an important schedule attribute, it cannot by ifself be :

used successfully to provide an'adequate ranking for the
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cyclic graphs which can be enumerated from a single star
diagram. As an example, consider the 20 sample cases
presentea in tables 5.13 and 5.14; column 6 in each table
indicates the number of cyclic graphs enumerated that
possess the maximum number of fuli weekend periods; in
some cases well over hélf of all of the graphs obtained
possess the maximum number of weekend'peribds.

‘The number of paﬁtial weekend recreation periods, Wp,
does not provide additional evaluative information about
each graph once the number of full weekend recreation periods,
Wf, is known because the number of full and partial weekendk
periods are not independent measures. That is, for any
seven-ray cyclic graph containing only recreation periods
which are less than seven days in length, the following

identity relating We and Wp holds:

2Wf + W? = netny Wf,Wp =0,1,2,... (5.5)

Result,(S.S) is easily shown. Every full weekend period
must by definition use two weekend recreation days and
since each period is less than seven days in length, no

more than two weekend days are used. All recreation days

ron_Saturday and Sunday which are not used in a full weekend

period must by definition be part of a partial weekend

period. Since every partial weekend period is also less

than seven days long, each uses exactly one weekend recrea-

tion day and formula (5.5) follows.
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Since both ng apd n; are known from the original star
diagram, once W, has been specified, Wb is determined. BAs
a result all cyclic graphs which ha&e the maximum number of
full weekend recreétion periods a150~haVelidentiCal'numhefsv‘
of partial weekend recreation periods. Result (5.55 also
Vindicates that if the maximum number of full and partial
weekend periods is desired the schedule should cqntai; no

full weekend periods; i.e.,
Wf = (. and Wp,=‘ne + nq.

Formulas (5.4) and (5.5) also suggest that the number
of classes of cyclic Qraphs, when classified in terms of
the number of full and partial weekend recreation periods,
produced from any star diagram is relatively small. As”an_
example, consider the daily recreation allocation in tabie
5.17. The maximum number of full weekend periods for any
cyclic graph based on tyis-allocationiis two (Wf = min{2,4}=
2){ and every such graph also possesses two partial wéekend
periods (Wp = ns+n7—2Wf = 2+4-2(2) = 2). Only twq'other
aistinct weekend-related classes,of cyclic graphs are
péssible for this_allocatibn: One_ciaSS consisting‘of graphs
with one full wéekend period and fouf partial weekeﬁd périodé

(2Wf+Wb =*2(1)+4 = 2+4), and another class consisting of

g
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cyclic. graphs with no full weekend periods and six partial
weekend periods. As a result, every cyclic graph produced
for the allocation in table 5.17 belongs to one of only

three distinct weekend-related classes. This example also

 illustrates that the number of weekend-related classifications,

Cyt is given by,

Cjp = 1 + max We = 1 + min{ns,nys}. (5.6)

The &biiity'to classify graphs into Cy; classes according to
their We values is the basis for the acceleration techniques
discussed below.

5.5.2 Acceleration of the Design Process Based on the
Number of Full Weekend Recreation Periods

Schedule properties which can be identified in cyclic
graphs can be used to accelerate the enumeration procedures
used to design optimal one-shift PR schedules in'two‘ways:
first by identifying cyclic graphs that can not yield
optimal schedules, and as a result, need not be used in
subsequent steps of the design process, and second, by
determining the most efficient order in which the remaining
graphs should be examined (i.e., by identifying graphs
which are most likely to produce an optimal schedule).

p The usefulness of the cyclic graph properties discussed
in earlier sections of this chapter in accelerating the

schedule design process is dependent upon the relatjve

o
)

e
o
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importance assigned to each property (i.e., the higher

the preference rating given to a schedule property, the
more effectiVe'is the acceleration procedures that utilizes
‘that prqpertY).

All of the manpower schedules described in this thesis
were designed using the number of full weekend récreation
periods (hereafter referred to as WRP) as the most important
schedule attribute. The other schedule attribute that can
be obtained from cyclic graphs (i.e., the number 6f recreation
periods of each length that begin on each day of the'week) |
was ﬁsed in the lexicographic decision model only to distin~
guish between schedules which had identical values for
(1) the number of weekend recreation periods, (2) the
maximum number of consecutive working’weekends, (3) thé.
maximum length work period, and (4) the number of maximﬁm
length work periods (see section 2.3).

The remainder of this section describes the use of the
number of WRPs to accelerate the schedule design procedure.
Two techniques are presénted. The first uses the following
logic: as eaéh cyclic graph is enumerated, it is used to
construct a,separationlmatrix. This matrix is then used
with a branch—and-bound algo:ithm to enumerate féasible
.éneAShifﬁ PR schedules. The design légic;doesﬂnot‘énumerate

another‘cyclic;gfaph until all feasible schedules associated

with the first graph have been found. This processiCOntinues .

until all cyclic graphs have been eXamined;'

L
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As each scﬁédule is enumerated, it is compared with
the current optimal (CO) schedule using the lexicographic
decision model. The first attribute for comparison between
each schedule and the CO ;s the number of WRPs. Let cho

and Wf represent the number of WRPs for the CO and latest

schedule respectively. If cho > We, the latest schedule is

rejected; if cho = Vg, other schedule attributes must be

compared; and finally, if Wf > cho

, the latest schedule
- becomes the new current optimal schedule. |

The usefulness of this procedure lies in the fact ﬁhat
the ﬁf value for a schedule can be determined directly from
its generating cyclic graph without the necessity of con-
structing the separation matrix and using the branch-and-
bound algorithm. To illustrate, if a cyclic Qraph is
produced with a We value which is strictly less than cho,
then none of the schedules which can be generated from this
graph can replace the CO schedule, and the graph need not

co value can be used to

be e§§mined further. Hence, the Wf
screen all schedules generated from the same cyclic graph
merely by comparing cho with the Wf value of the graph.‘
Stated in another way, a cyclic graph is examined further
if and bnly if its We satisfies the inequality: We > cho.

In summary, the acceleration procedure consists of the

following steps:
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’ 1. Set cho = -1

2. Generate cyclic graph C:
a. if none exist, stop.
b. go to step 3.
3. Examine WfCO:
a. if cho > 0, go to step 4.

b. go to step 5.

4, Compare Wf and W CO:
a. if We < ch r go to step 2.

b. if We Z_cho, go to step 5.

5. Construct the separation matrix for C:
_use the branch-and-bound algorithm, and
for each schedule produced compare We with

choz

a. if W < W0, retain W0,

b. if We = W CO, compare current
e £~ Ve r oom

schedule and Wf schedule on other

schedule attributes,

Cco

. Co
C. if Wf > Wf ’ replace,wﬁ

schedule
with current schedule.
6. Go to step 2.

This acceleration technigue can be further enhanced if
the order in which the cyclic graphs are examined is manipulated
so that a schedule with a high W value is likely to be found
kearly in the design process. This strategy has been tésted‘
in the following manner. Instcad of_éxaminiﬁg each cyclick“
~graph as it is}produCed,‘all of the grayhs are first enumerated

and stored.* As each graph is produced, it is assigned to

?This is‘not as difficult as it may appear. Star'diagfams
, with 20 or fewer nodes usually produce fewer than 200 graphs
“ib ' (assuming all recreation periods are at least two days long) .

R B
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one of Cy classes based on its We value,(cw = l+min{ns,ns}).
The classes are then rank ordered beginning with the highest
Wf value (i.e., all classes are represented by the set

{C3,C24...,C5 } where C; represents the it ranked set of

W
graphs) .

The graphs are now examined in seguence according to
‘their class until the first schedule is found (i.e., ail
graphs in class Ci1 are examined first -- if a schedule is
found, stop; if no schedule is found,all graphs in C, are
examined and so on). Enumeration of the first schedule
geliminates‘the need for examining graphs in any of the
;1ower ranking classes since every schedule based on those
graphskmust, by definition, have Wf < cho. Hence, if a
schedule is found from a graph in C;, then only the remaining
graphs in Ci must be examined since they may also produce
schedules with exactly cho weekend recreation éeriods.

Each such schedule must then be compared with the current

optimal schedule on the basis of bther preference measures.

In summary, this procedure consists of the following

steps:
1. Enumerate all cyc ' : graphs and categorize
each according to 'xts W, value. Define C;
as the set of all graphs with maximum W
. values, C2 as the set of all graphs witﬁ
e , , Wf—l weekend periods, etc.

2. Seti=1l.
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Examine all graphs in Ci:

a. if one or more schedules are found,
determine the best schedule in C,
using the lexicographic decision
model. Stop. :

b. if no schedule is found, set
i = i+l, go to step 4.
Compare i with Cyt
a. if i iﬂCW, go to step 3.
b. if i > Cye+ DO schedules exist, stop.
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6. THE ENUMERATION OF ONE-~SHIFT CYCLIC PR SCHEDULES

6.1 INTRODUCTION

This chapter describes an implicit enumeration algorithm
to generate cyclic one-shift PR schedules based on the
properties of recreation periods in a cyclic graph. The
relationship betWeen work period lengths and each pair of
ordéred recreation periods within a graph is utilized to
inﬂroduce the concept of a separation matrix. This matrix

serves as a screening device to eliminate schedules which

contain one or more work periods of unacceptable length.

The enﬁmeration algorithm uses a series of modified separa-
tion matiiées to generate preferable one-shift schedules,
Several medifications to the enumeration procedure are also
Qescribed which can, under certain circumstances, signifi-
cantly reduce the computational effort required.

The remainder of this chapter is divided into four parts.
Section 6.2 briefly examines the number of feasible schedules
that can be enumerated from a single cyclic graph. The
discussion illustrates the impossibility of using manual
methods for all but the smallest problems (i.z., shift tours
that are only three or four weeks long), and the need for
anbefficient enumerating algorithm. The concepts and use
of separation matrices are described in sections 6.3

through 6.5. The enumeration algorithm itself is presented

in section 6.6 and illustrated with a detailed sample
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S

problem. Three acceleration techniques are described in

section 6.7.
6.2 NUMBER OF FEASIBLE SCHEbULES FROM EACH CYCLIC GRAPH

Each cyclic graph enumerated for a set of recreation
periods represents a unique allocation of the periods for
the daily distribution of recreation days represented in a
star diagram. To obtain feasible one-shift schedules, the
recreation pericds within the cyclic graph must be "arranged'
in a feasible manner over the weeks of the shift schedule.

As an example, consider the cyclic graph in figure 6.1.

Wed.

Tue. Thu.

Mon. Fri.

Pigure 6.1

Cyclic Graph with Five Recreation Periods

&
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The graph ccntains 12 recreation days which are joined
together into five recreation periods. Assume that these
five periods are to be distributed over a six-week shift
schedule containing 30 work days and 12 recreation days.
One‘feasibie érrangement nf the five recreation periods in
a six-week schedule is shown in figure 6.2. Recreation
Period 1, which begins on Monday in the cyclic graph, is
assigned to week 1. Period 2, which also begins on Monday,

is ggsigned to week 2; and periods 3, 4, and 5 are assigned

M T W T F S S
111Rr R R
212r | R

Week 3 3 Rr R
4 4 R R R
5 5 R R
6

Pigure 6.2

PR Schedule Based on the Five Recreation
Periods in Figure 6.1
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respectively to weeks 3, 4, and 5 in the schedule. It is
important to note that this schedule satisfies the allocation
and period characteristics defined by the cyclic graph in
figure 6.1; i.e., the number. of recreation days on each’day
of the week in the schedule equals the number cf nodes on

the corresponding ray of the éyclic graph, and the length

and start day of each period in the schedule coincide with

a period of the same length and start day in the cyclic

graph. Hence, the schedule in figure 6.2 contains all of

(&)

the information needed to reconstruct the cyclic graph in
figure 6.1. This example illustrates that each one-shift
PR schedule uniquely defines one and only one cyclic graph.'
The inverse of this statement, however, is generally not 7
true. Frequently, large numbers of schedules can be produced
from a single cyclic graph. It can also occur thatlho
feasible schedules can be derived from a graph. |

As an example of an alternate schedule derived from a
given graph, figure 6.3 illustrates a second one-shift
schedule generated from the cyclic guavh in figure 6.1.
Although this schedule differs from the schedule shown in
figure 6.2, ii retains all of the basic properties imposed
by the generating cyclic graph; i.e., the numbér of reCreation
days on each day of the week matches the daily allocatioh of
recreation days 1n the graph, and the length and start day

characterlstlvf for each of- the flve recreation perlods in

figure 6.3 are identical to those in the generating graph
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M T W T F s S

i1tr | | R

2 3 r R 5Rr R
Week 3

4 4 R R R

5

6 [ R R

FPigure 6.3

PR Schedule Based on the Five Recreation
Periods in Figure 6.1

The number of feasible arrangements of the recreation
periods<(where each arrangement corresponds to a distinct
schedule) is related to the number of recreation peribds n
in the graph, and the number of weeks w in the schedule.

As anAexample, in the six-week schedules shown in figures
6.2 and 6.3, the start days for recreation periods 1 and 2
could have been placed in any two of the six Mondays within

the schedule. Similarly, periods 3, 4, and 5 each had six
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possible locations for their respective start daYs. Assﬁming
that the position of each period within the schedule is
independent of the placement of the other periods, an upper
bound on the total number of distinct, one~shift schedules
(i.e., arrangements of the periods) N that can be generated
for a w-week schedule with n recreation periods is given by
the product of the total number of locations for each period;
i.e., N = 'E W= W' For cyclic one-shift SCheduies,'it
can be ass;;id without loss of generality that period 1 is
always assigned to week 1 in the schedule; leaving only n-1
periods to be assigned; consequently ﬁc = Wn"l. These ..
results indicate that the five recreation periods in the
cyclic graph in figure 6.1 can produce, at the most, a total

5-1

of N, =6 = 1,296 one-shift cyclic schedules.

C
Since the cyclic graph in figure 6.1 has a pair of
period disjoint rays*, (the graph has two pairs: (Sunday,
Monday) and (Thursday, Friday)) the'exact number of distinect

non~cyclic schedules N can be calculated using the equation

derived in appendix 10.2; i.e.,

- \ , . N
N = I k ) .
. ; 0 < n, < W-R,
i=1 (W—Ri)..H (nij!) i i

j=1

z ;
: Adjacent rays in a cyclic graph not joined by a
period line (see appendix 10.2).

oa
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where

Ry = riumber of nodes on ray i

i3 = number of recreation periods of type j (length)
that start on day i; j = 1,2,...,k and
i = 1’2,.'.'7-

n,. = total number of periods that start in day i;
n‘ = z n- L
Lo . A
3 J

Equation (6.1) indicates that the five periods in the cyclic
graph in figure 6.1 can be used to produce 4,500 distinct,
non-cyclic one-shift schedules; and 750 cyclic schedules

(N, = N/W}.

As a second example, consider the cyclic graph in
'figure,6.4. This graph contains 20 recreation days combined
into eight recreation periods: four 3-day periods and four
2—-day periods; &hd Tuesday and Wednesday are period disjoint
rays. Using R = 20 and n = 8 in equation (6.1) indicates
that 6,531,840 distinct non-cyclic andk653,184 distinct
- ecyclic 10-week schedules can be created.

These examples illustrate the exponential-like growth
in the number of distinct schedules that can be produced
from a cyclic graph as the number of weeks and recreation
periods increase; and the enormous number of schedules that
can exist for even relatively small cyclic graphs. Although
equation (6.1) is not applicable for cyclic graphs without

a pair of period disjoint rays, it is reasonable to believe
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Wed. » ; . ’ : ﬁ/.

Mon.

Figure 6;4

Cyclic Graph with Eight Recreation Periods

that these graphs will alsc contain approximately the same -

numbers of schedules as has been illustrated above. This |

conjecture is strengthened in sectien 6.5.3 where the reiation—

ship hetween the number of distinct schedq}es'assqciated with

a cyclic graph (whether containing perigé disjoint rayS or

not)vand the number of tours for a modified vefsion bf the

travelling salesman problem is established}

6.3 WORK PERIODS DEFINED BY THE SEQUENCE OF RECREATION;PERIODS
On the surface, the enorﬁdus number ofﬁpossible SChedules‘

that can be produced for even relatively small ‘cyclic gfaphs

) s . Y
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presents a discouraging picture. Complete enumeration, even
done implicitly, can be cdmputatidnally unreasonable when+-
hundreds of thousands of schedules must be examined. In
addition, the qualitative nature of many of the variables

or characteristics that are important in selecting one
schedule over another make the use of algorithmic schemes
which utilize well-defined quantitative objéctive functions
impractical. Both of these difficulties suggest that if
desirable schedules are to be algorithmicaily determined,
methods must ke found which significantly reduce the universe

of schedules to be examined, and that these reduction methods

should be based on constraints which reflect desirable schedule

gualities,

One of the most useful and important schedule character-
istics which can be used to compare and discard large subsets
of schedules is the set of lengths of the individual work
periods associated with each schedule. TIndividual wotk
periods in a schedule may be conveniently defined in terms
of the recreation periods which they separate. As an example,
in figure 6.2 the work period in week 1 separates recreation
pericds 1 and 2. The length of the work period, four days,
is,the number of work days separating the two recreatioh
‘wperiods.  Hence, the work period is defined by the pair of
recreation periods (1,2). The lengths and defining recrea-

tion periods for each of the work periodé in figure 6.2 are

S L

A
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summarized in table 6.1. The work periods for the schedule'

in figure 6.3 are similarly summarized in table 6.2.

T

Work Perio

able G;L

d Lengths for the

Work Days

Schedule in Figure 6.2
\ Defining Number of Days Between
Work Recreation the Recreation Periods
Period Periods (Work Period Length)
1. (1,2) 4
M 2. (2,3) 7
3. (3,4) 7
Sa (5’1) 7
~Total Number of 30

Both schedules contain the same five recreation periods

and a total of 30 work days. The five work periods in each

schedule, however, are seen to vary considerably in length.

In figure 6.2, the‘work~periods range from four to seven

days in length; three of the periods are exactly seven days

long. In figure 6.3, however, the work period lengths

display more variance, ranging in length from a minimum of

‘ one day to a maximum of 11 days. On the basis of work -

B
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Table 6.2

Work Period Lengths for the
Schedule in Figure 6.3

Defining Number of Days Between

Work Recreation the Recreation Periods
Period Periods (Work Period Length)

1. (1,3) ; 6

2. (3'5) l

3. (5’4) 11

4. (4,2) 7

5. (2’1) 5
Total Number of - 30

Woxrk Days

period lengths alone, the second schedule would be less

desirable (and probably unacceptable) to most schedule

designers.

The process by which work period lengths are used to

screen out large subsets of schedules, and also to measure

schedules that are produced is central to the remainder of

this chapter. In the sections- that follow, the concept,

construction, and use of a unique separation matrix
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agssociated with each cyclic graph are described. This

matrix is used to identify schedules which satisfy upper and o

AY
lower limits on work period lengths, and as the basis for

the implicit enumeration algorithm to determine desigable
‘schedules.
' 5.4 SEPARATION MATRIX

Associated with every cyclic graph with n recreation

periods is a nxn matrix S, a separation matrix. Each entry,

Sij’ in the matrix representslthe number of days in the.
work.éériod defined by the ordered pair of recreation periods
(i,j): i.e., the entry 553 is the number of consecitive work

dajs that separate the end of period i from the beginning of :

y

period j. As an example, in the cyclic graph in figure 6.1,
period 1 ends on Wednesday and period 2 begins on Monday.
The s;» entry for the work period defined by the recreation
period pait (1,2) equals four since four work days separate
thevend of periqd 1 from the beginning of period 2. Figuré .
6.S<shows the complete separaéion matrix associated with the .
é&élib-graph in figure 6.1.

Tokcénsﬁruct the matrix shown in figure 6:5, the
minimum sepa%ation values were used fogﬂeach entry, (i.e.,
the minimum Aumber of dayskseparating:;he énd of period i
' jqr are
ﬁét”défined,kand are represented by aydash by figure 6;5.V9A

separation matrix in which minimum separating values are

i

S
L
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Beginning of
Recreation Period

1 2 3 4 5

1 - 4 6 1 2
End of 2 5 - 0 2 3
Recreation
Period 3 3 3 - 0 1
4 0 0o | 2 - 5
5 0 0 2 4 -

Figure 6.5

Elementary Separation Matrix for the
Cyclic Graph in Figure 6.1

used for each pair of ordered recreation periods in graph

C is said to be the elementary separat ion matrix for C.

By construction, each graph has only one elementary separa-
tion matrix. Each entry Sij in an elementary matrix must

lie in the range

0 < s;5 <Ne=l, i3

where NR equals the number of rays in the graph. Hence,
for graphs based on a seven-day week, 0 < sij < 6 for all
1i# 3.
Each entrytin Ehe elementary separation matrix represents

the minimum numbir of zonsecutive work days that can exist
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between each ordered pair of recreation periods. For most
cyclic graphs, several additional values are possible for
each entry due to the fact that two recreation periods can
be separated by the minimum number of days plus one, two,
or more weeks. As an example, figure 6.6 indicates the |
minimum length work period that can exist if recreation
period 1 is immediately followed by period 2. As indicated
- in the matrix in figure 6.5, the minimum s, value is four

days. This minimum separation value can only occur if

M T W T oy S S
1 11r R R L. (grwork days|)
2|%2rR | R | |
Week 3 N
4
5
6
Figure 6.6 5

Placement of Recreation Periods 1
and 2 for Minimum Separation



!
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periods 1 and 2 appear in consecutive weeks of a schedule.
An alternate value for s;z can be obtained if periods 1 and
2 are positioned as shown in figure 6.7. In this alternate
configuration, the recreation periods are now separated 5;
11 consecutive work days; i.e., they are separated by the
minimum separation value (4 days) plus one week (7 days)
'and, hence sy, = 4+7 = 11. A third value for s;» is
possible if recreation period 2 is placed in week 4; then~

S12 becomes 18 (i.e., sS12 = 4+7+7 = 18). In general, the

values for each entry in a separation matrix can be

111 Rr R R | (4jwork |days |&
2 7 work ldays |)
Week 3 (2R R
4
5
6
Pigure 6.7

Placement of Recreation Periods 1 and 2
for Minimum Separation Plus One Week
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represented by

— ]

+ kNR, k=20,1,2,...

where Sij indicates the value in the elemeﬁtary separation
matrix. The number of multiples (k) of Ne that can be
added to the Sij value depends on the number of weeks in
the schedule, the number of recreation periods, and the
entry value itself.

Thus, in addition to the unique elementary separation
matri# for each cyclic graph, there also exist numerous
other separation matrices, each of which contains one or
more entries which are not equal to their elementary matrix
values. The total number of distinct separation matrices
that can be generated from a single cyclic graph can be
quite large; if each entry in an nxn éeparation matrix
(there are n{(n-1) non-diagonal entries in each matrix) has

n(n-1) distinct matrices.

two possible values, there are 2
Hence, a cyclic graph with only five recreation periods
can have over one million distinct separation matrices
associated with it.* Despite the large number of matrices
that may exist for a given graph, it can be shown that all.
acceptable schedules can, in fact, be enumerated from only one

matrix. The selection and use of that matrix is the subject

of the following sections.

*Assuming exactly two alternative values for each
non-diagonal entry in the 5x5 matrix produces

254 _ 220 _ 3 048,576.

B
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6.5 USE OF THE SEPARATION MATIRX TO CONSTRUCT OME-SHIFT,
CYCLIC SCHEDULES

In this section, a sample work schedule iz used to
illustrate how all of the information required to construct
PR schedules can be summarized by designating selected
entries in a separation matrix. The sample schedule is also

used to identifyAproperties of the designated entries which
are used in the enumeration algorithm.

The schedule, based on the cyclié graph in figure 6.1,
is shown in figure 6.8. The length and defining recréafioh
periods for each work period within this schedule are
identified in table 6.3. The separation matrix to be
discussed, shown in figure 6.9, was obtained by addiﬁg seven

days to selected entries in the elementary matrix introduced

M T W T F 8 s
1{1r | R
2 3R R
Week 3 4 | R | R
4 SR | R
5
6 |°rR | R

Figure 6.8

PR Schedule Based on the Cyclic
Graph in Figure 6.1
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Table 6.3

Work Period Lengths for the
Schedule in Figure 6.8

Defining Number of Days BetWeen
Work Recreation the Recreation Periods
Periocd Periods (Work Period Lengths)
1. (1,3) 6
2. (3,4) 7
3. (4,5) 3 .
4. (5,2) 7 “
5. (2,1) 5
Total Number of 30
Work Days
Beginning of
Recreation Period
1 2 3 4 5
1] - | 4 @ *g |% g
. End of 2 @ - [*7 [T9o ™0
Recreation , *
Period 3 |*10 |*10 - 7 8
af*7 |*7 o - @
% % * ' _
51 7 @ 9 | a4 | -
Figure 6.9

Modified Separation Matrix Obtained from the

Elementary Matrix in Figure 6.5
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in figure 6.5. The altered entries are identified with
an asterisk in the upper left-hand corner of their cells.
The selection of this particular separation matrix is
discussed below.

All of the information contained in table 6.3 can be
indicated by designating certain entries in the separation
matrix shown in figure 6.9. As an example, the first work
period in table 6.3 is six days long and is defined by the
ordered pair of recreation periods (1,3). This information
can be indicated in the matrix by circling the (1,3) entry.

In a‘similar mahner, the information associated with each of
the remaining work periods can also be recorded in the matrix
by circling the appropriate entriés.v After the five matrix
entries have been‘designated, the separation matrix in figure
6.9 and cyclic graph in figure 6.1 contain all of the informa-
tion that is needed to construct the work schedule in figure
6.8; the cyclic graph specifies the start day and length for
each recreation period, and the circled entries in the separa-
tion matrix describe the sequence of recreation periods and the
number of consecutive work days between each pair of adjacent
recreation periods.

The significance of this example is that it illustrates
the fact that in determining alternate schedules from a
given cyclic graph, the only schedulé properties that vary
from schedule to séhedule are (1) the sequehce of recreation

periods, and (2) the lengths of the separating work periods;
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and, as noted above, both of these properties can be
described by a set of designated entries in a separation
matrix constructed from the given cyélic graph. Hence,
the enumeration of all feasible schedules for a given cyclic
graph with n recreation periods is equivalent to thé enumera-
tion of all possible sets of n entries from all of %he |
separation matrices that can be produced from the graph.
Quite obviously, howeVer,»ifino»means were available to
limit the scope of this equivalent enumeration process,
no particular advantage would have been gained. Fortunately,
it is not necessary to examine all separation'matrices that
can be constructed for a given cyclic graph. In fact, it is
easily shown that all acceptable schedules‘can be enumeratéd
from only one matrix. Selection of that matrix is discussed
below.
6.5.1 Selection of the Appropriate Separation Matrix

The number of separation matrices to beAexamined for
each cyclic graph can be limited by setting upper (Uw)band
lower (L) limits on work period. lengths within each schedule.
Setting limits on work period lengths is equivalent to
specifying upper and lower limits on the value of each
separation matrix entry sij' (i.e., Lw‘i sij < UW for all,
i,3, i # 3)}. As indicated in table 6.4, the range of the

work period lengths (range = Up,~L,) determines the numbérldf ,
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distinct values that may exist for each entry in matrices

constructed for cyclic graphs with N, rays.

"

Table 6.4

Number of Distinct Values for
Each Separation Matrix Entry

Number of Distinct

Work Period Values for Each
Range Separation Matrix
(PW—LW) Entry

0 < ULy <Ng-1* One or none
UW-LW=NR—1 One
Uy~Ly > Np-1 One or more

*NR=number of rays in the cyclic graph.

for all‘of the applications presented in this paper,
NR = 7; thus for work period ranges up to six days no more
than one acceptable value can exist for each matrix entry,
and, as a result, only one separation matrix will exiSt for

each c¢yclic graph.
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As an example, the separation matrix in figure 6.9 is
obtained from the elementary matrix in figure 6.5 if the
upper limit on work period lengths is ten days (UW = 19)
and the lower limit isvfour days (LW = 4). kSince the
range is exactiy six days, only one acceptable value is

obtained for each S;+ entry. As a result, this one matrix

J
contains all of the information necessary to enumerate all
acceptable 'schedules (i.e., all schedules based on the
cyclic graph in figure 6.1 which contain wérk periovds that
are between four and ten days in length).

If a work period range of less than six days is used,
~ there may not be an acceptable value for every matrix
entry. For example, if the work period limits had been set’
at UW = 9 days and LW = 4 days above, no acceptable values
would have been found for entries (2,5), (3,1) and (3,2).
In such a case, these entries could not be used in the
construction of a schedule and the number of schedules
(i.e., sequences of recreation periods) based on this

matrix would be correspondingly reduced,

6.5.2 Characteristics of the Designated Matrix Entries
Corresponding to Feasible Schedules
In addition to limiting the search for acceptable

‘schedules to a single separation matrix by designating i
upper and lower limits on work period lengths, the enumera~—

it
1

tion of all schedules for a given cyclic graph can be

accelerated by utilizing characteristics which are common
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to eVerﬁzset of designated matrix entries which describes
a*feasible'schedule. These characteristics are:

(1) the sum of the values of the designated entries
in the matrix must equal the number of work
days in the schedule; and

(2) the separation matrix must contain one and
only one designated entry in each row and
column.

The first characteristic is a quantitative statement

of the correspondence which must exist between the work

~period lengths in a feasible schedule and the corresponding

set of designated matrix entries. The second characteristic

reflects the requirement that each recreation period of the

cyclic graph be used once and only once in a feasible
schedule. As an example, consider the schedule shown in
figure 6.8, and the corresponding set of designated matrix
entries shown in figure 6.9. This set of entries possesses
both of the chéracteristics identified above: +the wvalues
of the five entries sum to 30 work days, and one and only
one designated entry appears in each row and column of the
matrix. The first characteristic insures that the five
work periods and five recreation periods produce a six-week
schedule (42 days long). Since the five recreation périod
lengths sum to 12 days, the five work periods must contribute
exactly 30 days. The appearance of one designated entry in
each row and column of the matrix insures that each recrea-

tion period appears once and only once in the schedule.
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This example illustrates that both characteristics
are necessary properties (i.e., no feasible schedules will"
be found for any set of entries which does not possess both
properties). Although necessary, the properties are not

sufficient (i.e., not every set of matrix entries which

possesses both properties will define a fea;ible schedule) .
In the following section, these two feasibility
properties are used to develop an analogy between feasiblé
tours for the travelling salesman problem and feasible

solutions to the one-shift schéduling problem. This
analogy is used to identify an additional feasibility
requirement for each set of matrix entries.

6.5.3 Analogy of the One-Shift Scheduling Problem to the
Travelling Salesman Problem

In the simplest statement of the travelling salesman

problem, a salesman is regquired to visit n cities, beginning

from his home in city 1 and visiting each of the other n-1
citiés once andkonly énce before returning home. The
salesman's problem is to select the sequence of cities
(tour) which will minimize the total distance travelled.

| Associatéd with each nyﬁity travelling salesman problem

is a nxn distance matrix, D, in which each matrix entry,

{dij}, equals the travel distance between two cities (dij

equals the distance from city i to city j). It is not
necessarily true that dji = dij; i.e., the travel distance
between two cities may differ with travel direction.

2
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Associated with each visit sequence to the n cities is a
unique set of n distance matrix entries which are defined
by the travel sequence. The total travel distance of each
sequence equals the sum of these n entrieg, and the optimal
travel sequence defines the set of n dij's with the lowest
sum.

As aﬁ example, figure 6.10 contains a distance matrix
for a five-city problem. The matrix contains one row and

column for each city and displays the travel distances

Home 1 - 4 (:) 8 9

City

L (3% N
-
o
-
o
t
0

Figure 6.10

Distance Matrix for a Five-City
Travelling Salesman Problem
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betWeen each pair of cities for both directions of travel
{the entries on the main diagonal are not used). For this
particular problem, the minimum (optimal) travel distance
is 30, which can be achieved with four distinct travel
sequences. Using city 1 as the home city, the four

sequences are:

1 {1,2,3,4,5,1}
2 {1,2,3,5,4,1}
3 {1,3,4,5,2,1}
4 {1,3,5,4,2,1}

The five matrix entries associated with the number 3
sequence are circled in the distance matrix.

In general, an n—city travelling salesman problem has
(n-1)1! distinct visit sequences that must be examined. To
date no integer programming algorithm has been devised
which is capable of finding the optimal travel sequeﬁce for
the general n-city problem. A variety of iterative schemes
have been attempted, but all eventually succumb to the
enormous number of segquences that exist as the number of
cities incieases (95).

The analogy between the travelling salesman problem
and the work scheduling problem is easily established with
recognition of the equivalencé between distance and separa-
tion matrices. FEach separation matrix associated with an

n-recreation period cyclic graph can also be considered as
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kiiif‘ a distance matrix for an n~city travelling salesman problem
if the following corresponderices are made:
(1) each recreation period in the separation
matrix corresponds to a city in the
distance matrix; and
(2) each work period length in the separation
matrix corresponds to a travel distance
between cities in the distance matrix.
With these correspondences, use of a separation matrix to
find work schedules in which each recreation period appears
once and only once is equivalent to using a distance matrix
to find a travel sequence jin which each city is visited
once and only once.
As an example; if the two correspondences identified
above are applied to the separation matrix in figure 6.9,
the matrix becomes identical in both structure and interpre-

tation to the distance matrix in figure 6.10, In figure 6.9,

the five designated entries define a feasible work schedule

—
poors

e S
T

(figure 6.8), and the five designated entries in figure 6.10
define a feasible travel seguence (sequence 3). The identical
étructure of the designated entries  in both matrices illus-
trates that the properties identified in the proceeding
section for each set of separatidn matrix entries correspon-
aing to a«feasible schedule also apply, in an analagous
manner, to each set of designated entries in a distance
matrix which correspond to a feasible travel sequence. In

terms of the travelling salesman problem, these characteristics

‘ ares

57
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(1) one and only one designated enéry appears
in each row and column (each city must be
visited once and only once); and

(2) the sum of the designated entries equals
the total travel distance of the sequence.

The analogy between the work scheduling and travelling
salesman problam indicates that the task of determining
feasible work schedules from a separation matrix is )
equivalent to finding solutions{fqgjg special kind of
travelling salesman problem. As illustrated above, solu-
tions to both problems are structurally identical; i.e,,
each feasible schedule (travel sequence) must use {visit)
each recreation period (city) once and only once with a
return to the initiating period (home city). Im the
travelling salesman problem, the usual objective is to find
the travel seguence which minimizes the £otal distance
travelled. For the work scheduling problem, however, the
objective is to enumerate schedules (travel,sequéﬁceS)_f‘ |
which contain (equal) a given number of work days (tfaVel
distance). | 2

Recognition of the equivalence between the schedulipg

and travelling salesman problems suggests another‘feasibi;ity

constraint for the set of designated matrix entries corres;}_ot:cn«-‘~
ding to a feasible schedule. As in the travell%ngféalesmdp

problem, disconnected sequences (subtours) of {he recrea-

!
i

tion periods f(cities) do not produce feasible schedules

i

(visit sequences), i.e., the sequence of recreation periods °
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(cities) must not "return" to the initiating recreation
period (home city) until each recreation period ({(city) has
been used (visited) once. As an example, the recreation
period sequence described in table 6.3 is {(1,3),(3,4),(4,5),
(5,2),(2,1)}; each two-number pair (i,j) defines a work
period of the schedule (or leg of the travel sequence),

and the sequence of recreation periods is {1,3,4,5,2,1}.

Each period appears only once in the sequence before period
L appears again to complete the schedule (tour).

To illustrate an invalid set of entries, consider the
sequence of entries {(1,3),(3,2),(2,1),(4,5),(5,4)} from
the same separation matrix (figure 6.9). Although this
sequence uses one and only one entry from each row and
column of the matrix, and the sum of the entries eguals
30, the required amount, the entries do not define a feasible
schedule (or travel sequence) because tﬂe sed@ence is
disconnected: the sequence {1,3,2,1,4,5,4} returns to
period 1 before including periods 4 and 5.

The following section describes an algorithm to enumer-
ate sets of matrix entries from a given separation matrix
which define feasible one~shift schedules. The algorithm
utilizes the feasibility requirements developed in this

and the preceeding section.
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6.6 AN ALGORITHM FOR THE ENUMERATION OF ONE~SHIFT CYCLIC
SCHEDULES

This section describes an implicit enumeration scheme>
to obtain all feasible work schedules for a given separaﬁion
matrix by constructing the unique set of matrix entries
associated with each schedule. The efficient enumeration of
feasible sets of separation matrix entries is achieved by
utilizing the characteristics (feasibility constraints)
identified in section 6.5. Summarizing briefly, for each
set of designated matrix entries corresponding to a feasible
work schedule:

(1) one and only one designated entry appears

in each row and column of the separation
matrix (i.e., each recreation period is
used once and only once); '

(2) the sum of the values of the designated
entries equals the total number of work
days in the schedule; and

(3) the segquence of matrix entries is connected
(i.e., each recreation period appears once
in the sequence before the sequence returns
to the initiating period).

The logic uséd to enumerate feasible schedules is a
branch-and-bound procedure (93,94). All of the basic
elements of the algorithm are presented in this section.

The branching rule is described first. This rule is
derived from the requirements that feasible sets of entries
must be connected, and must use each recfeation period once.

This is followed by a discussion of the algorithm's bounding

procedure, which is based on the requirement that every
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feasible schedule possess a specified number of work
days.

The algorithm has been used to find one-shift schedules
with up to 10 recreation periods. The primary difficulty
encountered in use of the algorithm on mat;icés which are
greater than 10x10 in size lies not with an inefficiency
of the algorithm itself, but rather with the large number
of feasible schedules which frequently must be enumerated.
Some acceleration techniques which focus the algorithm on
more desirable schedules are presented in section 6.7.

6.6.1 Enumeration of Feasible Sequences of Recreation
Periods — The Branching Process

As indicated above, the determination of all distinct
one-shift schediules from an nxn separation matrix is
equivalent to determination of all sequenced set of matrix
entries

{(iyj) 7 (J.k) Feesym,n), (nti)}

which possess the following characteristics:
(1) the set contains exactly n entries;

{2) the set forms a connected sequence of
entriesg} and

(3) the sum of the entries equals the total
nunber of work days reguired in the
schedule.,
The branching process is used to construct, entry by

entry, all sets which satisfy properties (1) and (2) above.

The process of constructing feasible sets is based on the
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observaticn that each set of n connected matrix entries
can be alternately described by a unique sequence of
recreation periods containing nt+l components (i.e., the
sequence of connected matrix eﬁtries'{(i,j),(j,k),...,(m,n),
(n,i) } is uniquely described by the sequence of recreation
periods {i,3j,k,...,m,n,i}). Each sequence of n+l recreation
periods which describes a set of n matrix entries satisfying
properties (1) and (2) above, possesses the following
characteristics: |

(1) the sequence contains exactly n distinct

recreation periods (the first n periods in

the sequence); and

(2) the sequence begins and ends with the same
period.

To illustrate, consider the set of five entries indicated
in the separation matrix in figure 6.9: {(1,3),(3,4),(4,5),
(5,2),(2,1)}. This set of-entriesrwhich defines the feasible
work schedule shown in figure 6.8; can be uniquely represented

by the six-component sequence of recreation periods:

{1,3,4,5,2,1}. (The sequence contains five distinct recrea-

tion periods, and begins and ends with the same period.)
Recalling the travelling salesman problem, the sequence of
recreation periods is the analogue to the sequence of cities
visited. The remainder of this section describes the
branching process in terms of the enumeratiqn ofkall;

feasible sequences of recreation periods.

N
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; . To describe the process the following terms will
be used:
' node - a specified subset of the set of all

feasible sequences (node 0 represents
the set of all sequences)

i

branch a directed line segment connecting two

nodes

tree of solutions - a graph of all the nodes and branches
: for a particular problem

path to node k - a sequence of nodes and branches from
node 0 to node k :

terminal node -~ a node representing one feasible
sequence.

To illustraté_the process, consider the enumeration of
all feasible sequences {r;,r2,rs; ,ry}from a 3x3 separation
matrix. ’There are a total of six feasible sequences to be
found: {1,2,3,1}, {1,3,2,1}, {2,1,3,2}, {2,3,1,2}, {3,%,2,3},
aﬁd'{3,2,1,3}. The tree of solutions for this problem is
shown in figure 6.11. The circles represent the nodes
and the superscript for each node indicates the sequence
in which the nodes are formed. The equation within each
‘node is the constraint imposed at that node; e.g., at node
1, r; = 1 indicates that node 1 represents the set of all
sequences with r1k= 1. a sequence at any node must satisfy
all of the constraints imposed by every node which lies on
the path fromknode to that node., Node 14, for example,
represents the set of all sequences with r1 = 2 and r, = 1.
The six feésible sequences for this problem are £epresented

. by terminal nodes 7, 11, 18, 22, 29, and 33.
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Tree of Solutions for the Enumeration of Feasible Seguences
of Recreation Periods for a 3x3 Separation Matrix
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To enumerate these six feasible sequences and the
tree of solutions in figure 6.11,’the process begins at
node 0. The set of all seguences, represente@ by node o, is
divided into three mutually exclusive subsets: the set of
all solutions with r; = 1 (represented by node 1), the set
of all solutions with r; = 2 (represented by node»lB), and,
the set of all solutions with r; = 3 (represented by node
25) .

Next, each of these three nodes is subdivided into
three mutually,exclusive sets. From node 13, for example,
three sets of solutions are produced: the set of all
solutions with r, = 1 and r; = 2 (represented by node 14),
the set of all solutions with r, = 2 and r; = 2 (represented
by node 19), and the set of all solutions with r, = 3 and
ry = 2 (represented by node 20).

If each of the level 2 nodes* were niow subdivided into
three subsets, and each of these subseis further divided
into three sets, each of the resulting 81 nodes (3% = 81)
Would represent one sequence, defined by the four cbnstraints
prescribed on the path from each level 4 node to node 0.

‘Only six of these 81 solutions, however, is feasible.

* ‘ . ;
The level of a node is defined to be the number of

constraints that apply to the set of sequences represented
. by that node (e.g., in figure 6.11, node 13 is a level 1
node, node 20 is a level 2 node, node 21 is a level 3 node,
and node 22 is a level 4 node), In a tree of solutions for
an nXn separation matrix, all terminal nodes are n+l
level nodes.
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The enumerétion of all 81 level 4 nodes or even all
27 level 3 nodes (3 = 27)is not necessary however if the
constraints idﬁntified above for each feasible sequence of
recreation periods are used. In deriving feasible sequences

for an nxn separation matrix, these constraints are:

(1) the first n recreation periods in each
seqguence must be distinct; and

(2) the n+lst period in each sequence must be
identical to its initiating (level 1)
period.

Use of these constraints is also illustrated in
figure 6.11. The first constraint is used at levels 2 and
3 to weed out subsets of solutions which use the same
recreation period more than once. Three such subsets occur
at level 2 (hodes 2, 19, and 36). For each of these nodes;
marked with a |_; sign, the recreation peridd assigned to
r, of the seqﬁence is identical to the period assigned to
ry; of the sequence. As a result, only six of the level 2
nodes are used to generate nodes at level 3. Of the 18
nodes formed at level 3, 12 also‘violate this feasibility
constraint by assigning a recreation period to rj;-that has
already been assigned to r; or r: of the sequence. Only |
nodes 6, 10, 17, 21, 28, and 32 satisfy this constraiht.

In general, the branching process is éffectively'
completed at level h of the tree of solutions (level 3 in
figure‘G.ll) because the final period in eachvfeasible

sequence (assigned at level n+l) must be identical to its
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initiating period. Consequently, as shown in figure 6.11,
only one branch descends from each of the six active nodes
at level 3, and the period assigned at level 4 is identical
to the initiating period for each sequence.

To illustrate the construction of the unique wofk
schedule associated with each feasible sequence of recreation
days assume that the recreation periods to be used in the six

sequences found in the example above come from the cyclic

-.graph shown in figure 6.12. The graph. contains seven

recreation days which are clustered into thres recreation

periods: period 1 which is two days long and begins on

Wed.

Tue. Thu.

Mon. 1 Fri.

Sun. Sat.

Figure 6.12

Sample Cyclic Graph with Three
Recreation Periods



-275-

Monday, period 2 which is three days long and begins on
Wednesday, and period 3 which is two days long and begins'
on Saturday. If upper and lower limits of 10 ahd 4 days
respectively are used for work period lengths, the modified
separation matrix in figure 6.13 is formed.

With the inforﬁation contained in the cyclic graph in
figure 6.12 and the éeparation matrix in figure 6.13, each
of the six feasibie sequénces of recreation periods derived
above can be used to construct a one-shift PR scheduie.' The
convention used in this thesis, without loss of generality,

is that the initiating recreation period of a feasible

Recreation Period

1 2 3
1 - 7 10

Recreation
Period 2 g - 7

3 7 9 7

Figure 6.13

Separation Matrix for the Cyclic Graph in Figure 6.12
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sequence is always placed in week 1 of the schedule.* As an
example, ccn31der the sequence of periods represented by node
7 in figure 6.11: {1,2,3,1} which defines the following

sequence of matrix entries: {(1,2),(¢2,3),(3,1)}. The

- values for these entries indicate the lengths of the work

periods used to separate each pair of recreation periods in
the schedule. The four-week cyclic schedule based on this
sequence is shown in figure 6.14.

Period 1 is placed in week 1 of the schedule. Once
the position of the first recreation period is determined,

the remainder of the schedule can be constructed by laying

Week 2 2 ) R | R

Figure 6.14

PR Schedule Constructed with the {1,2,3,1} Sequence of
Recreation Periods and the Separation Matrlx in Figure 6.13

Thls convention is not applicable for the construc+1on

of non-cyclic schedules (see chapter 7).



=277~

out the work and recreation periods in the order specified
in the feasible sequence. Since recreation periocd 1 begins
on Monday and is two days long, the work period following
it must begin on Wednesday. Since this work period
separates recreation periods 1 and 2, its length is given
by matrix entry (1,2): seven days. Hence the work period
begins on Wednesday of the first week and ends seven days
later on Tuesday of the second week. The second recreation
period, period 2, begins on Wednesday of the second week
and ends three days later on Friday. The next wéik period
which separates recreation periods 2 and 3 begins on
Saturday of the second week and ends seven days later
(matrix entry (2,3) = 7) on Friday of the third week. The
third recreation period is placed on Saturday and Sunday

of the third week and the final work period which separates
recreation periods 3 and 1 runs from Monday through Sunday

of the fourth week (matrix entry (3,1) = 7). Each work

- schedule associated with the other feasible sequences

found in figure 6.1l and based on the separation matrix in -
figﬁre 6.13 are constructed in a éimilar manner (see figures
6.15-6.19).

These six schedules also illustrate two characteristics
whichycan be used to reduce the computational effort aSSOCiéted

with the enumeration of acceptable cyclic schedules. These
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Week

N S
[¥3)
s
P

Figure 6.15

PR Schedule Constructed with the {2,3,1,2} Sequence of
Recreation Periods and the Separation Matrix in Figure 6.13

Week 2

4 2 g R R

Figure 6.16

PR Schedule Constructed with the {3,1,2,3} Sequence of
Recreation Periods and the Separation Matrix in Figure 6.13
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M T W T ¥ S S
1{1R R
2 3R | R
Week 3
4 2R | R | R
5 -
Figure 6.17

PR Schedule Constructed with the {1,3,2,1} Sequence of
Recreation Periods and the Separation Matrix in Figure 6.13

Week 3 | 2R | R | R

5 11r R

Figure 6.18

PR Schedule Constructed with the {3,2,1,3} Sequence of
Recreation Periods and the Separation Matrix in Figure 6.13

Sy
N .
Yl
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M T W T F S S
1 2R | R | R
.,
Week 3 1r R
| 4 3R R
5

Figure 6.19

PR Schedule Constructed with the {2,1,3,2} Séquence of
Recreation Periods and the Separation Matrix in Figure 6.13

characteristics are:

(1) each feasible sequence produced by the branching
process described above does not produce a
distinct cyclic schedule, and

(2) all distinct cyclic schedules produced by the
branching process do not have the same period
length.

The use of each of these characteristics to accelerate the
enumeration of all distinct schedules with a prespecified

schedule period length is discussed below.
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6.6.1.1 Distinct Cyclic Schedules

The branching process described above is based on the
observation that each feasible sequence of n matrix entries
can be characterized as an unique linear permutation of n
recreation periods (i.e., all feasible sequences can be} &
found by enumerating all linear permutations of the n
periods and adding an n+lst component which is identical to
the first component of the permutation). As a result, the
branching process described above producés as many feasible
sequences as there are linear permutations of n periods
(i.e., for n recreation periods, exactly n! feasible seQuénces
will be found*). As an example, in the three~period problem
above, n! = 3! = 6 feasible sequences were found. |

The work schedules constructed from the six seqguences
derived in that example illustrate that each feasible
sequence of recreation periods does not necessarily préduce
a distinct cyclic schedule. The six cyclic schedules shown
above actually represent only two distinct schedules, each‘
shown in three different ways. The three schedules shown
in figure 6.14, 6.15, and 6.16 are equivalent representations
of the same cyclic schedule, and the three schedules shown in
figures 6.17, 6.18, and 6.19 are equivalent represéntations

of a second distinct cyclic schedule. ‘The work schedules

*This result assumes that the n periods are distinct.
Modification of the branching process when two or more
periods are identical (i.e., have the same start day and
length) is discussed in section 6.7.
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shown in figures 6.14, 6.15, and 6.16 are equivalent cyclic
schedules in the sense that each schedule can be obtained
from either of the other two by rotating the schedule brackets
(e,g.; the schedule in figure 6.14 can be obtained from the
schedule in figure 6.15 by rotating each bracket “"down" one
week and moving the bracket for week 4 back to week 1).
Conversely, distinct cyclic schedules have the property that
éhey can not be obtained from one another by rotating
schedule brackets.

The identification of sequences of recreation periods
which yield equivalent cyclic schedules is gquite simple.
If the underlying (or generating) permutations* for any two
sequences are themselves cyclic permutations of each other, =
the resulting schedules from the sequences will be equivalent.
As an example, the underlying permutations.for the sequencesh
used to construct the equivalent schedules in figures 6.14,‘
6.15, and 6.16 are {1,2,3}, {2,3,1}, and {3,1,2}; each is

a cyclic permutation of the other two. Similarly, the per-

mutations for the sequences used to construct the equivalent

schedules in figure 6.17, 6.18, and 6.19 are {1,3,2}, {3,2,1}
and {2,1,3}; again each is a cyclic permutation of the

other two.

The underlylng permutation for any feasible sequence

‘of n+l periods is the first n components of the sequence

(e.g., the underlying permutation for the sequence {1,2,3,1}
is {1,2,3}).
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it

The problem of determining the number of distinct cyclic
S

schedules that can be produced from an n recreation period
matrix is analogous to the problem of determining the total
number of distinct seating arrangements for n persons around
a table. It has been shown by many authors that there are
exactly (n-1)! distinct arrangements for n distinguishable
persons and n cyclic permutations for each arrangement.
The distinguishing feature of each seating arrangement is
the relative position of each person at the table with respect
to every other person raﬁher than the absolute ldéation of
each person at the table itself. | |
Similarly, feasible sequences based on n distinct
recreation periods carn be used to create (n-1)! distinct
cyclic schedules, and each distinct schedule can be represented :
in n different ways correépondingito n cyclic permutations of
the underlying permutation associated with each feasible
sequence. Hernce, there are (n-1)!*n = n! feasible sequences
for an n recreation ?eriod matrix -- a result noted above.
As an example, consider the three recreation period problem
(n=3) discussed above: six feasible sequences were found

(n! = 3¢

6), two distinct cyclic schedules were constructed
((n=1)! = (3=1)! = 2), and three equivalent sequences wére
found for each schedﬁle (n=3).

Enumeration of a set of (n-1)! feasible sequences,
each correSponding to a distinct cyclic schedule can be

‘accomplished with the branching process described above
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by adding the requirement that the same recreation period
be used as the initiating (or level 1) pefiod in every
sequence (i.e., requiring r; = c for all sequénces). With
this additional constraint, the branching process will
produce (n-1)! feasible sequences (for an n-period problem)
which can be used to construct (n-1)! distinct cyclic |
schedules.

The validity of the r; coﬁstraint is based oh the
cbservation that each of the n underlying permutations which
correspond to each distinct schedule can be characterized by
the recreation period which occupies the r; component (i.e.,
each of the n underlying permutations begins with a different
recreation period). Since there are n distinct periods in
each underlying permutation, each period is used as the r;
component for one cyclic permutation. Hence, specification
of a constant r; component for all sequences has the effect
of eliminating exactly n-1 feasible sequences for each
distinct schedule.

As an example, for the n = 3 case, the underlying
permutations for the two distinct schedules are ‘(l) {1,2,3},
{3,1,2}, and {2,3,1}, and (2){1,3,2}, {3,2,1}, and {2,1,3}.
Specification of the r; component to one value, (e.g.,

r; = 1), eliminates all but one permutation for each

schedule.
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‘Computationally,‘adding the requirementfthat ry = C
(any of the n periods can be used for c¢) eliminafes all but
me of the levell nodes from the tree of solutions. For
example, if the constraint r; = 1 had beenfépplied to the
tree of solutions in figure 6.11 only that portion of the
tree descending from node 1 would have been generated and
only two feasible sequences would have been enumerated:
{1,2,3,1} and {1,3,2,1}. These sequencés, based on non-
cyclic permutations, produce the distinct cyclic schedules
shown in figures 6.14 and 6.17 respectivélyok
6.6.1.2 Cyclic Schedule Length

The rotation period length of a cyclic schedule is
the number of weeks P (or days Py=7P,) required to rotate
once through all schedule brackets., The six work schedules
in figure 6.14 through 6.19 illusﬁrate that the period  @
length of distinct schedules based on the same set of redrea~
tion periods and Separation matrix may be different. The |
discussion in this section identifies the relationship'
between the rotation period length of a schedule and the
totél number of work days S, defined by the sequence of
matrix entries aésociated with that scheduié.

The rotation period length of a schedule in days,equals
the sum of the recreation dayé R define by the ¢y¢lic graph,
ahd‘the(work;days Su defined by the sequence of matrix entfies;~'
i.e., ; | -

(6.2)



-286-

Since R ig constant for every schedule enumerated from the
séme separation matrix, schedules with different Py values
can only occur because of differences in their respective
Sy values. Conversely, specification of a Pp value ﬁor a

schedule also identifies its Sy value; i.e.,

where SW(PD,R) indicates that SW is a function of both PD

and R.

As an example, both schedules shown in figures 6.14
and 6.17 use ten recreation days (R = 10). The four-week
schedule (PD=28) in figure 6.14, however, only requires
SW(ZB,iO) = 18 work days while the five-week schedule
(PD=35)in figure 6.17 requires SW(35,10) = 25 work days.

The algorithm described in this chapter uses result
(6.3) to produce schedules with a specific rotation period
length by enumerating only sequences of matrix entries
which sum to a SW value specified by SW(PD’R)' The use of
this restriction as a bounding procedure is described in
section 6.6.2.

It is interesting to note that despite the large number
of feasible sequences of recreation periods that can be
enumerated from a separation matrix ((n-1)! sequences from
‘an nXxn matrix), the number of distinct SW values ésspciated

with the sequence of matrix entries is usualiy quite small.

e
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Let AW represent the set of allowable integer values
for Sy for a given set of recreation periods and a
specific separation matrix. Each value in set Ay, must

satisfy the following constraints:

(1) nLy, < Sy < nU, (6.4)

(2) (R+S = 0% ., ' (6.5)

W)mod 7

In the first constraint, Uy, and Ly, are the upper and
lower limits respectively on work period lengths, and n
equals the number cf work periods in each schedule. (In
a cyclic schedule, the number of work periods eguals the
number of recreation periods.t) The second constraiht
limits SW to valﬁes which make the sum R+SW equal to a
multiple of seven (i.e., values which make the schedule
period length equal to an integral number of weeks).

| Both constraints are imposed on SW‘by the manner in
which the separation matrix is constructed. The first
constraint is easily shown. Since each entry in the matrix

{sij} satisfies the constraint:

Ly < {s55 20U

Wl

*
Amod X

integer less than or equal to A/x (e.g., 10, .4 7 = 3-10- 7[ﬁ-] =
3).

= A~ x[—] where [ ] 1ndlcates the greatest

TExcept in the trivial case when either R or S are
zero (i.e., a schedule contdining no work or recreation -
days) . , .
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the sum of any n entries from the matrix must satisfy the
first constraint identified above. (Every Sy represents
the sum of exactly n matrix entries.)

To verify the second constraint, the following geometric
interpretation of schedule period length can be used. Each
cyclic schedule consists of an unique alternating sequence
of*work and recreation periods. Each sequence car be used
to &gfine a circular path on the generating cyclic graph of
the ébhedule. The path is defined to begin on the start
ray of the first recreation period in the feasible sequence
and advances ray by ray around the graph in a cléckwise
direction for each recreation and work period in the schedule
until the ray corresponding to the last day of the final |
work peried is reached. For each period, the path is
advanced by the number of rays that equals the number of
days in the period. Hence, the total number of rays covered
by the entire path equals the period length of the schedule
in days.*

The length of the schedule rotation period in weeks can
be obtained by counting the number of times the péth forms
a complete cycle around the seven rays of the graph. Each
cycle (or week) begins on the start ray of the first

recreation period and ends seven rays later. The period

*
Since the path may extend around the graph multiple
times, each ray in the graph may be covered or crossed
- several times; each crossing is counted as one day.
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length of a schedule will equal an integral number of weeks
if the path ends on the ray immediately preceeding the start
ray of the first recreation period. The last work period
for each feasible sequence obtained from the branching
process described above satisfies the requirement for a
complete c¢ycle, that is, for sequences based on n recreation
periods, the last work period in the schedule is defined by
the ordered pair of recreationperiods(rn,rl). Hence, the
last work period extends the path to the ray immediately
preceeding the start ray for period ri, thus completing

the last cycle of the path and producing a schedule period
length equal to an integral number of weeks.

To illustrate how the two constraints limit the number
of values that can exist in set Ay consider a problem in
which cyclic schedules are enumerated uging a cyclic graph
with ten recreation days (R=10), and a five period (n=5)

separation matrix with Uy = 8 and LW = 4. The (6.4) constraint

sets the following upper and lower limits on SW; i.e.,

(5) (4) < 5, < (5)(8)

<
20 < S, < 40 . (6.6)

W
The allowable values for Sw imposed by the constraint (6.5)
are more easily determined if the constraint is rewritten as:
7% ko= 01,2400 ,18 Ry 7 = 0

Tt (T-R_0q ) K = 0,1,2.00 3f Ry o # 0

| T (6.7

W\

SW =

-3

iy
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Using (6.7), the allowable values for R = 10 (10mOd g = 3 # 0)

are given by:

S, = Tk + 4 k=20,1,2,...
or
SW = 4,11,18,25,32,39,46,... (6.8)

Combining (6.6) and (6.8) yields the values for set BAy: d.e.,
A, = 125,32,39} .

The schedule period length (in weeks) for each SW in
AW is obtained by adding the R value and dividing by seven
(e.g., 8y = 25 produces a schedule with P =(25+10)/7 = 5
weeks, Sp = 32 produces a schedule with Py =6 weeks, and
Sy = 39 produces a schedule with Py =7 weeks) .

Hence, in the example abowve, although 24 feasible
sequences (n = 5, (n-1)! = 24) would be produced from the
sepatation matrix (with each sequence representing a distinct
schedule), the sum of the matrix entries associated with
each sequence would sum to only one of three values: either
25, 32, or 39 days.

6.6,2 Enumeration of Feasible Sequences of Recreation
Periods - The Bounding Process

The branching procedure described in section 6.6.1 is
used to enumerate all distinct cyclic schedules (régardless
of period length) based on a given set of recreation periods and
a uniqgue separétion matrix. The procedure enumeratés one sequence

of recreation periods for each schedule. The bounding
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procedure described in this section is used fo restrict -
the branching process to feasible sequencesﬁwhiqh correspond
to schedﬁles with a specific period length. :

The bounding procedure is based on the calculation of
upper and lower bounds on the total number of work days for
all recreation period sequences which descend fiom each node
in the branching process. 'These bounds, based on the- unique
partial sequence associated with each node, can be used to
terminate exploration of tree branches prior to the final
level based on the knowledge that the corresponding. recrea-
tion period sequences will not produce schedules with the
correct number of work days (i.e., the number of work days
required to produce the desired schedule period length).
With the use of these bounds the only sequences which are
fuliy enumerated are those which are both feasibie and.
correspond to schedules with a specific rotatién period
length.

Initial upper and lower bounds on the total numkry of
work days for all feasible sequences are caiculated using
entry values from the separation matrix. As the tree of

solutions grows, information based on the partial sequence

of recreation periods associated with each node in the tree

is used to improve the initial bounds (i.e., reduce the
range between the upper and lower bounds). The bounds
agssociated with each node are used_to’determine whether any

"a¢ceptablﬁ gghedules will be produced by any of the feasible

LX 4
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sequences that may descend from that node. If the bounds

indicate that no acceptable schedules will be found, the

node is terminated. The remainder of this section (1)
describes how the initial bounds are calculatew from the
separation matrix, (2) describes how the bounds are
improved at each node in the tree, and (3) illustrates
the procedure wifh a simple example.

Calculation of the initial bounds for all feasible

' sequences is based on the observation that (1) the total

number of work days associated with each feasible sequence
is given by the sum of the matrix entries defined by the
sequence, and (% +that each set of entries consists of one
and only one entty from each row and column of the matrix.
As a result, the total number of work days SW associated
with each set of entries can be described either as the

sum of n "row" entries (i.e., one entry from each row of

the matrix), denoted as

whéré"ri equals the matrix entry for row i, or equivalently,
as the sum of n "column entries (i.e., one entry from each

column of the matrix), denoted as

SW =1 + ¢ + ... + Cn {6.10)

" where cj equals the matrix entry for column j. Upper and

lower bounds for Sy are calculated by using upper and lower
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bounds on the individual terms r; and cj in equations (6.9)

and (6.10).

i j
the matrix entries in each row i and column j of the separa-

Specifically, let 2r and lc represent lower bounds on

tion matrix; i.e.,

Qr. = m%n sij’ i=121,2,v..,n (6.11)
L J
and
zcj = min sij' j=1,2,s0.,n (6.12)

Similarly, let u,. and u, Trepresent upper bounds on the

‘ i i
matrix entries in each row i and column j; i.e.,

u. = max Sij’ i=1,2,.4.,n (6.13)
1 J
and
uCj = m?x sij’ 3 =1,2;0..,0 (6.14)

Using the lower bounds given in (6.11) and (6.12) on the
values of individual matrix entries,\tﬁe following results
can be obtained. Since entries from each row i must satisfy

r. > %
i~ "r.’
i

must satisfy

e sum of the n entries in each feasible sequence

n
J ory > 7% (6.15)
i=1 i=

Similarly, since entries from each column j must satisfy

€5 > %o, the sum of the n entries in each feasible sequence
: 5" ;
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must satisfy

n n
DEECTER I S (6.16)

Since the left-hand sides of (6.15) and (6.16) both equal
S (equations (6.9) and (6.10}), a lower bound L on the
total number of work days in any feasible sequence of n

matrix entries is given by

L = max IoA. s ) % . (6.17)
121 Ty 21y

An upper bound U on the total number of work days can

be derived in a similar manner. Since ry < u. holds for
i

every row i, the sum of n row entries in a feasible sequence
is bounded from above by
n n
DRI {6.18)
= i=1 i
Similarly, since cj_i u, holds for every column j,
J
the sum of n column entries in a feasible seguence is bounded
from above by
n n
¥ cy < l u (6.19)
3=1 3=
Hence, an upper bound U on the total number of work days in

any feasible sequence of n matrix entries is given by



n
U=min ¢} u_, ] u . (6.20)
1= == 3 .

To illustrate the computation of these upper and lower
bounds, consider the 4x4 separation matrix shown in figure
6.20. The matrix is based on the cyclic graph containing e
ten recreation days shown in figure 6.21, and is to be used
to enumerate one-shift schedules with a five-week rotation
period. The upper and lower bounds on the matrix entries
within each row and column of the separation matrix are
indicated to the right of each row and below each column
(e.g., the upper and lower bounds for the entries in row 2
are ten and seven days respectively). The U and L values
for the matrix are circled in the lower right-hand corner
of the figure (23 < 5, < 37).

If the total number of required work dayss (i.e., the

specific value of S,, determined from P. and R), does not
P W

5
fall within the range [L,U], no sequences with the correct
number of work days will be enumerated from this matrix.

If, however, S,, is within the range [L,U], the matrix may

W
contain one or more feasible sets of éntrieé which sum to

SW Since the rotation period for the schedule sought in ﬁ
the example above is five weeks (i.e., Py = 35) and there \ks&
are ten recreation days per rotation, each feasible sequence
must include a total of 25 work days. The bounds [23 37]

indicate that one or more feasible sequences may exist.
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Wed.

Mon. Fri.

Figure 6.20

Cyclic Graph with Four Recreation Periods

Recreation Period

Row
1 2 3 4 min/max
1 - 6 9 4 4/9
Recreation )
Period 2 110 - 7 9 7/10
3 7 8 - 6 6/8
4 6 |- 7 10 - 6/10

Column
min/max 6/10 6/8 7/10 6/9

Figure 6.21

Separation Matrix Based on the
Cyclic Graph in Figure 6.20
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In the discussion to follow, it will be shown that
equations (6.17) and (6.20) can also be used to determine
upper and lower bounds on the number of work days for all
feasible sequences descending from any given node withiﬁ
the tree structure. These bounds are used to identify nodes
from which no further branching is necessary.

The improved bounds for each node in the tree structure
are based »pon a series of modified separation matrices.
These matrices are derived from the original separation
matrix uéing irnformation related to the partial sequence
associated with each node. The partial sequence'of recrea-
tion periodé corresponding to a given node.defines one or
more matrix entries. These entries will be contained in
every set of entries for sequences generated from branches
descending from that node and are said to be "dedicated"
entries for that node. These dedicated entries can be
used to identify other matrix entries which cannot be
used in any feasible sequences derived from that
node. The entries which are identified as unacceptable for
future use are said to be "voided". If voided entries:ére
deleted from the separation matrix, the result is called a
"reduced" separation matrix; this reduced array is used to
obtain improved estimates of the upper and lower bounds U

and L.

# Sz
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Dedicated matrix entries can be used to void other
entries in the matrix because of the requirement that each
feasisle sequence of recreation periods must be a connected
sequence and must use each recreation period once and only

once. These requirements are used to void entries in two

(1) since one dedicated matrix entry can appear
in each row and column, if entry (i,]J) is
dedicated, all other entries in both row i
and column j can be voided; and
(2) since the set of dedicated entries must
correspond to a connected sequence, if
‘period j is added to the partial sequence
{a,b,c,d,i,...}, entry (i,j) becomes
dedicated and entries (j,i), (j,a), (j.c),
(3,b), and (j,a) can be voided.*
The second voiding procedure cited above is analogous to the
requirement in the travelling salesman problem that each
city in a feasible solution be visited exactly once before
returning to the home city. The only exception to this rule
occurs when the jEE period is the last period selected for a
sequence. In that case, the (j,a) entry (period a is the
first period in the sequence) must not be voided since it is
used in level nt+l to connect the last period of the seguence
with period a.
Two reduced matrices are illustrated in figure 6.22 for

partial sequences {1,3,...} and {1,3,2,...} based on the

original separation matrix of figure 6.21. Dedicated entries

*® ]
Additional voiding procedures are discussed in
section 6.7.3.
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Recreation Period

Row
1 2 3 4 min/max
1 -] 6] o[ 4 4/9
Recreation
Period 2110 - 7 g : 7710
3 7 8 - 6 6/8
41 6 7 |10 - 6/10

Column
min/max 6/10 6/8 7/10 4/9

(a) Initial Separation Matrix

Recreation Period

Row
1 2 3 4 min/max ;
Dedicated
i - | - (:) 9/9 entries: (1,3)
Recreation .
Period 2110 - - 9 9/10 Voided
entries: (1,2).,(1,4),
3 - 8 - 6 6/8 (2,3),(3,1),
(4,3)
4 6 7 - - 6/7
Column -
min/max 6/10 /8 39/9 6/9
(b} Reduced Separation Matrix Associated with
the Partial Sequence {1,3, . . .}
Recreation Period
. Row
1 2 3 4 min/max
Dedicated
1| - | - - 9/9 foss
Recreation entries: (3,2)
Period 2 - - ad 9 9/9 Voided
entries: (2,1),(3,4),
31 -~ - - 8/8 (4,2)
41 6 - - - 6/6

Column :
min/max 6/6 8/8 9/9 9/9

(c) Reduced Separation Matrix Associated with
the Partial Sequence (1,3,2 . . .}

Figure 6.22
Reduced Separatioh Matrices for Partial Séquences

{1,3, . . .} and {1,3,2,. . .} Based on the Initial
Separation Matrix in Figure 6.21 ‘

o
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are circled and voided entries are indicated by a dash.,
The voided entries are also identified to the right of
each matrix. For both reduced matrices, individual row
and column limits, and U and L bounds are shown.

The value of computing these U and L bounds at each
node is summarized in the following observation: if Lk
denote the bounding limits based on the reduced

k
matrix for node k, then for node k+l1l which descends from

and U

node k, it can be shown that

Lk+l Z.Lk (6.21)

and

< U

Upyg S U - (6.22)

Verification of inequality (6.21) is easily established

by noting that the relationship

2 > &

k
(6.23)
X. e 'I.'i

is valid for each row i in the reduced matrices for the k

and k+1 nodes. This result folliows from the observation
5:1 for each row i is based on either
all or a subset of the matrix entries used to determine d;'.
Consider each possibility. If the set of entries in row il
are identical for both reduced matrices, then zﬁfl = 2&_.
If, however, one or more entries are voided in’rgw i of:L

that the lower limit £

the reduced matrix for node k in order to produce the
k+1
Ti

reduced matrix for node k+1, then either 2 = & Qr

k
r.
i
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+ : . . ) o
ghtl 2? depending on which entries are voided. Combining

X, .

i i

the results of both possibilities produces inequality (6.23).
Since the inequality in (6.23) holds for every row in

the matrix, it follows that

n

k
. r, - .2 zr. *
i=1 i i=1 i

Repeating the szme argument for the lower limits on the
entries in each column in the reduced matrices for node k

and each descendent node k+l leads to the parallel observa-

tion that
n n
Ioagtt e Yol
=1 73 =1 "]
It follows directly from equation (6.17) that Lyeq > Iy

The same argument can be used to confirm the upper bound
result stated in (6.22).

Results_(G.Zl) and (6.22) state that as each descendent
node is generated, the U and L bounds calculated from the
reduced matrix will be "as tight or tighter" than the corre- .
spondihg bounds for the parent node. This useful result is
illustrated in figure 6.22. In only two steps, the U and L
boﬁnds narrow from [23,37] for level 1 to [30,34] for level
2, and to [34,34] for level 3. Althcugh shown for illustration
purposes the level 3 matrix in figure 6.22 would not be

generated by the algorithm since the [30,34] bounds indicate
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that no schedule with the correct number of work days

(i.e.,8,, = 25) can be found for any sequence descending

W
from this node.
6.6.3 The Branch~and-Bound Algorithm - A Sample Problem
The branch-and-bound procedures described above represent
the basic components of the algorithm used in this thesis to
generate one—-shift cyclic schedule for a given set of recrea-
tion periods and an nXn separation matrix. The algorithm
constructs, period by period, feasible sequences consisting
of n+l recreation periods. Associated with each sequence is
an unique set of n separation matrix entries which define a
one-shift cyclic schedule with the required schedule period
length. The basic elements of the algorithm are:
(1) a branching process based on the requirement
that the first n recreation periods in each
feasible sequence must be distinct, and
(2) a bounding procedure based on the requirement
that each feasible sequence must define a set
of matrix entries which sum to a given value.
Like other branch-and-bound algorithms, this procedure is
equivalent to the enumeration of all possible recreation
period sequences, but achieves its efficiency through implicit
rather than explicit enumeration.
An illustration of the use of the algorithm tb £ind

schedules for the cyclic graph and separation matrix of

figure 6.20 and 6.21 is presented below. The complete tree

 structure for the problem is shown in figure 6.23. The

sequence in which the nodes were created is indicated by the



~303~

Level

Solution 1 Solution 2

{L,2,3,4,1} {1,4,2,3,1}

Note: Total number of required work days is
WR=25.

Figure 6,23

Partial Tree Structure for the Enumeration of
One-Shift Schedules Based on the
Separation Matrix in Figure 6.21
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number within th& node; the right-hand superscript indicates
the upper and lower bounds on the total number o£ work days
for sequences descending from the node. The left-hand
superscript indicates the recreation period to which the
node corresponds. The tree structure does not indicate
nodes created at level 2 by attempting to utilize period 1
again at that point in the sequence, and so on for subsequent
levels of the tree “"7iis has been done to simplify the pre-
sentation in the figure). The complete tree structure
indicates that two distinct schedules exist; they are shown
in figure 6.24 and 6.25. The reduced matrices used to
calculate the upper and lower bounds for each of the 12
nodes in the tree structure are shown in figuré 6.26,
6.6.4 BSummary of the Enumeration Algorithm

The implicit enumeration algorithm deseribed in sec-~
tions 6.6.1 and 6.6.2 can be summarized with the use of the
following notation:

Lk - lower bound on the number of work days for
each sequence enumerated from the reduced
separation matrix at level k.

U, - upper bound on the number of work days for
each sequence enumerated from the reduced
separation matrix at level k.

W - reguired number of work days in each
feasible seqguence

V - n+l component sequence vector (vj,vz,...,vn+l)
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1{lr | R

2 2R R R

3 3R | R | R
4 4R
5| R

Figure 6.24 K

Five-Week PR Schedule Enumerated as ‘
Solution 1 in Figure 6.23

1|1z | =® ‘R
2| R

3 2r | R | R

4 3r | R | R
i .

Figure 6.25

Five-Week PR Schedule Enumerated as
Solution 2 in Figure 6.23
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1.

2,

3.

4.

» W

Hode L {1,7,°,%,*

102 3 4

~1 61 2] 4] 49
0] -1 1] 9| 110

7] 81 -1 61 e/8

§] 7 10 - | 10

/10 /8% /10 4/3% @

® 23< W, <37, continue

S VI Y I -~ W N

W M

“en¥abranch.

fioda 2 (1,2,%,°,°)

i 2 3 4
- @ -1 -] e
- - 1 9 /9
71 -4 =] 6] 67
s 1 ~jw] -} 610

&/7 ¢/6 /10 6/9

155 Wg$ 32, continuva. -

Fode 1 §1,2,3,%,%}

b3 M 3 4

- @ -1 ~1 e
- @ -1

-1 =T« 6] ers

| = | <[ -] e

/6. /6 17 §/%

23=Mp=13, solution
nust exise.

Nodn 4 (1,2,3,4,°}
T 2 3 %

- -] -] s

- -1 -1

T @] ws
L3 - - - | 6/6

/6 &/6 777 s/s

Add sinitiating recreation
period,

s, Moda 5 (1,2,3,4,1)
T2 3 4

1@ -T -] es
-1 -] 7
<] -1 -1®] e
] -1 -1-1 es
$/% /6 /T 6/

® sofution 1. Backtrack to
node 2 and {nitiate
& Dew branch.

VIt
)

6. NHodes {1,2,4,°,°}
1 2 3 4

-1 -] -] sre
~ 1 =1 = 1)} o

7 - - - 71
- - |10 - | 1o/20

771 676 10/10 9/9

8 Wg< =32, no solutions
can exist. Backtrack
to node 1 and initiate
& new branch.

L 2 = I

T, Rede T {1,%,°,*;*)
1 2 3 4
HERIOIIREL
16 - - 9 9/10
-l e -1 6] e
[ T - - /7

6/10 /8 973 /9

§ Wy < Lm30, na sqlutions,
Initiata a nev branch,

~ w N

8., Noda 8 {1,4,*,+,°}

T 2 3 4
I ERIOIRY
w | = 7] -] 710
7 8 - - /8
- 7480 )~ 7/10

7710 178 1710 4f4

® 25 <Wp <32, continua,

-~ W o e

9. Noda 3 {1,4,2,%,7)
R
“l--{@®]
BREEREZ
NIRRT
-1@ -1 -1
WU T A

9 25=Hy=25, solution
sust axiat.

L T Y I

10, Nede 10 (1,4,2,3,°)
1 2 3 4

M ENERIOIRZ
=1 =1 -] w
RN EN R
-1@] -] -]
1WA

8 Add the initisting
rscreation pariod.

L A

1. Noda )Y [1,4,2,3,1)
1 2 3 4

-1-1-1@)

- | - @ - |
@Al -1-1-11m

= @ -t -t
IR IR

% Solution 2. Backtrack
to noda 8 and initiata
a new branch.

oW N

12, Node 12 {1,4,3,+,+}

1 2 3 4
-T-1- 1@ v
10 - - ~ | /10
- 8 - - 8/8

- - - 10/)0

10/10 8/8 lo/10 4/4 @

oK I T

¢ Wp< L=32, ho zolution.
Backtrack to node
and continuae,

Figure 6.26

Reduced Separation Matrices Associated with Each
Node in the Partial Tree Structure

in Figure %.23
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M - reduced n n separation matrix at level
k {M; is the original nxn matrix)
L = level indicator
P -~ set of n recreation periods labeled from 1 to n.

Algorithm:
Step 0: Initialization:

aj vV = 0.

. b) L 1, go to step 1.
Step 1: ?ind L and U for M :
a) iva‘Q [L;,U;], step, no solutions.
b) if WR € [L,,U1}, set v; = 1, (i.e.,
select period 1 as the first period
in every sequence), go to step 2.
(note: if Li =W = Uy, all feasible
sequences will produce acceptable
schedules)
Step 2: Increment L by 1:
a) if L = ntl, set v, = v;, store
feasible sequence, set L = n, go
to step 3.
b) if L < n+l, go to step 3.
Step 3: Examine vy s

a)*; if vy, = 0, set ¥,

/* {PI = min plall P not in V}IA go

#'p' where

to step 5; if ncne exist, go to

step 4.
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b) if vy = i, 3 # n, set
= p' where {p' =
min plall p > j and not in v}
go to step 5; if none exist, go
to step 4.
c) if vy, = 1, go to step 4.
k‘SteE 4: Set vy = 0, L = L-1:
a) if L

1, stop. g
b) if L > 1, go to step 3.
Step 5: Construct Mp based on V and My _q¢ 9O
to step 6.
Step 6: Find L and U, from My
a) ifw¢g [LL,UL] go to step 3.
b) if W [LL,UL] go to step 2.
(note: if LL =W = UL' all feasible
sequences from the current node will

produce acceptable schedules

6.7 ACCELERATION TECHNIQUES FOR THE ENUMERATION ON ONE ~SHIFT
CYCLIC SCHEDULES

This section describes three procedures for improving
the efficiency of the enumeration algorithm described above.
These procedures were not included in the description of the
basic algorithm in section 6.6 because the usefulness of
each depends upon the presence of a special feature or
characteristic of éither the input data or the enumeration

process itself. The first procedure is useful whenever two
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or mcre identical recreation periods are present in the
cyclic graph used to construct the separation matrix, the
second procedure is used when uniformity of work period
lengths is a desired schedule attribute, and the third -
procedure utilizes special features within reduced separation
matrices to maximize the number of voided entries.
6.7.1 Identicél Recreation Periods

In the descrlptlon of the branch—and-bound_%iéorlthm
in section 6.6, it was shown that for separatlon matrices
based on n recreation periods, a maximum of (n-1)! sequences
of periods can be produced such that each sequence produces
é distinct cyclic schedule. The maximum number of sequences
and distinct schedules is obtained only when éach recreation
period is distinct.* (Nén—distinct or identical periods
begin on the same day of the week and have the same period
length,) When two or more identical periods exist within

.a cyclic graph, the number of distinct schedules is reduced

(i.e., some of the (n-1)! sequences produce equivalent cyclic

schedules).

This section describes a modification to the branch-and- -

bound algorithm which insures that each distinct schedule is
enumerated only once. To introduce this modification,

CQnsider.the.cyclic'graph in figure 6.27. The graph contains

3 \ ,

This discussion ignores the fact that some of the
(n-1)1! distinct schedules may have different schedule
period lengths. ,
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Wed.

Fri,

Figure 6.27

Cyclic Graph with Two Pairs of
Identical Recreation Periods

two pair$ of identical recreation periods: periods 1 and 2,
and periods 3 and 4. A separation matrix based on this
graph is shown in figure 6.28; the entry values in the
matrix are restricted to a range of from four to nine days.
Two cyclic schedules, based on the sequences {1,2,3,4,1}

and {1,2,4,3,1} are shown in figures 6.29 and 6.30. The
sequences are non-cyclic permutations of each other and
both would be produced by the enumeration algorithm
described in section 6.6. The schedules produced by these

sequencis, however, are equivalent because of the presence
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Recreation Period

1 2 3 4

1 - 5 9 9
Recreation
Period . 2 5 - 9 9
3 7 7 - 4
4 7 7 4 -

Figure 6.28

Separation Matrix Based on the
Cyclic Graph in Figure 6.27

1]1r R
21 2R R

Week .
3 3R R R
4 4R R R
5

Figure 6.29

PR Schedule Based on the {1,2,3,4,1} Sequence of
Recreation Periods and the Separation ‘
Matrix in Figure 6.28
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M W T F S ]
1|{1r R
212Rr R
Week
3 4r R R
4 3R | R | R
5

Figure 6.30

PR Schedule Based on the {1,2,4,3,1} Sequence of
Recreation Period@ds and the Separation
Matrix in Figure 6.28

of identical recreation periods. The acceleration procedure
described in this section modifies the algorithm so that only
one seguence is fully enumerated for each distinct schedule.
(Hence, in the example above, the modified algorithm would
enuﬁerate either sequence {1,2,3,4,1} or sequence {1,2,4,3,1},
but not both.)

To understand the motivation for the acceleration

procedure, it is useful to examine the tree structure for
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the sequences discussed above. A partial tree diagram
illﬁstrating‘the enumeration of these sequences is shown

in figure 6.31. Using the recreation period labels assigned
in figure 6.29, and recalling thaﬁ the algorithm uses the
lowest numbered period eligible for each descendant node,
the first sequence enumerated is {1,2,3,4,1}. After storing
this result, the algorithm backtracks to the second leve} of
the tree and selects a recreation period for the next descend-
ant branch from hode 2. Since the previous descendant node
used period 3, the next eligible period is period 4. Adding
this period to the sequénce, and continuing the path from
node 6 produces the sequence‘{l,2,4,3,l}. These sequences
produce equivalent schedules because the recreation periods
used for the r; (or level 3) components in both sequences
are identical (i.e., nodes 3 and 6 in the tree diagram do
not represent distinct partial sequences). The partial
sequence at node 3: {1,2,3,...} is equivalent to the partial
sequence at node 6: {1,2,4,...}.

The acweleration procedure described in this séction
eliminates the enumeration of identical partial éequence
nodes in the tree structure. This is done by assigning a
second label to each recreation period based on its type
(i.e., on its start day and length). Identical recreation
periods are assigned identical labels., The additional

label is incorporated into the selection criteria used to
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determine the next recreation period for each descendant
node. The modified selection rule insures that the set of
descendant nodes enumerated from each parent node in the
tree structure defines a set of distinct partial sequences.
The modified rule permits each recreation period type to be
used in only one descendant node from each parent node in
the tree structure.

The modified selection rule can be illustrated using
the tree diagram in figure 6.31. After the sequence
{1,2,3,4,1} has been produced at node 5 and the algorithm
has backtraéked to node 2, a new recreation period must be
selected for the next descendant node (i.e., node 6).
Application of the branching rules described in section 6.6
eliminate periods 1, 2 and 3 as candidates. Application of
the modified selection rule also eliminates period 4 because
a period is not eligible if any previous descendant node has
used a recreétion period of the same type. With this con-
straint, period 4 is ineligible because it is identical to
récreation period 3 which was used for descendant node 3.

The extent of the reduction in the number of nodes
produced in the tree structure with the elimination of iden-
tical partial seguences is suggested bv the following results.
If all n recreation periods are distinct, the number of descend-

ant nodes d(L) from a parent node at level L is given bv

d(L) = max{n-L,1}. (6.24)
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All
Sequences

Tree Level

1
2
3
Equivalent
nodes
4
5

{112’3['4'5} ‘{112]4,3,1}

Figure 6.31

Partial Tree Diagram for the Enﬁmerationkof the .
Schedules in Figures 6.29 and 6.30
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' Equation (6.24) indicates that as the level of the tree
structure increases, more recreation periods are used in the
definition of each partial sequence and, as a result, fewer
periods are available for descendant nodes. Let t equal

the number of distinct recreation period types. The
modified selection rule for enumerating descendant hodes

has the effect of replacing n in equation (6.24) with t;

il.e.,
dt(L) = max{t-L,1} (6.25)

If every recreation period is distinect, then t = n and
dt(L) = d(L). If two or more periods are identical, however,

t < n and dt(L) < d(L). Summarizing these results, since
1l <t<n

it follows from equations (6.24) and (6.25) that
ix<d.(m) < alm=.

The additional selection constraint introduced above will
eliminate the enumeration of all equivalent schedules except

those based on sequences in which the initial period in the

z ,

If £t = 1, all of the recreation periods are identical;
in that event, dt(L) = 1 for each node and only one sequence
is produced.
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seguence is identical to one or more other periods‘in the
cyclic graph. The three sequences produced in the tree
diagram in figure 6.32 illustrate this exception. The
first sequence: {1,2,3,4,1}, yields the schedule shown in
figure 6.29 and the second and third sequences: {1,3,2,4,1}
and {1,3,4,2,1}, yield the schedules shown in figures 6‘33,
and 6.34. Despite the use of the additional selection
cohstraint, two equivalent schedulaé are enumerated (the
schedules in figures 6.29 and 6.34). These schedules are
equivalent because the initial recreation period used in
the sequence for each: period 1, is identical to peribd 2.
The sequences for these schedules illustrate that equivalent
schedules will still be enumerated if a recreatioﬁ period,
identical to the inital period in the sequence, is placed
either immediately after the initial period (as in sequence
{1,2,3,4,1}), or immediately before the initial period (as
- in sequence {1,3,4,2,1}). |

The enumeration of these equivalent schedules can bé
eliminated in two ways by adding the restriction that recrea-
tion periods that are identical to the initial period in the
sequence cannot be used either in level 2 of the tree structure
or cannot be used in level n of the tree structure. The
first method (i.e., prohibiting identical periods £from
appeéring in level 2) is preferred.since it eliminates

larger portions of the tree structure. As an example,
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/ All
Sequences

Tree Level

{1,2,3,4,1} {1,3,2,4,1} {1,3,4,2,1}

Figure 6.32

Tree Diagram for the Enumeration of Recreation
Period Sequences Based on the Cyclic
Graph in Figure 6.27
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1{Ir | ®

2 3R | »r | & )
Week 3

4 |%r | r

5

6 4R R | R

Figure 6.33

PR Schedule Based on the {1,3,2,4,1} Sequence of
Recreation Periods and the Separation
Matrix in Pigure 6.28

M T W T F s S
1 11r R
2 3R R R
Week
3 4R R
4
5 {2r | R

Figure 6.34

PR Schedule Based on the {1,3,4,2,1} Sequencé~of
Recreation Periods and the Separation
Matrix in Figure 6.28
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if period 2 had been prohibited from appearing at node 2
in the tree diagram in figure 6.32, nodes 2, 3, 4, and 5
would not, have been created and only two sequences, each
corresponding to a distinct schedwele, would have been
enumerated.

6.7.2 Work Period Lengths

The acceleration technique presented in this section
is based on a strategy of dividing the computational effort
required to enumerate all feasible schedules from a given
separation matrix with thevbranch~and-bbund algorithm into
several reduced efforts based on the enumeration of subsets
of schedules from a series of reduced matrices. The computa-
tional advantage of this strategy lies in the fact that if
preferred schedules can be found early in the enumeration
process, large numbers of less preferred schedules can be
implicitly discarded without use of the branch—and-bound
algorithm.

The precedure is based on the observation that all
feasible schedules that can be enumerated from a separation
Vmatrix can be partitioned into mutually exclusive subsets
on the basis of their maximum and minimum work period lengths.
Let the two-number pair (a,b) represent the set of all
schedules with minimum work period length Wmi = a, and

n

maximum work period length Wmax = b. Every schedule in the

set’(wmin =a, W .= b) has a work period range equal to

fi
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R = b-a, ahd associated with each set of schedules is an
unique reduced separation matrix. (Derivation of this
matrix is described below.)

The number of partitioning sets that exist for a given
original separation matrix is a function of:

(1) +the average work period length
(Aw = W/n); and

(2) the minimum (I.,) and maximum (UW)
work period lengths in the
matrix.

The Wmax values for individual schedules enumerated from the

original matrix are bounded by

Ay < W XUy W integer (6.26)

The number of distinct values for Wmax depends on the

integrality of Ay; i.e.,
Up = 24 + 1, if Ay is an integer

Uy ~ [AW]’ otherwise

The values for Wﬁi for individual schedules are bounded by

n

LW S VWosn S Byr Wmin integer (6.27)

and the number of distinct values for W_. equals N =
; e min Wmin
[AW] - Ly * 1. The total number of distinct partitioning

sets that can be formed equals Ng = (NW ) - (N, ).
) o min max
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It is easily shown that for any work period range
R = UW - LW' the maximum value for NS occurs when

Ay = [(UW+LW)/2] which yields

(R:2

z
5 )  if R is even

e NS(R) ) R+1y(R+3
(BL)(B52), if » is oaa,
Since R = 6 is the maximum range used in this study, tHe
maximum number of sets eguals NS(G) = 16,
Results {6.26) and (6.27) can be used to identify all
partitioning sets for a'given separation matrix. As an
= 4, and

example, the 12 sets that exist when U, = 10, L

W W
Ay is not an integer (e.g., Ay = 6.25) are shown in

figure 6.35. The sets are arranged vertically in the
figure by length of the work period range (top to bottom),
and horizontally by the size of the maximum work period
length (left to right). The work period ranges vary in
length from one to six days, and the maximum work period
lengths vary from seven to ten days.

The partitioning sets for a given separation matrix
can be used to reduce the computational effort of the
branch—-and-bound algorithm in the following ways:

(1) it may be possible to determine an optimal’
schedule by examing only a small number of
the partitioning sets; and

- {2) the reduced separation matrix associated

with each set may contain a member of voii.-
entries which may reduce the computational

effort required to enumerate all schedules
from the matrix. ‘
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Work Period
Range
(Days)

1 (6,79
(5,7%® (5,8D

2

3 (4,7 (5,82 (5,9

4 31 N\ (5,90 (6,100
5 (2,7 (3,8 N\U4,99 (5,200 %6,11)

6 (1,7) (2,8) (3,9) (4,10)QE 5,11) (6,12)

Lower limit on ’Upper limit on
work period length—/{ work period length -

Note: Average work period length, Ay=6.25 days, and
the limits on work period length are-UW=10 and

Ly=4.

Figure 6.35

Partitioning Sets for a Non-Integer Valued Average
Work Period Length :

Since work period range and maximum work«beficailgggﬁh
caﬁ be used to dl:'Lst:iqlguii-;hialterna’cive"schec‘ii.l.'l;es"ér_lnulvf\'ckira;’ceci‘i
from‘the same separation matrix, if the partitioni@g'séts::
arelrahked correctly, every schedule in;a_giveﬁ Set‘Wilikbe

superior to or dominate (i.e., in terms of their preference
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vectors) every schedule in all lower ranking sets. To
illustrate, consider the 12 sets shown in figure 6.35. The
ranking for each set, indicated by a circled right super-
script, is determined in two steps: first by comparing
maximum work period lengths (i.e., the Wmax value) and

Wmin

).

Hence, sets (6,7), (5,7) and (4,7) are the highest ranking

second by comparing work period ranges (i.e.;, Wmax~

sets because each contains only schedules with Wmax = 7,
the lowest value possible. Every schedule in the nine other
‘sets contains at leést one work period that is longer than
seven days. The tie among the three sets: (6,7), (5,7) and
(4.7) is broken by comparing work period ranges. Set (6,7)
with a one-~day work period range, is ranked first; set (5,7)
with a two-day work period range, is ranked second; and set
(4,7) is ranked third.

2s a second example, the nine partitioning sets for a
separation matrix with Uw = 10, LW = 4, and aniinteger AW
value (e.g., Ay = 6) are shown in figure 6.36. The raﬁking’

for each set is indicated by the circled right superscript.

Although the sets identified in figures 6.35 and 6.36 are

both based on UW = 10 and LW = 4, fewer sets are shown in figure
6.36 because of the integrality of Aw. The reduction in the

number of sets occurs because no sets are included in figure
6.36 which contain elther Woin = AW Or Wy = A, - These sets

are excluded because any ‘set of the form (W’min Byr Woos Aw)
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Work Period
Range
(Days)

1 (6,6

2 (5,75

3 4,7 (5,8®

4 (3,7) N\ (4,8 (5,9/®

5 2,7) (3,8 N\.(4,9%D (5,10/8)

6 (L,7) (2,8) (3,9) (5,11)
Lower limit on _/// “—Upper limit on. A
work period length work period length

Note: Average work period length, Ay=6.0 days, and
the limits on work pericd length are Uy=1l0
and Ly=4.

Figure 6.36

Partitioning Sets for an Integer Valued Averagé
Work Period Length :

= Y ‘ 3 ' K :T L
or (Whin<AW' Wmax AW) can not cgntaln any schgdules hlS“
is easily seen by noting that if Wﬁin =2 AW,,then every work
period in the schedule must equal AW. Hence, for every

- . . ' ‘ - ‘ * ) +
schedule with W .. = By, Woax will equal A, and th; ge
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(Whin = Ay Wmax > AW) will be empty. A parallel argument
can be used to show that the set (Whin < By Wﬁax = AW)
must also be empty. These same arguments can also be used
to verify that no schedules can exist with ag integer wvalue
for By and a work period range of exactly oﬁe day.

The ability to rank all feasible schedules accbrding
to their partitioning set permits the search for the
optimal scheduie to be done in a step-wise manner by apply-
ing’the branch-and-bound algorithm to the reduced matrix for
each set of schedules. The algorithm is applied to each
set, in order of their rankings, until a feasible schedule

is enumerated. Once a schedule is found, all lower ranking

sets are discarded since they contain, by definition, only

lower ranking schedules.¥*

In>addition to accelerating the prbcess of finding the
optimal schedule, the use of the partitioning sets may also re-
duce the computational effort required to enumerate the schedules
for each set. This reduction in effort occurs because the
branch;and~bound algorithﬁ is applied to an unigue reduced sepa-
ration matrix associated with each set. The reduced matrix for
each partitioning set (a,b) is constructed from the original

separation matrix in the following manner. Each entry Sij i

*

If multiple schedules are found within a set. the
optimal schedule is determined from among them by comparing
other schedule attributes.
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in the reduced matrix for set (a,b) is determined according

to the following rule:

sij' if a < sij <b

st
1] voided, otherwise

where sij‘represents the (i,j) entry in the original

separation matrix. ‘ , §~
As an example, an original separation matrix and the L

reduced matrix obtained from it for the (6,7) partitioning

set are shown in figure 6.37. The reduced matrix contains ‘ i

Recreation Period Recreation Period

1 2 3 4 1 2 3 &

| 1l -1 6] 9] 4 1l -16] ~| -

Recreation 2110 - 7 9 (6,;7) 2| - - 7 -
Period

3] 7 8 - 6 31 7 - - 6

al 6] 7 10| - ale | 7| -1 -

(a) Initial Matrix {(b) Reduced Matrix

Figure 6.37

Original 4x4 Separation Matrix and
i Reduced (6,7) Matrix
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all entries from the original separation matrix necessary
to enumerate all feasible schedules with a maximum work
period length of seven days and a work period range of only
one day. The reduced matrix, with only six valid entries,
represents a much simpler problem. One solution from the
reduced matrix is the sequence of periods {1,2,3,4,1} which
defines the entries {(1,2),(2,3),(3,4),(4,1)}; these entries
define a schedule with 25 work days. The enumeration of at
least one schedule for this set indicates that all lower
ranking sets can be discarded. If no other schedules are
found for the (6,7) set, the sequence identified above
would represent the optimal solution.

To summarize, the following procedures can be used to

reduce the computational effort required to enumerate

desirable schedules from a given separation matrix:
Step 1: Partition the set of all feasible
schedules into mutually exclusive
sets based on maximum and minimum

work period lengths (Whax and Wmin)'

Step 2: Use W .. and R = W W to rank

max ' min
order the partitioning sets.
Step 3: Construct the reduced matrix for the

(next) highest ranking set.
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Step 4: Use the matrix conditioning procedures
(see section 6.7.3) to minimize the
number of valid matrix entries.
Step 5: Use the branch-and-bound algorithm to
enumerate all feasible schedules from
the reduced matrix:
i) if schedules are found, determine
the optimal schedule from among
them, stop.
ii) if no schedules are found, return
to step 3.
6.7.3 Matrix Conditicning
The computational effort associated with use of tﬁe
branch-and~bound algorithm to enumerate feasible sbhedules
from a separation matrix can often be significantly reduced

or even eliminated with several procedures collectively

described in this section as maﬁrix conditioning. All of .
the procedures involve the examination of individual separa-
tion matrix entries. Some procedures are uéed only to
determine whether the separation matrix contains any feasible
solutions (i.e., whether the branch-and-bound algorithm
should be used), while others dre used to maximize the

number of voided entries in a matrix priorfto=@éing the
enumeration algorithm. The four procedures discussed in

this section are:
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(1) the examination of the matrix for the
presence of at least one valid entry
in each row and column;

(2) the dedication of each matrix entry
identified as the only valid entry in
either a row or column of the matrix;

—~
)
oa?

the examination of the reduced matrix
associated with each partitioning set
for the presence of at least one entry
equal to W and at least one entry

ain
equal to Wgax' and

]

(4) the dedication of an entry if it is
either the only entry in the reduced
matrix equal to Wmin' or the only entry -
in the reduced " matrix equal to -
W . , .

. max
The rationale and use of each of the procedures are discussed
below.

Procedures 1 and 2 are based on the requirement that ;
the entry set for each feasible segquence of periods must
use one and only one entry from each row and column of the
separation matrix. For procedure 1, the matrix is examined
to determine whether at least one valid entry exists in each
row and column of the matrix. If a row or column without a
valid entry is found no feasible schedules can be enumerated
from the matrix, and the branch-and-bound algorithm ié not
used. |

Procedure 2, only applied to separation matrices not
rejected by procedure 1, is used to identify matrix entries
which cannot appear in any feasible seguence of periods.
The procedure is based én,the identification of matrix

entries with the property that each is the only valid entry
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in either a row or column of the matrix (there may be
several such entries in the same matrix). Since each of
these entries must, by definition, belong to the entry set
for every feasible sequence enumerated from the matrix,
these entries are said to be dedicated. The value in
iaentifying dedicated entries is that each such entry can
be used to identify other matrix entries that cannot appear
in any feasible sequences, and hence, can be voided. As
each dedicated entry is identified, the following rules are
used to identify other entries that can be voided.
1. Since each dedicated entry (i,j) must be
used in every feasible solution, evefy
other valid matrix entry in row i and
column j of the matrix will not appear
in any feasible sequence and, as a result,
can be voided.
2. Since every feasible solution is represented
by a connected entry set, if dedicated
entry (i,3j) appears in every solution, then
matrix entry (j,i) cannot not appear in any
solution, and can bengided.*
If any matrix entries are v&ided because offprocedure 2,

proceduresl and 2 (if necessary) are applied again. The

’

* .
This second rule applies only to g iedules with
-three or more work periods. -
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procedures are repeated because each time one or more
entries are voided, the matrix is modified and must be
examined again to determine: (1) whether any feasible
sequences can still be enumerated from the matrix, i.e.,_
whether each row and column in the matrix still contains
valid entries , and (2) whether any additional entries
are now dedicated. The iterative use of both procedures
continues until either of the following occurs:

(1) the matrix is rejected by procedure 1

because of the absence of valid entries in
a row or column or

(2) no additional entries are voided by procedure 2.

To illustrate the use of these procedures, consider the
reduced matrix for the partitioning set (6,7) shown in
figure 6.37. Examination of the matrix for procedure 1
indicates that at least one valid entry exists in each row
and column, and hence the matrix may contain one or more
feasible sequences, Examining the matrix for procedure 2
reveals that three of the matrix entries: (1,2), (2,3),
and (3,4), are the only valid entries in either their
respective rows or columns. Hence, each entry is, by
definition, dedicated and can be used to void other entries
in the matrix (e.g., dedicated entry (1,2) can be used to
eliminate entry (4,2) and dedicated entry (3,4) can be used
to eliminate entry (3.1).

The original reduced matrix has now been “"conditioned"

down to the four entries shown in figure 6.38. (The (4,1)
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Recreation Period

1 2 3 4

1 - 6 - -
Recreation 2 - - 7 -
Period :

3V - |- - 6

4 6 - - -

Figure 6.38

Conditioned Reduced Matrix from Figure 6.37

entry is now also dedicated because of the voiding of entries
(3,1) and (4,2)). Each valid entry remaining in the matrix™
is dedicated and, by observation, sequence {1,2,3,4,1} is

the only feasible sequence that can be enumerated from ﬁhe
matrix. The conditioned matrix in figure 6,38 corresponds

- to the reduced matrix associated with node 5 in the tree
diagram in figure 6.23 (the schedule COr;esponding.to that -

node and to seéﬁénce {1,2,3,4,1} is shown in figure 6.24).
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This example illustrates the computational benefits
that can be realized when the acceleration procedures
based on work period length (described in section 6.7.2)
and matrix conditioning are used. Beginning with the
origiﬁél matrix in figurs 6.37, the optimal schedule was
determined, first by creating the reduced matrix for the
partitioning set (6,7), and second by using the matrix
conditioning rules to eliminate all but four of the
oricinal matrix entries. These four entries identified
the only feasible schedule in set (6,7). If set (6,7)
was the top ranking set, then the schedule found would
represent the optimal solution -- "enumerated" without use
of the branch-and-bound algorithm.

Matrix coﬁditioning procedures 3 and 4 are used
exclusively on reduced separation matrices associated with
partitioning sets. The conditioning procedures are
motivated by following observation: although the reduced
matrix for each partitioning set (a,b) is constructed in a
manner which insures the inclusion of all schedules which
belong to set (a,b), the reduced matrix may also contain
schedules which belong to other sets. As an example, the
reduced matrix for the partitioning set (6,8) shown in
figure 6.39 contains valid entries (3,2) and (4,2), and
“the four eﬁffies contained in the reduced (and conditioned)

matrix for partitioning set (6,7) shown in figure 6.38. As
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Recreation Period RecreationyPeriod
1 2 3 4 1 2 3 4
LI - 6 9 4 i - ) - -
Recreation 210 | - | 7| 9 (6,8) 20 - | -1 71 -
Period : o~
31 7 8 - 6 ) 31 - 8 - 6
ale | 710 - ale | 7] -] -
(a) Initial Matrix (b) Reduced Matrix

Figure 6.39

Original 4x4 Separation Matrix and
Reduced (6,8) Matrix

a result, the reduced matrix for the (6,8) set contains

all feasible schedules belonging to set (6,8) {(i.e., all
feasible schedules with Wmin = .6 and Wﬁax = 8), and all
feasible schedules belonging to set (6,7)*. Conditioning

procedures. 1l and 2 are not used to eliminate "spurious"

*
In general, the reduced matrix for partitioning
set (a,b) contains all feasible schedules contained in

sets (c¢,d) where & < c and 4 < b.
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schedules from a reduced matrix; rather they are used to
determine the presence of and to accelerate the enumeration
of all feasible schedules within a matrix. In contrast,
conditioning procedures 3 and 4 are used to determine the
presence of and to accelerate the enumeration of feasible
schedules contained in partitioning set (a,b).

Procedures 3 and 4 are based on the observation thét
each feasible schedule in the partitioning set (a,b) must
have W . =aand W =D (i.e., the entry set defined by
each feasible sequence must contain at least one entry equal

to Wi and at least one entry equal to Wﬁax)' qu procedure

n

3, the reduced matrix is examined to insure that it contains

entries (at least one of sach) equal to Wmi and Wmax’ If

n

' either condition fails, the reduced matrix contains no

W, }, and the matrix

feasible schedules from set (Whin’ max

is discarded without use of the branch-and-bound algorithm.
Procedure 4, only applied to matrices which satisfy

the conditions of procedure 3, is based on the‘observation

that if only one valid entry in the reduced matrix equals

elther"wmi or Wmax' that entry (or entries if one entry is

n
found for W . and another for Woax! must appear in the

entry set for every feasible schedule belonging to the

partitioning set (Wh )w As a result, each such entry

in’ "max
(there can only be two in any matrix) can be dedicated, and

the voiding rules identified in procedure 2 can be applied.
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Procedures 3 and 4 can be illustrated using the
reduced matrixvféi the partitioning set (6,8) shown
in figure 6.39. The two values of interest for the examina-
tion of the matrix for.procedure 3 are Wein = 6 aqd W oiax =‘8.
Both values are present in the reduced matrix. Since the
(3;2) entry is the only matrix entry equal to Woiax = 8, it
can be dedicated and used to/&oid entries (1,2), (3,4),
and}(4,2). Since matrix entfies have been voided, all four
conditioning pfocedures are’applied again. Thé conditioned
matrix is now zejected by procedure 1 because of the

absence of any valid entries in either row 1 or cclumn 4.

Hence, the matrix contains no schedules for set (6,8).
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7. THE DESIGN OF MULTISHIFT PR SCHEDULES

7.1 INTRODUCTION

This chapter‘deSCribes a methodology for constructing
mﬁltishift PR schedules using the schedule attributes
identified in chapter 2 and the enumeration algorithmsg
described in chapters 4, Sg‘and 6. The methodology is
presented in four parts. First, schedule properties
~associated with shift changeovers (i.e., points in a multi-
shift PR schedule when officers change shift assignments)
are reviewed, and sample schedules are examined to illustrate
that themﬁse of optimal one-shift PR schedules does not
insure the formation of preferable (or even acceptable) multi-
shift schedules.

Nexﬁ, shiﬁf changeover properties are guantified, and
used to classify nbn-cjclic, one-shift schedules for each
shift tour to be used within the multishift schedule. This
classification scheme is used to partition all feasible
non-cyclic schedules for each tour into a small number of
sets such that the schédules within each set are identical
in terms of their‘shift changeover properties.

The nexﬁ séction déscribes thé?enumeration of a set of
optimal non—cyclid schedules for each shift tour. The
- algorithms devéloped in chapters 4, 5, and 6, although

originally designed for the enumeration of cyclic schedules,
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are used for this task by identifying a i—l relationship
between each non-cyclic schedule to be examined and a
corresponding cyclic schedule.

The collection of optimal non-cyclic schedules
enumerated for each tour are used to construct multishift
schedules by selecting and placing in proper segquence one
non-cyclic schedule for each tour. In the final section
of this chapter, a simple implicit enumeration algorithm
is described for examiningrall combinations of the one-~shift
schedules, and identifying the most preferable multishift
schedules than can be constructed from them.

7.2 MULTISHIFT SCHEDULE PROPERTIES

Multishift schedules are cyclic PR schedules in which
each officer rotates through two or more shift assignments
during each rotation period of the complete schedule. AS
an example, the multishift schedule in figure 7.1 requires
each officer to spend time on three shifts (afternoon, day,
and night). The schedule has a 13~week period consisting |
of five weeks on the afterncon shift, four weeks on the day
shift, and four weeks on the nlght shift.* | ;

All of the schedule measures identified in’chapter‘Z'

for the determination of optimal one-shift PR schedules

*The~schedule in figure 7.1 is a three~-shift schedule
with one tour on each shift (three tours per period). Multi-
shift schedules can include multiple tours .on each shift :
during each schedule period. A multishift schedule with six
tours durlng each period (i.e., two tours on each of three
shifts) is shown in figure l 5. -
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Shift M T w T F S S
1 R R
2 R R
Afternoon )
3 R R R
4
5 R R
6 1 R R
7 R
Day
8 R R
11 R R
Night ;
12 R R

Figure 7.1t

Sample Three-Shift PR Schedule-
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(e.g., the number and frequency of weekend recreatioh‘
periods, the lengths of work and recreation perioaé, etc.).’
can also be used to assess the desirability of[multishif£
Schedules. In addition, the discussion in chaptér 2 also
points out that multishift schedules should be evaluatéd |
in terms of their shift changeover properties., |

To revié;‘ﬁriefly, in a multishift schedule each point:'
in the schedule at which shift assignments are changed ié* 
called a shift changeover point. There are three'changeovér'
points in the schedule in figure 7.1: at the end of Week$\(
5, 9, and 13.* The attributes of a multishift scheduie;a£<
each shift changeover point are important becauSe uniess
the SChedule has been carefully designed, Severél undesir-
able(features can appear. Before describing these features,

it is first convenient to introduce the following definition:

a changeover recreation period is a recreation period which
includes either the last day (Sunday) of a shift assiénmgnt,k
the firstvday (Monday) of a shift éssignmént, or both of |
those days. There are two changeover periods in the‘schedulé
in figure 7.1: the three-day period in week 1 (which
contains the first day of the afternoon shift) énd'the two—day
period in week 10 (which contains the first day of the x';ighﬁ,_

shift) . There cannot, by definition, be more than one

Since all of the PR schedules discussed in this study -
begin on Monday and end on Sunday, every shift changeover
occurs from Sunday to Monday. .
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changeover recreation period at each shift changeover point
in a schedule. |

The absence of axchangeover’recreation period at a shift
changeover point in a multishift schedule is usually con-
sidered undesirable because an officer changing shift assign-
ments may.experience: |

(1) a'short off-duty period between the last work
day on the shift tour just completed and the first work
day on the shift tour just initiated;* and

(2) a long and fatiguing work period that begins on
one shift and ends on the following shift.

It is important to recognize that these undesirable

features can arise from the absence of a changeover recreation

~period even when the schedules used for each shift tour are

considered satisfactory as one-~shift schedules. As an
exémple, the day and afternoon schedules in’figure~7.l, if
used as cyclic schedules (see figure 7.2) may be quite
acceptable; yet when placed in sequence in a multishift
schedule they produce a shift changeover point without a
changeover recreation period. The absence of the changeover
recreation period results in a l0-~day work period that begins
on Wednesday of the last week of the afternoon shift and

ends bn Friday of the first week of the day shift,'and an

A*Without a recreation changeover period it is possible
for an officer to have as few as eight hours between successive
work assignments. As a result, the officer may be required to
work as many as 16 hours in a single 24~hour period. [(See
tables 2.4 and 2.5.]}

P
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Week 2 R

4 R R

(a) Day Shift

1 R R
Week 2 : R R
3 R R R
4 /
5| R R

(b) Afternoon Shift

N
»
e,

Week

W
o
w |
o

(¢) Night Shift

N

Pigure 7.2

ThreeyOne—Shift Schedules Used in the Multishift
Schedule in Figure 7.1 o

L
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8-hour off-duty period* between the last work day on the

afternoon shift and the first work day on the day shift.
Both of the undesirable properties associated with
the afternoon~day shift changeover in figure 7.1 would be
Q/A’ v eliminated if a recreation period was scheduled at the
changeover poinﬁ. Such a recreation period would insure
that each officer would receive some days off between shift
assignments, thereby eliminating the 8~hour break between |
successiﬁe work days and the long work period extending over
two shifts. As an example, consider the multishift schedule
in figure 7.3. Both the afternoon and night shifts in this
sdhedule are identical to those shown in figure 7.1; only
"the day shift'schedule is different. Each shift changeover
‘l’,» | point in figure 7.3 contains a changeover recreation period
(a two-day period at the afternoon-day changeover, a three-
-day period at the day-night changeover,land ancther three~day
period at the night~afternoon changeover}. The recreation
period at the afternoon-day changeover eliminates both of the
e - undesirable features identified in the schedule of figure 7.1.
| As indicated in chapter 2, the multishift schedule
design methéds developed for this thesis afe limited to the

‘construction of multishift PR schedules with changeover

*Assuming the night shift is eight hours long.
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Shift M T W T F S S
1 R R R
2 R R
Afternocn
3 R R R
4
5
6
7 R R
Day
8 R R ‘
_ 11 R R
Night
12 R R R

Note: Multishift schedule is based on the same
manpower allocation used for the schedule in figure 7.1

Figqure 7.3

Sample Three-Shift PR Schedule

N
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recreation periods at every changeover point.*
Although the presence of a changeover recreation period

eliminates short breaksbetween successive work assignments

and long intershift work pericds, other undesirable (or

unacceptable) changeover conditions can arise. As an

‘example, although the day~-night changeover point in the

multishift schedule shown in figure 7.1 has a changeover
period (i.e., the two~day period beginning on Monday of
week 1l0), the work period at the end of the day shift is
only two days long. If the day shift schedule were used as
a one-shift cyclic schedule, the twn work days at thg end
of week 9 would be joined with the five work days at the
beginning of week 6 to form a work period of seven days.t
When uséd in the multishift schedule, however, the two work
days at the end of the day shift become a work period
defined by the two-day recreation period in week 9 and fhe

changeover recreation period in week 10. If the same lower

- limit of four days, used to design the three shift schedules

in figure 7.1, were applied to work periods in the multishift

schedule, then the schedule shown in figure 7.1 would be

uhacceptable.

o et

®

- Computational experience indicates that this require-~
ment is not very restrictive Empirical evidence suggests
that figr many practlcal problems, if any multishift schedules

" ¢an befound ignoring the changeover perlod requirement, then

gchedules satisfying the changeover requirement also exist.

?Each of the three shift schedules shown in flqure 7.1 were

\ designed as one—-shift cyclic schedules using upper and lower

limits on work perlod lengths of eight and four days respectively.
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Another design difficulty that can arise when a change-

over recreation period is present is illustrated by the day—A

night changeover point in figure 7.3. The interésting
feature of this changeoﬁer point is the fact that the three-
day changeover recreation period extends over two shifts
i.e., its total length is dependent upon recreation days
contributed by both shifts). The design difficulty intro-
duced by fhisconstruction is that if each shift schedule is
designed with an upper limit of UR on the length its recrea-
tion periods, it becomes possible, if beth schedules shoula

contribute U, recreation days, for changeover periods to

R
be 2UR days long. Hence, if the Up upper limit is also
applied to changeover recreation period lengths, it is
possible that two one-shift schedules, each containing only
periods of acceptable lengths may produce an excessively
long changeover recreation period.

The resolution of the design difficulties associated
with shift changeover points is the central focus of this
chapter. The algorithms descriﬂéd below were designed to‘
meet two objectives:

(1) the placement of a changeover recreation period
~of acceptable length at every shift changeover
point; and

(2) the design of work periods of acceptable 1éngth
to precede and follow each changeover recreation
period. ; :

The remaining three sections of this chapter describe how

each objective was achieved.

a
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7.3 CLASSIFICATION OF NON-CYCLIC, ONE~SHIFT SCHEDULES

The sample schedules presented in the previous section
illustrate that the use of optimal cyclic schedules for
each shift tour does not insure the design of acceptable
multishift schedules. These examples indicate that the
primary difficulties associated with the design of multishift
schedules are related to the placement of recreation periods
at each shift changeover point. Fundamental to these dif-
ficulties is the fact that each shift schedule, designed
initially as a one-shift cyclic schedule, is non-cyclic when
used in a multishift schedule. Although a multishift schedule
is cyclic over its entire rotation period (e.g., in figure
7.3, an officer rotates from week 13 back to week 1), each
component shift schedule is non-cyclic bgcause after WOrking
for the specified number of weeks cnleach.shiff officers
move to a new shift, -

It is important to note that the terms cyclic and
non-cyclic describe how an one-shift schedule is used rather
than its structure. For example, when used as cyclic schedules,
one-shift schedules have no specific beginning or ending .
brackets, and the labelling of each bracket in the schedule
is arbitrary; only the sequence or order of the brackets is
significant. Used asknon-cyclic schedules, however, one-shift
scheduieé are characterized, not only by the sequence in which
the brackets are worked, but also by which bracket is desig~
nated as the initial bracket to be worked during“each tour

on that shift;
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It is convenient to classify the properties of non-
cyclic schedules as either,
(1) internal properties - Schedule properties that

are independent of which bracket is designated
as the initial week; or

(2) changeover properties - Schedule properties which
are dependent upon the particular bracket that is
designated as the first week of the non-cycllc
schedule.

The optimality of the cyclic schedules derived in
chapter 6 was determined exclusively on the basis of their
intérnal properties. When a cyclic schedule is used in a
multishift SChgdule, however, the closed cycle of brackets
is "broken" and a non-cyclic schedule is produced with a
specific set of changeover properties. Consequently, thé
design of multishift PR schedules must be basedkupon a
methodology for constructing non-cyclic shift scheduleé
which accounts for both internal ggg changeoveé&properties{

It is useful to distinguish three types of'recreatibn

periods which anon-cyclic schedule can possess:

(1) a beginning period - a recreation period which
precedes the first work period 1n the schedule,

(2) an ending period - a recreatlon perlod whlch
follows the final work perlod in the schedule;
and o

(3) interior periods - any recreation period which
appears between the first and last work periods
of the schedule.

Beginning recreation periods alwaYs start on the first day o

of the shifi schedule (Mpnday),,and'endingkperiods always
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end on the last day of the shift schedule (Sunday). By
definition, every non-cyclic schedule has one beginning
recreation period and one ending recreation period (each

may have length zero).* A non-cyclic schedule may

have any number of interior periods; there may be none or
several. (Every recreation period in a one—shift cyclic
schedule is defined to be an interior period.) The lengths
of the beginning and ehdingfrecreation periods for a noﬁ—
cyclic schedule indicate the number of recreation days that
are contributed to the changeover recreation periods at the
beginning and end of the shift tour. Specifically, let the
two-number pair (b,e) represent the set of all non-cyclic

- schedules with a beginning period of length b and an ending
period of length e. To illustrafe,'the three non-cyclic
‘vshift schedules in figure 7.3 belong to sets (3,0), (2,1),
and (2,0) respectively.

The requirement that a changeover recreation period of
acceptabie length be placed at each shift changeover péint
in a multishift schedule is equivalent to the requirement
that:
i= 1,2,...,N ‘ (7.1)

Lag < 85

cr = H3 20

CR

If the first day of a shift schedule is a work day,
the beginning period is defined to have length zero.
Similarly, if a shift schedule ends with a work day, the
endlng period is defined tc have length zero.
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where zi is the length of the changeover recreation period.
between shifts i and i+l, and L,, and Uy, are the lower and
upper limits respectively on the lengths of changeover;
recreation periods.* The length of each changeover peribd
Ly equals the sum of the lengths of the ending periéd of
shift i and the beginning period of shift i+l. Hénce; (7;1)
can be written: |

CR i el + b l 5" UCR ' i = 1’2’300¢1N (7-2)
| (N41 = 1)

From (7.2) it may be seen that:.

0 < e;s b, U.. i = 1,2,3,...,N

1+l — “CR

. ’ ﬁy,;—.: =

which indicates that the beginning and ending periods for eachf

non-cyclic shift schedule used in a multishift schedule muéi"

gatisfy the limits:

e.f_U.

CR = llz"’-"N (7.3)

Result (7.3) implies that the only sets of non-cyclic
schedules from which acceptable schedules for each shiftﬂ~"

“tour can be obtained are:

CR)I (llo)l (lll)l ""';’l;

_l) 7 (UCRIU

“{(0,0), (Orj-), -.’o' (0,0

(Ungs UCR cr)

For convenlence, it is assumed that the same limits.

(L R,U ) apply to every changeover period in the multishift

~'schedule, and further, that these limits are 1dent1cal to
those used to design the interior recreation periods for -
each non—cycllc schedules (1 e., UCR = U, :and Log = L R)
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'

' The number of sets in 5 equals (1+U¢R)?. Hence, if U

~352-

or more concisely, the collection & cf all sets

{(b,e) |0 < b,e < U, T «

CR
R ='4'
there afé 25 distinct sets of non-cyclic schedules (ranging
from (0,0) to (4,4)) which contain schedules which satisfy
condition (7.3):

Because the shift changeover properties depend on the
changeover recreation periods, it is not possible to design
optimal multishift schedules merely by using an optimal
non-cyclic schedule fdt each component shift derived

independently of the other shifts. However, the (b,e)

classification of non-cyclic schedules into (a relatively

small number of) sets may be used to deal with this problem

while preserving the independence of the design process

for eaéh shift. Within each set (b,e), all of the non-cyclic

schedules have the same changeover properties (i.e., each

schedule begins and ends with the same number of recreation

days). As a result, differences in the preferability of

schedules within the set (b,e) can only be based on differ-
ences in their internal properties} and hence, it is possible
to determine an optimal non-cyclic schedule for each set

(b,e) using the algorithms developed in chapters 4, 5,‘ana 6.

| In this’manner, it is possible to construct for each |

shift,(l+UCR)2 dominating ndn—cyclic schedules, corresponding

- to the optimal schedzle for each set (0,0), (O,l),'...,

(UagsUpp) - Multishift schedules can then be formed by selecting
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one dominating schedule for each shift, and examiniﬂg
the resulting shift chengeover propefties in the multi-

shift'schedule'(these properties are immediately measurable

since they are determined by the values of b and e associated“

with the schedules selected for each shift). Since the

internal properties of the component schedules for each shift

are optimal for any value of b and e selected, the resulting

multishift schedule will be optimal if the optimal. shift
changeover conditions can be found.
The next section describes how the set of optimal non-

cyclic schedules can be constructed for each Shift.

7.4 DESIGN AND CONSTRUCTION OF DOMINATING NON~CYCLIC
SCHEDULES

7.4.1 Introduction

This section describes how the'enumeraﬁion algorithms
developed in chapters 4, 5, and 6 can be used to generate a
set of optimal non-cyclic schedules for each shift tour in

‘a multishift schedule.

The design procedures descrlbed in this sectlon are
based on the observation that correspond;ng to each set of
non-cyclic schedulies (b,e),vfor which an optimal schedule-
is scﬁght, is a set of cyclic sdhedules7(bﬁe)c* with‘the‘

following properties:

= . L C . R P R ST

"The label (b,e)  is used to identify the set of cyclic
schedules which correspond to the set (b,e) of non-cyclic
schedules; the b and e values are used merely for identifica~-
tion since cyclic schedules have no beglnnlng or ending
perlods. :
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‘ S | 1 '(1) a 1,—{1’ correspondence exists between each
NS L non~-cyclic schedule in the set (b,e) and
A ' L a cyclic schedule in the set (b,e)C; and

(2) = the optimal cyclic schedule in set (b,e)c
corresponds to the optimal non-cyclic
schedule in the set (b,e).
Using the corresponding set of cyclic schedules, the
. / o ‘ procédﬁre for the design of the dominating non-cyclic

schedule for set (b,e) consists of the following steps:

| 1. Construction of the alternate set of
cyclic schedules (b,e)€.

2. Use of the algorithms from chapters 4,
5, and 6 to determine the optimal cyclic
schedule for the set (b,e)C.
3. Use of the optimal cyclic schedule to
identify the optimal non—cycllc schedule
for set (b,e).
‘ | The basic concepts and prdcedures for each step are

discussed below.

7.4.2 Artificial Recreation Periods

Fundamental to the construction bf’(b,e)c is the concept
of ankartificial recreation period. When designing cyclic
schedules for a given shift, an artificial period is used to
account for the time spent on other shifts (including both
wo:k and recreation periods). To illustrate, consider a super-—

visor who is permanently assigned to shift A in the two-shift

schedule shown in figure 7.4. From the superviscr's point of
fv1ew, ‘each officer working the two-shift schedule is a551gned
to shift A for five weeks and is on recreation for the follcw1nq

;i!'   - four-week period (see figure 7.5). In reality, of course, each
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A

MTWTFSS MTWTFSS

A

1 1 ;
2 Five~Week 2 Five-Week
3 | Sschedule for 3 | Schedule for|
4 Shift A 4| shift A |
Week 5 : Week 5 L .
6 Four-Week 6 Four-Week
7 Schedule for 7 Recreation
| 8 shift B 8  Period
‘ID 9 9
Figure 7.4 : Figure 7.5.
Actual Nine-Week ' Perception of the Nine-Week
Two-Shift Schedule Schedule in Figure 7.4 by

a Supervisor Permanently
“Assigned to Shift A
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officer spends his four-week "artificial recreation period*
assigned‘to shift B. However, for purposes’of.designiﬁgJ
the schedule for shift A, time spent on other shifts may be
treated as a single recreation period beginning on a Monday
and‘ending on a Sunday. ‘

Each cyclic schedule in the set (b,e)® is formed by
attaching an artificial recreation period to a non-cyclic
schedule in the set (b,e) to represent the "off-shiftf timek
between the end of the iast week and the beginning of £he
first week of the non-cyclic schedule. The properties
required of the artificial period include the following:

(1) it has length zero (i.e., the period
includes no recreation days);

(2) it beginsg on the Monday following the
last Sunday of the non-cyclic schedule;
and

(3) it ends on the Sunday preceding the first
Monday of the non-cyclic schedule.

As an example, consider the cyclic graph in figure 7.6
from which a four-week, non-cyclic schedule must be designed. .
Figure 7.7 shows the eame cyclic graph with an artificial
recreetiotheriod added (dashed line); note that the period
begins Sp Monday (property 2), ends on Sunday (property 3).,
~ and passe$ through none of the recreation day nodes in the
graph (properﬁy 1).
| The‘elementéry separation matrices for both cyclic

"graphs are shbwn in figures 7.8 and 7.9. The matrix for

&
Y
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Wed.

Thu.

Mon. Pri.

Sun. , Sat.

Figure 7.6

Sample Cyclic Graph with
Four Recreation Periods

Sun.

Figure 7.7

Sample Cyclic Graph with an
Artificial Recreation Period
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Recreation Period

1 2 3 4

1 - 5 1 4
Recreation 2 5 - 1 3
Period

3 2 1 2 - 0

4 0 0 3 -

Figure 7.8

Elementary Separation Matrix for the
Cyclic Graph in Figure 7.6

L Recreation Period

® | | 1 2 3 4  a

1 - 5 1 3 5

Recreation 2 5k - 1 3 5
Period

3 2 2 - 0 2

4 0 0 3 - 0

Figure 7.9

Expanded Elementary Separation Matrix for
the Cyclic Graph in Figure 7.7
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tﬁe cyclic.graph with the artificial period has one
additional row and column. The matrix entires in row’"a"
and column "a" represent work periodAlengths,defined'by the
artificial period and each of the real recreation periods.
Each entry (a,3j) in row a indicates the length of the work
period that will appear at the start of week 1 of the non~
cyclic schedule if period j is used as the flrst recreatlon
period in the schedule; for example: 1f pcrlod 3 is placed
in week 1, the schedule would begin with a three~day®work
period, as seen from matrix entry (a,3). The three days
represent the humber of days between the end of the artificial

periodvon Swnday and the beginning of period 3, on Thursday.

Any zero—-valued matrix entry in row a inaicates a recreation
period that can be used as:a beginning recreation period
(i.e., an initial work périod of length zero); there are

two such periods indicated in figure 7.9: periods 1 and 2.
Each entry (i,a) in column a indicates the length of the =
,kwork period that will end the last week of the shift if ,
recréatiqp period i is used as the last period in the
schedule. *For example: if recréation period 2 ié used as
the last period, thevshift schedule would end with a five§ /
dayﬁwork period, as seen ﬁrom matrix entry Q?,a). .The :
lee—day work period separat?sxﬁé‘last dayzof period 2 

(Tuesday) from the first dam?of the artlflclal perlod,

which is the follow1ng Monday, Any zero—valued entry in

8

S el
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column a indicates a recreation period that ends on Sunday
and ¢an be used as an ending recreation period for the
schedule; only one such period exists in figure 7.1l:
period 4.

The use of artificial recreation periods is indicated
by the structure of the expanded separation matrix. By
using certain entries in row a and column a, real recreation
periods can be "placed" adjacent to the artificial recreation
period. A real period placed immediately after the értificial
period (i.e., using period j with (a,j) = 0) can be used as
a beginning period for the schedule; a pericd placed immedi-
ately in front of the artificial period {(i.e., using period
i with (i,a) = 0) can be used as an ending period for the
schedule. Hence the expanded separation matrix provides a
mechanism for the design of cyclic schedules which correspond
to non-cyclic schedules with specific types of beginning
and ending recreation periods (i.e., the matrix provides a
mechanism for the control of the changeover properties of
the non—-cylic schedules) s Procedures for modifying the
expanded elementary separation matrix to insure correct
placement of beginning and ending recreation periods'to
design non-cyclic schedules for the set (b,e) are discussed
'below. |
7.4.3 Use of the Expanded Separaftion Matrix

The construction of the modified, elementary separation
matrix for the design of nqn—cyclic~schedules involves

three steps:
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(1) the adjustment of interior work period
lengths (i.e., the adjustment of matrix entries
in rows and columns other than row a and column a);#*

(2) the adjustment of entries in row a; and

(3) the adjustment of entries in column a.

The procedure for adjustinéfinterior work period lengths
is identical to the modification procedures described in
section 6.5.1. The only information required is the upper
and lower limits on work period lengths (i.e.",‘UW and LW).'
Briefly, the modification procedure for each matrix éntry
(i,3) dis: '

Step 1 Interior Matrix Entries (ifa, j#a) .

(1) 4if Ly < 539
(sij is the value of the (i,Jj) entrxy);

< Uy, entry (i,j) is unchanged,

(2) if sij > UW
» 5 | L
(3 if sij <,LW, let sij + 7k, increment k
k =1,2,3,...) until L, < sij < Uy and
with Sij; if an acceptable =

, void the (i,3j) entry:

replace sij
sij value cannot be found, void the (i,3)

entry.
The'procedures for modification of entry valueskin row
a and column a are depeﬁ&ént upon the required length of
the béginning and endihg recreation periods. There,ére
four typés of non-cyclic schedules to COnsider; these are

(see figure 7.10):

These entries represent the number of work days
separating interior recreation periods. ; 8

7
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M T W T F 8§ 8 M T W T F S S
= b days
Week Type I Week Type II
(b=0, e=0)* ‘ (b>0, e=0)
(a) ' (b)
M T W T F S§ S M T W T F S S
i~ b days —e——m
Week Type III Week Type IV
(b=0, e >0) (b>0, e>0)
et Q) days-*— , e days —=

(c) | (d)

*b equals the length (in days) of the beginning
recreation period, and e equals the length (in days) of
the ending recreation period.

Figure 7.10

Four Schedule Types for the Placemeht of
Beginning and Ending Recreation Periods
in Non-~Cyclic Schedules :
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(1) Type I (0,0) - both the beginning and endlnq

recreation periods have length zero:;

(2) Type II (b,0) - the beginning perlod has length
b, (b>0) and the ending period has length zero;

(3) Type III (0,e) - the beginning period has length
zero and the ending period has length e, (e>0);
and v

(4) Type IV (b,e) - both the beginning and ending
period have lengths greater than zero.

Consider first, the design of beginning recreatidn
periods. Only two possibilities exist: either the beginning
period has length zero (schedule types I and III), or the
beginnihg period has a length greater than zero (schedule
types IT and IV). The lattef possibility is discussed first.

| The design of a non-cyclic schedule with a beginning
period of length b days, is equivélent to “placinq"ﬂai‘
recreation period, b days long, adjacent tb (and‘folibwingﬁ
the artificial period in the schedule, (i.e., the matrix i
entry corresponding to the work period betweén‘the attificial
periodﬂé~§pd thekdesignafed beginning period j must equal’
zero) . Hence, the design of a schedule with:a beginning
recreaticn period‘with length greater than zere requires:

(1) the presencé of a zero—#alued matrlx‘entfy,’

(a,j) in the expanded separation matrix
(where j corresponds to a real recreation

period of length b), and

(2) the use of entry (a,j) in a feas1ble
sequence of recreation perlods. , ‘ o
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These requirements dictate the following matrix
modification rules for row a for the design‘of non-cyclic
schedules with a beginning period with length b (b>0):

1. Examine row a and select one zero-valued

entry (a,j) (where recreation period j has
length b); if no entries are found, the
matrix cannot produce any acceptable
schedules. ;

2. Dedicate entry (a,j) by Voiding all other
entries in row a and column j (this insures
the use of entry (a,j) in every feasible
sequence) .

To design a non-cyclic schedule with a beginning period
of length zero, a different matrix modification procedure
is used. Since the beginning period has length zero, no
recreation days are present at the beginninglof the schedule
(i.e., the shift actually begins with a work priod that
separates the end of the artificial period from the beginning
of the first interior recreation period). Any interior
recreation period can be used so long as it forms a work
period of acceptable length with the artificial period.
Hence, the entry values in row a of the expanded elementary
matrix are modified using the same procedures that are used
to modify matrix entries which correspond to interior work
periods (i.e., the procedures described in step 1 above).

Summarizing, the matrix modification procedures for

row a of an expanded, elementary separation matrix are:

g -
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”“Steg‘ : Row a Entries (i = a)

(1) If b = 0, modify each entry in row a using the
rules in step 1.

(2) If b > 0,

(a) select one zero-valued (a,j) entry in
row a corresponding to a recreation
period with length b, and

(b) dedicate the (a,j) entry by voiding all
other entries in row a and column j. :

The matrix modification procedures for the ehtry values
in column a of the elementary matrix parallel those descri%ed
for row a. Two procedures exist: one for therdesign of
ending recreation periods with length zero (schedule types
IIT and IV), and another for the design of ending periods
with lengths greater than zero (schedule types I and II).

If the length of the eﬁding period is greater than zero
(i.e., e > 0), a real recreation period with lgngth e must

be placed adjacent to the beginning of the artificial

period (i.e., one entry in column a must equal zeto). Once
~a zero-valued (i,a) entry is identified (where 1 corresponds
to a real recreation priod of length e), it is dedicated to
insure its use in every sequence enumerated ﬁrom‘tﬁe matrii.f%*»
) If akzero—length ending:period is’desired;’thé shift
sChedﬁle ends with a work period that‘separates the 1a$t
interior recreétion period from the béginningyof thé‘artificial ;
period; ' For this kind of schedule, column a entryvvalues,are“\

modified according to the same rules that are used to modify
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. ‘l‘ - | Vmatrix éntries corresponding to interior work periods
(i.e., step 1 above) .
Summarizing, the matrix modification rules for column
~a of an expanded elementary separation matrix are:
Step 3: Column a Entries (i = a)

(1) If e = 0, modify each entry in column a using
the rules in step 1.

(2) Ife >0,

(a) select one zero-valued (i,a) entry in
column a corresponding to a recreation
period with length e, and

(b) dedicate the (i,a) entry by voiding all
other entries in row i and column a.

Several examples illustrating the use of the matrix'modifiga-
tion procedures are presented in the following section.
. ' ~7.4.4 Modified Matrix Examples
| | This section presents several examples of the matrix
‘modification procedures described above. Using the expanded,
elementary separation matrix in figure 7.9, the modified
matrix for each of the schedule types illustrated in figure
7510 are derived. The four modified matrices, each based on
Sgrk period limits: Ly = 4 and Uy = 8, are shown in figures
7.11 through 7.14.

The modified separation matrix for a type I schedule
shown in figure 7.11 was formed by using the step 1 proéedure
for all of the matrix entries, (including thoée in row é and
column a); the s$ven voided entries (excluding the diagonal
terms) represent work period lengths which could not be

Q modified to fit the interval [4,81.
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Recreation Period

Row
1 2 3 4 a min/max
1 - | 5| s8] -5 ]| s5/8
Recreation 2| 5 - | 8 - 5 5/8
Period '
30 - | - -] 7] - /7
al 7 7| - -7
al 77| -1|5/]- 5/7 .

Column -
min/max 5/7 5/7 8/8 5/7 5/7

Figure 7.11

Modified Separation Matrix for Type I
Schedule (0,0) Based on the Elementary
Separation Matrix in Figure 7.9

Recreation Period

Row
1 2 3 4 a min/max
1 - 5 8 - - 5/8
Recreation 2 - - 8 - 5 . 5/8
Period :
3 - - - 7 - 1/7
4] - 7 - - 7 /7
al o - | = - -1 0/0 SR o
Column . R SaE NS
min/max -o0/0 5/7 8/8 7/7 5/7 25/29) . S TR

Figure 7,12

Modified Separation Matrix for Type II
Schedule (b,0) Based on the Elementary
Separation Matrix in Figure 7.9
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‘ ‘ : Recreation Period S
- , Row
1 2 3 "4 a min/max
1| - {5 |8 |- | - 5/8
Recreation 2 5 - 8 - - 5/8
Period -~
3 - - ~ ¥ - 7/7
al - | - | -1]1-10do 0/0
a 7 7 1 - - - 7/7

Column ~ ;
min/max 5/7 5/7 8/8 8/8 0/0

Figure 7.13

Modified Separation Matrix for Type III
Schedule (0,e) Based on the Elementary
Separation Matrix in Figure 7.9

‘ E ) Recreation Period
; , : Row
1 2 3 4 5 min/max

R - 5 8 - - 5/8
Recreation 2 - - 8 - - 8/8

, Period '
R 3 - - - 7 - 7/7
4 | - - - - 0 0/0
50 | - - - - 0/0

Column ‘ :
min/max o/0 5/5 8/8 7/7 0/0

Figure 7.14

Modified Separation Matrix for Type IV
Schedule (b,e) Based on the Elementary
Separation Matrix in Figure 7.9
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In the matrices for both type II and IV schédulés

(figures 7.12 and 7.14), the number 1 recreation period
has been selecteﬁ‘as the beginning period; this is indicatéd;"
by the factfihatwfhe (a,;1) entry has,valuefzeré and all Of the
other entries in row a and coiumn 1 are voided.* Similarly,"
the (4,a) entry is_dedicated in the matrices fdr,the.type
IIT and IV schedules (figures 7.13 and,7.147’to insure that
recreation period 4 appears as the ending’peridd'in"every:
schedule generated from either matrix. The métri# fdr the
'type IV schedule in_ﬁigure 7.14:contaihs two dedicated
entries: (a,l) to iﬁsure that recreation period 1 ig the
beginning period, and (4,a) to insure that period 4 is the
ending period. .

The four modified matrices illustrate that tﬁe use of
an artificial recreaﬁion period:and an expanded separation
matrix does not necessarily increase the size of the matrix'fk
problem (i.e., increase the numbér of valid métxix entries);v
’Whenever a beginning or ending period with b‘> 0Oore>20
is required, th@ resulting dediéaﬁedkénﬁry cén be used;to‘
eliminate- all other Valid entries in one row andVone co;ﬁmn ’

of the matrix.

*The (1,a) entry is also voided in both matri¢es | ;
because (a,l) is a dedicated entry (see section 6.7.3). ﬁg

Lk
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\
)

Once the expanded; elementary separatien matrix has
been modified to insﬁref¢hefenumeration of schedules for
set (b,e) the branch—andipouﬁd algorithm and accelerationf

;techniques described in chaptér 6 can be used. The only
ﬁiaddiﬁionel rule required ie théf@onvention that the arti-
ficiel period is alwayé usea aeﬁthe first period in
constructing each feasible eequehce‘ By following this
rule,'the second period in eech sequence always represehts’
the first real recreation peribd ip the corresponding
QSChedule, and the‘hext~t0~last‘period in each sequence | {
always represents the last realerecpeation period in eaeh

~ schedule. |

As an example, consider the enumeration of schedules
from the modified matrices in flgures 7 11 through 7.14
assuming each schedule must contain exartly 27 work days
(W = 27). The upper and lower bounds on the total number
of work days contained in any feasible sequence derived
from each matrix are circled in the lower right—-hand corner
of each figure. These limits indicate,that schedules with"
W= 27 Cahnot be obtained from the matrix in figure 7.11 or

the matrix in flgure 7.14; the limits on the other two
’matrlces (flgures 7.12- and 7 13) 1nclude the requlred value
and may produce acceptable schedules. Three non-cyclic
4S¢hedules can be enumerated from these matrices: +two from
‘éhe‘maﬁrix in figure 7.l2~(see~figure 7.15), and one fiom

“the matrix in figure 7.13 (see figure 7.16).

O
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M T W T F S S
1 1R R
2 2R R
Week -
3 3R R
4 4R | R
5
(a)
M T W T F s s
1R R
2 3Rr R
Week -
3 4 | R
4
5 2R R

(b)

Figure 7.15

Two Type II Non~Cyclic Schedules Based on the
Modified Separation Matrix in Figure 7.12

1 :
2 |'r | ®r :
Week 5 ‘ :
4 3 1°R R 1 s
4 I°r | R
5 %= R

Figure 7.16 -
A Type III Non-Cyclic Schedule Based on the
Modified Separation Matrix in Figure 7.13

s}
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The type II schedules derived from the matrix in

figure 7.12 use recreation period 1 as the begiﬁning

“period; both schedules belong to the (2,0) set of non-

)
i
i

{
b

cyclic schedules. The sequence of recreation periods

for the schedules are {a,1,2,3,4,a} for schedule (a} and

{a,1,3,4,2,a} for schedule (b). The type III schedule

- derived from the matrix in figure 7.13 uses period 4 as the

ending period and belongs to theﬁsei (0,2); the solution
sequence is {a,1,2,3,4,a}. Although the sequences for
schedule (a) in figurek7.15 and the schedule in figure 7.16
are identical,the schedules are different because they were
derived from different modified separation matrices.

7.4.5 Verificétion of the Properties of the Corresponding
- Set of Cyclic Schedules

In section 7.4.1, the concept of using a corresponding

set of cyclic schedules to derive an optimal or dominating

non-cyclic schedule for each set (b,e) was introduced. Two

essential properties were identified for each corresponding
set of‘cyclic schedules:

(1) +that a 1-1 correspondence exists between each
non—-cyclic schedule in the set (b,e) and a
c¢yclic schedule in the corresponding set
(b,e)C; and .

(2) that the optimal cyclic schedule in set (b,e)®
corresponds to the dominating non-cyclic schedule
in set (b,e).
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The 1-1 correspondence bhetween non-cyclis and cyclic

schedules is easily seen by examining the- solution sequences

for the three schedules shown in figures 7.15 and 7.16. The

sequence of recreation periods used for each cyclic schedule

and its corresponding non-cyclic schedule are:

Cyclic Schedule Non-Cyclic Schedule

Figure 7.15a {3,1,2,3,4,8.} ke {1'2,3’4}
Figure 7.15b {a,1,3,4,2,2a} —— {1,3,4,2}
Figure 7.16 {a,1,2,3,4,a} —— {1,2,3,4}

‘The sequence for each non-cyclic schedule in set (b,e) is

formed by deleting the artificial period from the correspondJ

ing sequence for each cygiic schedule in set (b,e)€. Hence,

for every distinct schedule in set (b,e)€, there is a unique -

and corresponding schedule in set (b;e), and conversely, for

every distinct schedule in the set (b,e), there is a unique |

and corresponding schedule in tﬁé set (b,e)c, The strict

1-1 correspondence between schedules establiéheé‘that the

sets must contain equal numbers of schedules. This observa-

tion, and the fact that (1) the branch-and-bound algorifhm
implicitly enumerates;eVery schedule in set (b,e)c,;and ;

(2) the matrix modification'ruies insure that the n9n~cyc;i¢
schedulekassociated wiﬁh‘every‘cyclic schedﬁle’%numeiated |

frdm~the modified matrix belongs.to set~(b,e),~verifies

- that every ﬁoh—cycliC‘scheduie in set (b,e) will be implicitly

enumerated whenAthe‘branchqand;bound‘algerithm'is'applied,to
the modified separation matrix. '

g
i o
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i

The second required property,bthatothe optimal cyeclic
schedule in (b,e)” correspénd to’the dominating nonfcyclic
schedule in (b,e) is achieved by using preference measures
appiicakle to non-cyclic schedules to determine the optimal
schedule in set (b,e)C. A list of "non-cyclic" preference
measures used to rank cyclic schedules in set (b,e)c is shown
in table 7.1. The table also identifies échedule properties .
which are measured differently for cyclic ahd non-cyclic
schedules.

7.4.6 The Design of Optimal Non-Cyclic Schedules

Using the concepts introduced above, this section

~ describes the algorithm for determining the set of dominating

non-cyclic schedules for each shift tour to be used in a
multishift schedule. The design procedure is outlined in
figure 7.17 as a sequence of 11 steps; a brief discussion of
each step follows. |

To illustrate each step in the algorithm as it is
discussed, consider the design of a dominating set of
non-cyclic schedules for shift i with the following daily

allocation of recreation days:

Mon. ' Tue. [ Wed. I Thu. | Fri. | SaﬁAi [ Sun. Total

2lz"|o’1‘i1{1ﬁ|138

PR *F ¥ S

[d



i



Table 7.1

Preference Measures Used to Rank Non-Cyclic Schedules

Schedule Measures Used
to Rank Cyclic Schedules

Modifications for Use with
Non~Cyclic Schedules

Meaéure Values for the
Non~-Cyclic ‘Schedule
in Figure 7.15

6.

Number of weekend recreation
periods

Maximum number of consecutive
working weekends

Maximum length work period
(days)

Number of maximum length
work periods

Recreation period measure

Work petiod‘range

Maximum number of days in
consecutive work periods

Number of maximum length
consecutive work periods

Standard deviation of the
work to recreation period
length ratios :

None

Cannot measure across
artificial period (e.g. cannot
combine weeks 4 and 5 with
weeks 7 and 2 in figure 7.15)

For (0,0) non-cyclic schedules,
cannot combine the first and
last work period lengths

None

For (b,e) non-cyclic schedules
with b>0 and e>0, cannot
combine the beginning and
ending recreation period
lengths

None

First and last work periods
are not treated as
consecutive work periods

None

If b> 0, cannot use beginning

recreation period; if e=0,
cannot use final work period

15

_SLE‘._

0.236

I

*See table 2.9 for the preference rankings used to measure‘tecxeation period sets.
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Step 1 Determine the allocation of recreation days
by day of the week for shift i.

T

T

Step 2 Use the upper and lower limits on
the length of changeover recreation
perio&s to define the sets of
non~-cjfclic schedules of interest.

r

Step 3 _Select the first (next) set; if none

‘exist, stop.

Step 4 Remove the beginning and ending
recreation days from the recreation
‘allocation; if an infeasible allocation
is created, return to step 3.

!

Step 'S Determine the firsgt (next) partition of the
recreation days in the reduced allocation;
if none exist, record optimal schedule

for set (if any) and return to step 3.

i I
W

i )

Ay

Step s Determine the first {next) cyeclic graph’
‘ . based on the partition of the recreation
days; if none exist, return to step 5.

4

Step 7 Add the recreation days in the
beginning and ending recreation
periods and an artificial recreation
perioé to the cyclic graph.

N

Step 8 . Use the cyclic graph to determine the
expanded elementary separation matrix.

!

Step .9 Modify the separation matrix. for the work
period length limits and the presence
of the beginning and endinq recreation

periods.
4
Step 10 Apply the matrix conditioning procedures.
stép 11 Use the branch and bound algogithm;

rank measure each schedule' and
retain optimal schedule. Return to step 6.

bFigure‘7.17

. Eleven-Step Procedure for the Algorithmic Construction of
bDominating Non-Cyclic. Schedules



‘ by the,perlod,ln this case Saturday and Sunday, the new

allocation is:
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The upper and lower limits on the lengthfof each changeoher ‘

recreation period are U,p = 4 and L,p = 2 respectively; as

a result, there are (UCR+1)2 = (4+1)°%

It

25 sets of schedules
to be examined. The 25 sets are'{(0,0),(O,l):(O,ZY;(O,3),*
(0,4),(1,0),(1,1),...,(4,3),(4,4)}. A dominating non-cyclic
schedule must be found for each set. Obtaihing the daily"
allocation’of recreation days, and defining and ordering the 
sets of schedules td be, examined completes steps 1 and 2,dh

From this point on in the algorithm (steps 3’through_1l)}.‘
each set of schedules is examined individually. Iffany"‘ .
schedules exist for the set, the optimal schedulehis found
and retained. To illustrate this process, consider findind
thP dominating schedule for the (0,2) set; every non-cycllc;

heduge in this set must have an ending recreation period
that is exactly two days long.

Since the exact;lengﬁhs of the beginniﬁg and endihg
recreation periods are known, they can be used to feducedﬁhe
computational effort of both the partitioning and cycllc
graph’algorithms, For example: since the length and p051t10n
of the endlng period is known (the period is two days 1ong |
and covers Saturday and Sunday), the period can be tempo~

rarily removed from the dally allocatlon of recreatlon days

to obtain a reduced allocatlon based on only 51x revreatlon ‘

-H

days. The reduced allocation for the (0 2} set 1s obtalned by subn°

tractlng one recreatlon day from,each day of the weuk covered

JJJJJ
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Mon. | Tue. ! Wed.. l Thu. [ Fri. l Sat. r sun. } Total
2 l 2 ] 0o } 1 I 1 i 0 I 0 I 6

It may happen that the specified beginning and ending
recreation periods are not compatible with the daily alloca-

tioh of. recreation days. For example, each schedule from the

\\Qset (3,4) has a beginning period three days long and an

»

nding period four days long. Removing both of these

periods from the original daily allocation produces the

following result:

Mon. " Tde. Wed. Thu. Fri. Sat. Sun. Total

1 1 -1 0 0 0 0 2

The -1 value for Wednesday occurs because the beginning period
~ requires a recreation day on Wednesday that does not exist in
the initial allocation; as a result, no non-cyclic schedules
can be designed for the (3,4) case. In fact, since there
rare no recreation days allocated to Wednesday, no schedules
Acan be designed with beginning periods that are more than
two days loﬁg (i.e., b > 2); hence, no schedules can exist
| for the sets {(3,0),(3,1),...,(4,4)}.
| The reduced ailocation of recreation days for the (0,2)
case is feasibler(i;e., there are no negative values) and Step 4

is completed. The reduced daily allocation is now used in the

algorithms described in chapters 4 and 5 to find partitions



kbeginning and ending periods‘servestwo purposes: (l) the
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and cyclic graphs (steps 5 and 6). The removal of the

‘reduced allocatlon array produces a smdller problem requlrlng

less computatlonal effort, and (2) the~beg1nn1ng and endlng
period can be added to each cyclic graph produced thereby
insuring that only schedules from the (0!2)'set will be
produced.. | |

The six recreation daysvin the reduced allocation for
the (0,2) case produce only three partitions which,satisfy,ﬂ¢4*f
the oonstraints oh the iengths of‘interior recreation

periods (i.e., Ip = 2 aﬁd Up = 4)., The partitions are:

Number of .

- 2-~day 3-day  A-day
Partition periods periods periods
1 » 3 0 0
2 0 2 | 0

3 i 0 R

Each partltlon, in turn, is used to produce cycllc graphs
on the star dlagram,correspondlng to the reduced allocatlon,

the reduced star dlagram for the (0, 2) case 1s shown 1n

'flgure 7 18. Because. of the small number of nodes Ln the
star dlagram, 1t is p0531b1e to determlne by 1nspect10n that
partitions 2 and 3 produce no graphs.‘ (The star dlagram in

'._flgure 7. 18 can only be used for one or two~day recreatlon

/ :

per;ods.) The remalnlng partltlon whlch conslsts of three'f ,e;x=
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Wed.

Tue. Thu.

Mon. Fri.

Sun. Sat.

Figure 7.18

Reduced Star Diagram

two—day'periods produces only one cyclic graph (see
kfigure 7.19). Formqlationkof the graph COmpletes step'g,

| :TOxconstruct the cbmplete cyclic'gfaph used to produce
the expahded elementéry sepératidn matfix, the beginniﬁg‘

and ending recreation periods, and an artificial period must

. 7 be added to the reduced graph. Forkthe‘(o,z) case, a two-day

5 ‘

ending period covering Saturday and Sunday, and an artificial
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Wed.

Tue.

Mon.

Fri.

Sun.

Figure 7.19

Reduced Cyclic Graph

recreatlon perlod extendlng from Monday through Sunaay are-
added to tbe cycllc graph 1n figure 7.19. The resultlng' '

cyclic graph, used in an example earller in thlS chapter,

is shown 1n flgure 7.7 Constructlon of the complete

cyelic graph concludes step 7.

The expanded elementary separatlon matrlx for thls

CYCllc graph‘ls shownqln flguref7.9_(step 8), and the

i

e

Y
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modified matrix for the (0,2) case (a type III schedule)
is shown in figure 7.13 (step 9). Since recreation period
4 is used as the ending period, matrix entry (4,a) is
dedicated by setting the entry (4,a) equal to zero and

voiding all of the other entries in row 4 and column a.

No dedicated entry exists in row a because the beginning

period has length zero. The only matrix conditioning rule

(step 10) that can be applied is the voiding of the (a,4)

_entry; since (4,a) is dedicated, it must appear in every

feasible sequence and (a,4) will,appear in none.

Only one schedule (see figure 7.16) can be énumerated
from the modified metrix in figure 7.13 (step 11), ‘This
schedule represénts the dominating schedule for the (0,2)
set and joins the collection of other dominating schedules
for shift i that will be used to design the optimal multi-
shift schgdule.

7.5 'I’HE’ :‘ﬁl\iIUMERATION OF OP’I’IMAL MULTISHiF'I.‘ SCHEDULES

7.5.1 Introduction

This section describes an implicit enumeration scheme

- to find optimal multishift schedules based on the set of

dominating non-cyclic schedules. The enumeration strategy

is quite simple: a candidate non-cyclic schedule is

selected from the set of dominating schedules for one shift,

the changeover recreation period defined by this candidate

- schedule and the non-cyclic schedule selected for the
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preceding shift is exsmined, and if the length of the change—
over period is acceptable, the candidate schedule is

retained and the algorithm moves.to the selection of a non-
cyclic schedule for the next shift tour in the multishift
schedule. This step~wise process‘is continued ﬁntil a |
schedule hasybeen selected for each shift tour. Each comélete
multishift schedule is(theh‘given a preference rating wh%ph is
used to determine the optimal schedule. .

This section describes the enumeration procedures used
to efficiently examine all of the combinations of the‘dominste
ing non—cyclic schedules from each shift. In addition to the B
acceptability requirement assoc1ated w1thkeanh changeover
recreation perlod, several acceleratlon‘technlqueS'are
described whichkreduce the computational effért required to
find optimal ané'near—optimal s¢he@ples.

7.5.2 The Enumeration;Psocess |

The implicit enumerstion scheme fb'determinekcptimal
,multlshlft schedules 1s chematlcally represented in figure
7.20; the diagram 15 based on a three—shlft schedule.‘ Each
node in the tree dlagram represents a unique sequence of
one-shift, non—cycllc schedules 1ncluded in the sequenee
(e.g., each level 2 node represents‘s unique sequence_of
itwo non"cyclic'schedules) Each level in the tree corresponds‘
to a spe01f1c shift tour in the multlshlft schedule, and the

sequence of levels r*orresponds to the sequence of shlfts

&




Node Level ]
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, (1,0)
1 (day shift)

2 (night shift)

| 3 (afternoon shift)

Legend

(b,e)

Schedule / <:)

0 " set no. f
: - Node sequence no.

Figure 7.20

Schematic Diagram of the Tree Search Procedure for

Constructing Multishift Schedules
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requ@red in the multishift schedule (e.qg., theESequence of
levels in figure 7.20 correspond to multishift schedules |
with a shift sequence offday, night, afternoon. Which shift
is used in level 1 is erbitrary, but once determined, the
shift assignment for each subsequent level must correspbnd
to the required shift sequence in the multishift schedule.
The number within each node identifies the order in
which the nodes are created; the left superscript for each
node indicates the set of the non-cyclic schedule added to
the sequence at that level (e. gu, the dominating schedule
for set (3,2) was added to the sequence at node 2) The

l

entire sequence represented by each node can be determined

by noting the schedule set numbers on the path frdm START

to each node (e.g., the number 4 node represents the sequence-

{(1,0),(3,2),(2,3)}; that is, the day shift sechedule is

. from set'(l,O), the night shift schedule is from set (3,2),

and the afternoon shift schedule is from set (2,3).

As each candldate Shlft schedule is selected, the lengEh

of the changeover recreatlon perlod between the candldate
schedule and the schedule selected for the precedlnq shift
must be examined to determlne whetherylt is acceptable;

that is, whether it satiSfieskthe condition:‘ &

1 =1,2,...,N

byt1 ¥ Py

Lop < 03 * bl+l =V
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where N equals the number of shift tours. . Each level N
candidate schedule must satisfy the changeover period
requirement for two changeover points: i = N-1l and i = N;
that is,‘the‘candidate schedule at level N must be compatible
(in terms of the changeover recreation period) with the shift
schedule at level N~1 and with the shift schedule at level 1
since shift N "precedes" shift 1 in a multishift schedule.
7.5.3 A Sample Problem

To illustrate the enumeration algorithm, consider the
constiuction of an optimal multishift schedule using the

following sets of dominating schedules: for shift 1,

'~ schedules exist for sets (2,3) and (4,1); for shift 2,

schedules exist for sets (1,1), (1,4), and (3,1); and for
shift 3, schedules exist for sets (0,0), (1,3) and‘(3,4).
(This information is summarized in table 7.2.)

The tree diagram for enumerating multishift schedules
based on these eight shift schedules is shown in figure 7.21.
The upper and lower limits on the lengths of changeover
recreation periods are four and two days respectively, (i.e.,
U

= 4 and Log = 2). Two acceptable multishift schedules

CR R

" are found: one at node 5 corresponding to the seguence

{(2,3), (0,0), (3,1)},and a second at node 7 corresponding
to the sequence {(2,3), (1,3), (1,1)}. Adding the lengths
of the ending and beginning recreation periods for each

adjacent pair of non-c¢yclic schedules in each sequence
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Table 7.2

Dominating Schedule Sets for the
Three—~-Shift Sample Problem

Schedules Found for the

Shift Following Sets
1. (2,2), (4,1)
2. (0,0), (1,3), (3,4)
3. (1,1, (1,4), (3,1)

verifies that each changeover point-in the multishift
schedule has a changeover recreation period of acceptable
As an example, for the sequence associated with

node 5, each changeover recreation period is three days

3 days

I

{(2,3) (0,0) (3,1)}

i
3 days 3 days



Shift

* Acceptable multishift schedule, a changeover recreation period of acceptable length exists at each shift
changeover point.

Fiqure 7.21
Tree Diagram for the Thisa-Shift Search’Example-

gn

-88€-
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Tﬁe L__| symbol in the tree diagram indicates nodes in
which the candidate shift schedule failed to produce a
changeover recreation period of acceptable length.
7.5.4 Acceleration Techniques
Although the enumeration procedure described above is
quite satisfactory for relatively small scheduling problems,
as the number of shifts, and dominating schedules per shift
increases, the computational effort required for the enumera-
tion of all acceptable schedules also increases very rapidly.
This section examines the growth characteristics of the
enumeration process, and describes two acceleratién procedures
for improving the effectiveness of the enumeration algorithm.
In the concluding portion of this section, a modified
procedure is described for enumerating both optimal and
near-optimal schedules.
7.5.4.1 Growth Characteristics of the Enumeration Process
The number of acceptable multishift schedules and the
size of the tree structure (i.e., the number of nodes) that
exist for a given problem depend upog the number Qf shifts,
N, and the limits imposed on the lengths of the changeover
recreation periods. As derivéd earlier in this chapter,
each shift can have a maximum of (UCR-l-l)2 dominating
schedules. ' Hence the first level in thektree structure

can have as many as (UCR+1)2 nodes.* Although (UCR+1)2

* )

For convenience, it is assumed in the remainder of
this section that there arc exactly (UCR+1)? dominating
schedules for each shift.
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schedules are available for branching (i.e., as descendent
nodes) from each node at level 1, only a limited number of
the schedules assigned to each level 2 node willjsatisfy

the changeover criterion, <e +by <U The number

LCR - CR*®

of active nodes (i.e., nodes that satisfy the changeover
constraint) at level 2, N,, equals

UCR

N, = (n, ) (m)
2 kzo n )« (my

where n, eguals the number of level 1 schedules with e; = k,
and m equals the number of level 2 schedules that are
compatible with e; = k (i.e., level 2 schedules with b

values that satisfy L <k + b2 XU The number of

CR — CR)'
level 1 schedules with e; = k depends on the number of

distinct values for b:; since 0 < b; < U or by = 0,1,2,..+,

CR

Uony there are exactly U, +1 schedules with e; = k.

CR

Hence,

UCR

Ny, = (U.,+1) . (7.4)
2 kzo cr' ' Tk

To determine m, , the number of beginning veriod lengths. in
schedules at level 2 that are compatible with each value of

k, it is convenient to use the following listing:
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end period number of beginning period
length, lengths that are compatible
e =k with k
Ucr
Uog — 1 2
ber * 1 Ucr ~ Ler
Len Usr " Ler *t 1
Ler = 1 Ur = Ler * 1
UCR - LCR + 1
0 Uog = Leg * 1

FPor values of k from UCR to LCR}l, m values equals

UCR+l—k; for values of k less than LCR+1, m, is independent
of k¥ and equals UCR—LCR+1. As an example for k = 0, UCR = 4
and L = 2, there are three beginning period lengths

CR
(UCR-LCR+1 = 4-2+1 = 3): 2, 3, and 4. Since there are
(UCR+1) schedules at each level 2 node that begin with each
value, there are Mo = 3(UCR+1)‘= 15 schedules that are

compatible with k = 0. Hence (7.4) becomes

UCR )
Np = ] (Ugp+l) ®* (Upp=Logtl) +
k=0
UCR 2
) (Uagtl) ** (Upptl-k)

k=LCRfl
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which becomes:

(Uqpt2) (U +1) L. (L. +1)
CR CR _ _CRCR }(7.5)

‘Nz = (U +l)2 ’{ ]
CR 2 2

Now let

o {(UCR+2)(UCRfl) -_LCR(LCR#I)}
2 2

then (7.5) becomes
— 2
N, = (UCRfl) F

which indicates that F nodes are generated at level 2 qu
each level 1 node. Hence, in general, the total number of

active nodes for level i is given by

_ 2 i-1
Ni = (UCR+1) F

and the total number of nodes N,, for N shifts equals

T
N ' N -
= - 2 .F_‘,_:A)
Np = ] Ny = (Ugprl)?( F-1/ -
i=l - Lo
One measure o% the screening capability of the changeover
period length criterion is the.fraction of nodek that are
rejected (terminated) at each level in the tree structure.

Define the screening factor, £, as
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number of nodes rejected at level i

£= total number of nodes possible at level i
total number of nodes possible at level i -
_ total number of active nodes at level i
~ total number of nodes possible at level i
2 .
] Niel(UCR+l) N, _4F
2
Ny _1(Oaptl)
£=1-—F .
(Uaptl) |
For LCR = 2 and UCR‘= 41 F equals 12 and the screening

‘ factdr f equals 13/25

requirement for these

or .52. Hence the changeover'length

values of LCR and UCR only eliminates

52 percent of the nodes.

This screening factor can also be used to determine the

total number of acceptable schedules Ny that exist for a

given set of initial conditions., Acceptable multishift

schedules must come from active level N nodes which are not

eliminated when the changeover period length criterion is

applied to the changeover period between the level 1 and

level N schedules; therefore

=
i

_ N
NS—F

N+ (1-fF) = (@ _+1)2FV 1Y F
S N ; < CR )((UCR+1)2

Values of F and screening factors for a variety of

changeover period limits are shown in figure 7.22. The

values in the table indicate that as the range of the
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Lower Linmit in Days on the Length of

the Changeover Recreation Period, LCR
1 2 3 4 5 6
3 ‘
i
.5
5 3
2
: .44 .67
Upper Limit - 9 7 4
in Days 3 N\
on the v
Length of the .438 .563 .75
Changeover 14 12 "9 _ 5
Recreation 4
Period, v
Ucr 44 .52 .64 \] .80
20 18 15 11 6
5
444 .500 .583 .694 .83
27 25 22 18 13 7
6 \ \
.449 .490 .551 .633 .735 .857
x (UCR+2) (UCR+1) (LCR+1)LCR
F -~ -
2 2
F f* = 1 - —r ~
£ (Uegtl)

*assumes that the maximum number of dominating
schedules, (UCR+1)2, are found for each shift.

Figure 7.22

F Values and Screening Factors (f) for the Multishift
Schedule Enumeration Procedure as a Function of the Upper
and Lower Limits on the Length of Changeover Recreation

Periods
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limits (i.e., UCR_LCf) becomes larger, F values increase
and screening factoré fall to approximately 0.5. Even for

the smallest range pbssible (i.e., UCR=LCR)’ the screening

‘
[

~ factor is less than 0.86 for N < 6. The total number of

nodes and schedules ‘that exist for the three sets'éf limits

are shown in table 7.3. These results indicate how guickly

the total number of acceptable schedules andlnodes increase
as the range of the changeovef peériod limits increases.
They also indicate that unless additibnal cdnstrainté are
used to screen out acceptable schedﬁles, application of the
enumeration procedure is quite limited.
7.5.4.2 Selection of the Level 1 Shift

One method for accelerating the enumeration algorithm
is the selection of a shift tour for level 1 which minimizes
the total number of active nodes produced in the tree
structure. This decision can be based on the number of
dominating schedules n, that exist for each shift. The
number of active nodes Ny at each level i in the tree
structure can be estimated by

)i

- i
a = .H ni(Pa)

Nv = n1,n2,.m.'ni(P
i=1

1

where Pa is the probability that each sum ei—l+bi will fall

in the range (LCR'UCR)'

estimated by ﬁa = (1-f) where f is the screening factor

This acceptance probability can be






Table 7.3

Number of Schedules and Nodes Enumerated for Different
Changeover Period Limits and Numbers of Shifts*

Changeover Recreation Period Limits

Ucr™2s Ler=2 Ucr=4s Lcr=2 - Uer™3r Ler=l

Numbex ’ ‘ o »
“of Number of Number of Number of Number of Number of Number of

Shifts Schedules Nodes Schedules Nodes Schedules Nodes

2 9 36 144 325 400 756
3 27 117 1,728 3,925 8,000 15,156
4 81 360 20,736 47,125 160,000 303,156
5 243 1,089 248,832 565,525 | 3,200,000 6,063,156
6 729 6,786,325 | 64,000,000 121,263,156

3,276

2,985,984

*Calculations are based on a maximum of (UCR + 1)2'dominatihg séhedules for each shift.

/
J; .

-96€~
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derived above. The validity of this estimate for Py is

~ based on the assumption that the dominating schedules

found for each shift represent a random selection of the
(UCR+1)2 scheanles‘that could exist. Using (1-f) in place

of Pa' the total number of nodes becomes

N N N i

Np= § N, = J| I n(1l-f) (7.6)
= i=1I\ k=1

Equation (7.6) is more easily computed if the terms are

rearranged and written in the form:

Np = mpp(lin,p(1+... (L+ngp)...)) (7.7)

where p = (l1-k). Result (7.7) can be used to estimate the

total number of nodes that will be generated in the tree

‘structure using each of the N shifts in level 1 (or

equivalently, using each cyclic permutation of the N-shift
sequence). The estimating equation is used prior to the
enumeration algorithm to determine which level 1 shift
minimizes Np.
As an example, consider the enumeration of all multi-

shift schedules with six shift tours based on the following

sets of dominating schedules:
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Number of.Schedulesq_ni=_

Shift v '
Label Set 1 Set 2 Set 3
a 15 10 25

15 18 1
c 15 14 25
d 15 20 .1
e 15 12 25
£ 15 16 13

Fach set contains 90 schedules.

The Ny values for the six cyclic permutations of each
set of schedules are presented in table 7.4. The N values
for each set indicate that selecting an appropriate level 1
shift becomes more important as the variability in the number
of dominatiny schedules per shift increases. As expected, no
differences in N values occurs when all of the n, values
are equal (set 1l). 1In set 3, however, the variabilitv in the
number of schedules produces N values that vary by a factor
of 3 (e.g., the NIII value fbr sequence 6 is less thah one-
third of the NT value for sequence 3).
7.5.4.3 Ordering the Dominating Schedules for Each Shift

The following definitions and notation are needed to
. equal

J
the number of weekend recreation periods for the jEE schedule

describe the second acceleration procedure. Let Wi

S for shift i; and let W, equal the maximum Wij value for shift

&
i; i.e.,



Table 7.4

Estimated Number of Active Nodes for Cyclic Permutations of the

Shift Sequence for Three Sample Problems

Schedule Set 1

Schedule Set 2

Schedule Set 3

Est. Est. Est.
No. of No. of No. of
Permu~ Active Active Active
tation Shift Nedes Shift Nodes Shift Nodes
Numbexr Sequence Nop* Sequence Nep* Sequence Nqp*
1. (15,15,15,15,15,15)| 205,358 [(10,18,14,20,12,16) 173,615 | (25,1,25,1,25,13) 3,798 -
1 . . . ,
2. } (18,14,20,12,16,10) 179,328 | {1,25,1,25,13,25)| 4,064
3. (14,20,12,16,10,18) {168,774 | (25,1,25,13,25,1)| 11,139
4. (20,12,16,10,18,14) {175,750 | (1,25,13,25,1,25) 3,983
5. (12,16,10,18,14,20) 171,857 (25,13}25,1,25;1) 10,126
o i i
6. (15,15,15,15,15,15)} 205,358 {(16,10,18,14,20,12) {185,922 | (13,25,1,25,1,25) 3,477

*Equation (7.7).

-66€~
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Wi=mal.x Wi i’:l'z,.ourlq

4
3 J
Using the W, value for each shift, an upper limit on the

total number of weekend recreation periods W in each multi-

shift schedule is given by

The Wij and Wi values can be used to define a dij value

for each dominating schedule. The dij value for the jEE

schedule in shift i is given by:

Fach’di.

i value indicates the difference between the maximum

“number of weekend periods possible from shift i and the number

of weekend periods in schedule j. Let D equal the sum of the
dij's for each multishift schedule; i.e.,
N

b= a.
i=1 {3} *
where {j} represents the set of J values corresponding to

the N shift schedules used in a multishift schedule. The D

value for éach schedule indicates the difference betweéen

the maximum number of weekend periods possible in the entire

schedule'and the actual number included over all shift tours:

K i.e.,
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As a result, a zero value for D indicates a multishift
schedule that contains the maximum number of weekend periodsQ
The dij value assigned to each dominating schedule can ?WS
be used to provide an ordinal ranking of the candidéte' .
schedules within eéch shift to accelerate the enumeratién
procedure. Let J,, equal the number of schedules for shift
i which have dijvﬂ k (J;5 > 1 since at least one schedule
must have d;. = 0). The sum of the Jik‘s eguals n;: the

| i
total number of schedules from shift i; i.e.,

The ordinal ranking for each schedule in shift i is d%tained
in the following manner. Schedules with dij = 0 values

are ranked from 1 to JiO (the order within the grqﬁp of

dij = 0 schedules is'arbiﬁfary); next, schedules with dij =1
values are ranked from Jigtl to Ji0t947 - This process
continues until all of the schedules within shift i are
labelled. The prbcess is repeated for each shift.

With the schedules labelled in this manner, two mpdifica~
tions can be made in the enumerétion procedure.”The first
involves the following two steps: |

Step 1. Use the enumeration procedure’described
above to find an acceptable multishift schedule; let D
equal the sum of the d,.'s for the N shift schedules,

and let C equal the ) maximum number of ‘consecutive
working weekends in the schedule. L R
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Step 2. For each node examined subseguent to finding
the first schedule, use the following test based on the
sum D, of the d,.'s for the shift schedules in the partial
sequeiice at TJjevel i, and the maximum number C, of
consecutive working weekends in the first i shift tschedules
to determine the acceptability of the candidate schedule;
this test is in addition to the determination of an
acceptable changeover recreation period:

(a) 4if Di > D, or

reject the candidate schedule.

Thekadditional tests described in step 2 are designed
to identify (as early as possible in the enumeration process)
groups of schedules which wili be less preferable than the
current optimal schedule. The D, value indicatas the maximum
nunber of weekend recreation periods that any w@chedule
produced from node i can have ({(the maximum number equals
W—Di). Since each dij value is non-negative, the sequence
of D, values for i = 1,2,...,N is monotonically nondecreasing;
hence if Di > D, no schedule will be produced from node i
with as many weekend periods as the current optimal solution.

If D, =D at a level i node, there may be some acceptable
multishift schedules from node i which possess as many
weekend periods as the current optimal schedule. In that
event, the sécond most important preference criterion, the
maximum number of consecutive working weekends, is used to
identify nodes which must yield less preferable schedules.
Like Di' the cikvalues for i = 1,2,...,N form a monotonically

nondecreasing sequence. Hence if Di = D and Ci > C, the
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preference measure of every schedule completed from node i

will be less than the preference measure of the best schedule

already found.
The second change in the enumeration procedure, based

on the ordering of the dominating schedules for each shift,

comes into play once the first adceptable multishift schédule

is found by the enumeration algorithm. From that point on,
the D;_, value for each node can be used to screen out
candidate schedules for shift i. The criterion is based
on the observation that in order for a level i node to be

active, its D; value must satisfy the condition D, < D.

This inequality, in turn, yields the following result aboutz

thevdij values of the dominating schedules that can be

added at level i; i.e., if

D. < D
l —
then
Di_l+dij < D
dijj £P =Dy,
and

Result (7.7) states that in order for the node at level i to
be active, the dij value of the candidate schedule for shift

i must not exceed D-D;_,. As a result, only the first
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Jio + Ji + ... + Jim dominating schedules have to be

examined from shift i. {There must be at least one schedule

‘since min D-D; 7 = 0 and J,, > 1.) Hence as the D value

decreases as new multishift schedules are found with more

weekend recreation periods, the number of dominating

'schedules that have to be examined from each shift decreases.

7.5.4.4 Enumeration of Optimal and Near-Optimal Multishift
Schedules

One difficulty with the modifications described abqve
is the amount of computatiocnal effort that may be reguired
to find the first acceptable schedule. In addition, deter-
mination of only the optimal multishift schedule may net . be
a practical design approach. Although one multishift
schedule can be identified as optimal in terms of the
specific schedule measures used in the deéign algorithms,
cormputational experience with the enumeraﬁion pfbcedure
indicates that the differences that distinguish the optimal
schedule from the second, tenth, or even fifteenth ranked.
schedule are fregquently very small, a?d that‘such small
differences may not be of major imporﬁance to the échedule
designer. He may, in fact, place more vidlue on tﬁé:ﬁgportunity
to select from amoﬁg a group of optimal and near-optimal ™~
alternatives,; a schedule pdssessing schedﬁle,featuﬁes not

explicitly controlled in the design_algbrithm;
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To limit the effort expended in finding the first
acceptable schedule, and to produce both optimal énd near~“
optimal schedules, a modified enumeration strategy éanige
used. The procedure uses the W value derived from the
examination of the set of dominating schedules for each-
shift. The altered strategy assumes fhat some acceptabie
multishift schedules exist with exactly W weekend recreation

periods, and limits the enumeration process to finding only

those schedules. (The optimal multishift schedule must, by

definjtion, be included in the collection of schedules withk
W weekend periods.) To limit the search process, D is'set
equal to zero at the beginning of the enumeration. (This
has the effect oL'lndlcatlng that a schedule with W weekend
periods has already been found.) As a result, only shift
schedules with dij = 0 are examlned, and everj acceptable
multishift schedule found has Dy = 0 and l_z_l L Wis = W.
Since the search is limited to only the first 310 s@hedules
from each shift, the enumeration is accelerated, and the
collection of feasible schedules found includes both optimal
and near-optimal schedules. - If no schedules (or very’feﬁ)
are\found with D = 0, the D value can be incremented to

D = 1 and the enumeration process can be initiated again.
This»proceaﬁre can Ee continued until either the optimal‘
plus a sufficient number of near-optimal sdhedules ére

found or the D value exceeds a user specified limit.

el
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7.5.5 Computer Code

To test the enumeration algorithm and acceleration
techniques déscribed above for designing optimal and
preferable multishift schedules, a computer code, entitled
MERGE, was written in FORTRAN IV, and successfully implemented
on an IBM 370-55 system. The program has been utilized to

construct schedules for several police agencies (see

section\8.4). Multishift schedules have been constructed

with as many as six shift tours extending over 19 weeks.
Execution times have consistently remained below one minute

of CPU time. Printouts of the MERGE program are presented

in section 8.2.
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8. CONCLUSIONS

8.1 INTRODUCTION

This concluding chapter reviews the major results of
this thesis, desecribes the application of these results to
the design of manpower schedules for two units within the
St. Louis Metropolitan Police Department, and finally,
outlines several areas for future work.
8.2 MAJOR RESUZTS
8.2.1 Measures of Manpower Schedules

The primary objective of this thesis was the develop-
ment of a system for the design of optimal and preferable
multishift PR schedules. The dev@iopment.and integration
of a design capacity into the schedule enumeration algo-
rithms consisted of the following steps: (1) identification
of relevant and specific manpower schedule attributes apd
properties, and (2) specification of cne or more guanti-
tative measures for each attribute and property. In the
procedures described in this thesis, these measures are
applied to each candidate schedule to determine the relative
- preferability of alternate schedules, and ultimately to
determine ah'optimal br most preferred schedule for a given
set of initial aQnd%tiohs. | |

The schedule measures used in this work we@e applied
in two ways. Some were used to screen out infeééible and

unacceptable schedules; these measures represented minimum
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by standards to be satisfied by every acceptable schedule.
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The minimum requirements imposed on all schedules in this

thesis included:

(1)

(3)

(4)

preserving a specmfled manpower allocation by
shift and day of the week;

~satisfying upper and lower limits on all work

period 1engths,‘

satisfying upper,and lower limits on all interior
recreation period lengths; and

including a changeover regreation period of

acceptable length at every shift changeover

point (only applicable to multishift schedules).

Other schedule measures were used as preference measures

to assess the merit of alternative acceptable schedules;

these measures, in order of their importance (as used in

0 this thesis) were:

(1)
(2)

(3)
(4)
(5)
(6)

the number of weekend recreation periods;

the maximum number of consecutive working
weekends;

the maximum work period length;

the number of maximumllength work periods;
the recreation period measure;*

the work period range (i.e., the difference

between the maximum and minimum length work
periods) ;

- ,
Bzsed on the number and kinds of recreation periods

in each schedule. See table 2.9 for the preference

rankings used for individual recreation periods in this

thesis.

;
Vi
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(7) the maximum number of days in consecutive
work periods; .

(8) the number of consecutive work periods
with maximum length; and

(9) the standard deviation of the ratios of work
period to recreation period lengths.

Optimal PR schedules were derived from the set of
acceptable schedules using these nine preference measures
in a sequential lexicographic decision model.

8.2.2 Construction of Optimal One-Shift PR Schedules

Three algorithms were developed to utilize the
sequential construction process for one~shift PR schedulés
first described by Heller (16). The three algorithms are:

(1) partitioning algorithm - to partition the

Q | recreation days allocated to each shift into
recreation periods of acceptable lengths;

(2) cyclic graph algorithm - to enumerate for
each set of recreation periods produced by
the partitioning algorithm, all distinct
arrangements of these periods over the days
of the week which preserve the requlred '
daily. nanpowcr allocation; and

(3) separation matrix algorithm — to generate
from each separation matrix (one matrix is
selected for each cyclic graph on the basis
of upper and lower limits on work period
lengths), all acceptable manpower schedules
(i.e., all sequences of alternating work
and recreation periods which have the
correct number of work and recreation days
for the entire shift).

Each algorithm was developed and tested separately.
The three were then combined into one‘compute; code
entitled EXEC for the desigg of both cyclic and non-

6 ~ cyclic one-shift PR schedules.
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8.2.2.1 One-Shift Cyclic Sghedulés

The EXEC code has been used successfully to determine
= optimal cyclic schedules for a variety of daily manpower
allocations aﬁé problem sizes. Figures 8.1 through 8.3
illustrate the printout from the EXEC code for a nine-week
cyclic‘schedule designed to match the daily manpower
allocation‘shGWn in table 8.1l. Figure 8.1 indicates the
initial alibcation data by day of the week, and the limits
on both work and recreation period lengths. The optimal
schedule based on the initial data is shown in figure 8.2
(a2 work day is indicated by an asterisk and a recreation

day by an R). Quantitative measures for the schedule are

Table 8.1

Daily Manpower Allocation for a Nine-Week Schedule

v Number of |
‘ Officers Mon. Tue. Wed. Thu. Fri. Sat. Sun. | Total
On Duty 6 6 6 7 7 7 6 45
Op Recreation 3 3 3 2 2 2 3 18
Total 9 9 9 9 9 3 9 63
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INITIAL DATA
TOTAL NUMBER OF WORK DAYS
TOTAL NUMBER OF. RECREATION DLYS

#

45
18

L

DAILY DISTRIBUTION OF THE RECREAT ION AND WORK PERIUDS
MON TUE WED THU FRI SAT SUN  TOTAL
& 6 7 17 "1 e 45

DUTY 6
RECREATION 3 3 3 2 2 2 3 18
TOTAL NUMBER OF WEEKS = 9
RECREATION PERIODS (WATCH INTERIOR)
MINIMUM LENGTH = 3
MAXIMUNM LENGTH = 4
WORK PERIODS
MINIMUM LENGTH = 4
MAXIMUM LENGTH = 8
Figure 8.1

Initial Data foxr a Nine—Wéek Cyclic Schedule,
EXEC Code Printout
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%% BEST WATCH SCHEDULE % %%

WORK DAYS REC DAYS

O\ oo
Fbowwiwluwe

BRE AK 9 WEEKS

MON TUE WED THU FRI SAT SUN

1 % % & R N
2 * R R R ¥ %k %
3 %* % ® ¥ * R R
4 R » Xk * ok k%
5 % % R R R % =%
6 * x * ¥ x %k R
7 R R * ¥ x % %
8 R R R %k %
9 * % % x R R R

o
70
m
>
X

Figure 8.2

Nlné—Week Cyclic Schedule,
EXEC Code Printout
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shown in figure 8.3. Computer CPU time to find this
schedule was approximately 40 seconds on an IBM 360/65
system.

Computational experience to date indicates that,
under most circumstances, optimal one-shift schedules up
to nine or ten weeks iong, can be found with the EXEC code
with CPU times of five minutes or less. In general, CPU
times increase as: |

(1) the total number of recreation days increases;

(2} the range of upper and lower limits on recreation
period lengths increases;

(3) the lower limit on recreation period lengths
decreases;

(4) the daily allocation of recreation days becomes
more uniform across the days of the week; and

(5) the range of upper and lower limits on work
period lengths increases.

It should be noted that nine or ten-bracket PR schedules
are adequate for many scheduling applications; for example,

few multishift schedules are designed with more than an

eight-week (or two-month) tour on each shift, and very good

matches between allocated ménpower and reported workload for
each day of the week can be achieved for all buﬁ the most
unusual workload distributions.

To illustrate the latter point, let £ repregentlthe
average.number of duty éours expected frém each officer
per week, and 1ét N equal the total numbef of men avaiiable.

The product Nf equals the total number of duty tours
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available for distribution each week. The fraction of Nf
duty tours that can be scheduled on any one day is given by
k/Nf, k¥ = 0,1,2,...; hence, since the maximum number of duty

tours that can be allocated to any day is k = N, the maxiﬁum

fraction of duty tours that can be scheduled on one day is 1/f.

The increment A between successive fractions of duty

tours equals
Y c.C SR . S | (8.1)

As a result, for daily workload requirements that do not
exceed 1/f, the maximum difference between the fraction of
workload for a given day, and the fraction of manpower
assigned to that day equals i/Nf.* Hence, for a l0-bracket
schedule with one man assigned toveach braeket, A= 1/10F,~
and assuming a value of £ = 4.5 days per week, the maximum
difference between the fractions of allocated manpower and
reported workload for any day becomes A = 1/45 or only
2. 2 percent.
B.2.2,2 One-Shlft, Non-~-Cyclic Schedules

To design preferable multishift PR schedules, the EXEC
code can also be used to determine sets of optimal or
dominating non-cyclic schedules for each shift tour ﬁsea»

in a multishift schedule. Each domlnatlng schedule is the

If the number of duty tours is always rounded to the
nearest integral value, the maximum difference becomes
1/2Nf£.
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optimal one-shift, non-cyclic PR schedule for a unique set
of schedules characterized by the lengths of their beginning

and ending recreation periods. The concept of an artificial

- recreation period is used to establish a l-1 correspondence

between each set of non-cyclic schedules from which an
optimal sché&ule must be found, and a corresponding set of
cyclic schedules;vthe optimal schedule for the set of cyclic
schedules is used to identify the dominatihg non-cyclic
schedule of interest.

Figures 8.4 through 8.7 illustrate the EXEC printout
for two sets of non-cyclic schedules designed to match the
six-man daily allocation (identified as the day watch) in
table 8.2. ’The printout of the daily allocation, the limits

on the lengths of the beginning, ending and interior recreation

@

Table 3.2

Daily Manpower Allocation for the Day Watch

'Number of
Officers Mon. Tue. Wed. Thu. Fri. Sat. Sun. | Total
On Duty 5 4 4 4 5 4 4 30
On Recreation 1 2 2 2 1 2 2 12
Total 6 6 6 6 6 6 6 42
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INITIAL DATA DAY WATCH
TOTAL NUMBER OF WORK DAYS = 30
TOTAL NUMBER OF RECREATION DAYS = 12

DAILY DISTRIBUTION OF THE RECREATION AND WORK PERIODS
MON TUE WED THU FRI SAT 'SUN  TOTAL
5 4 4 4 5 4 4 30
TION 1 2 2 2 i 2 2 12

TOTAL NUMBER OF WEEKS = 6

m

(START OF WATCH)
= 4
ND OF WATCH)

cC

cc

m
=~ r~>o rex>
M= M7 T e
220 Z0 Z20

hum

m

ATCH INTERIOR)

£SO DO

X0 XZTZ2 X2 X2
W=

cCCo cC

XTI XXV TV TV
~r

mm

Zz

Yo

—

T

i u

o b

Figure 8.4

Initial Data, Day Watch,
- EXEC Code Printout
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periods, and the limits imposed on the lengths of the work
periods are shown in figure €.4. As indicated in the
printout, the upper limit on the lengths of the beginning
and ending recreation periods is four days; as a result,

25 dominating schedules are sought for this shift, one for
each set from (0,0) to (4,4). Acceptable schedules may not
exist for all 25 sets.

’ Figure 8.5 summarizes the search statistics to enumerate
the dominating schedule for the (0,2) case (i.e., schedules
with a zero length beginning period and a two-day ending
period). Five partitions of the 12 recreation days are

found with four to six periods each. A total of 22 cyclic

PARTITIONS FOR DAY WATCHs CASE ( 0y 2)

TOTAL NO PERIOD LENGTHS NQ QF CYCLIC
OF PERIODS 1 2 3 4 5 GRAPHS

b 0 6 0 0 0 1

5 0 % 0 1 0 4

5 0 2 0 0 8

4 0 0 2 0 3

4 0 1 2 1 0 7
TOTAL NUMBER OF PARTITIONS =
TOTAL NUMBER OF CYCLIC GRAPHS = 23

Figure 8.5

Number of Partitions and Cyclic Graphs
Enumerated for the (0,2) Set of
Schedules for the Day Watch,

EXEC Code Printout
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graphs are enumerated from the five partitions (the number

of cyclic graphs found for each partition ranges from one

" to eight). The optimal non-cyclic schedule for the (0,2)

set is shown in figure 8.6. As required the schedule begins
with a work period (producing a zero length beginning
recreation period) and ends with a two-day recreation
pericd. Preference measure values for this schedulevare
also shown in figure 8.6.

Figure 8.7 indicates the search statistics and results
of the enumeration for the (4,2) set. Despite finding
three partitions and four cyclic graphs, no acceptéble
schedules were found. The results for each of the 25 sets
examined for the allocation in table 8.2 are summarized in
table 8.3; dominating schedules were found for 19vof the

25 sets. The results in table 8.3 suggest that, in general,

as more recreation days are dedicated to beginning and ending

recreation periods (i.e., as the sum of their lengths, b+e
increases), the numbers of partitions and cyclic graphs

that exist decreases. For example, over half of the 115
cyclic graphs found for the 25 sets were generated for only
three cases: (0,0), (0,1), and (0,2), and schedules were
found for £ll 10 sets with b+e < 3. In contrast, schedules

were found for only two of the six sets with bte > 6:

(2,4) and (4,3).
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PARTITIONS FOR DAY WATCHy CASE { 4y 2)

TOTAL _NO PERIOD LENGTHS _ NO OF CYCLIC
OF PERIODS 1 2 3 4 5 GRAPHS

5 0o 4 0 1 © 1

4 o 2 0 2 o 2

4 o 1 2 1 o0 1
TOTAL NUMBER OF PARTITIONS = 3
TOTAL NUMBER OF CYCLIC GRAPHS = %

%% BEST WATCH SCHEDULE #%*
DAY WATCH
CASE ( 4, 2}

NO SCHEDULE FOUND FOR THIS CASE

Figure 8.7

Enumeration Statistics and Result for the
(4,2) Set of Schedules for the Day Watch,
*  EXEC Code Printout
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Table 8.3

Number of Partitions, Cyclic Graphs ,and
Dominating Schedules Enumerated for the
Day Watch Data in Figqure 8.4

' Number of

Number of Cyclic Schedule
Set Partitions Graphs Found
(0,0) 7 27 Yes
(0,1) 4 11 Yes
(6,2) 5 23 Yes
{(0,3) 3 4 Yes
(0,4) 4 5 Yes
(1,0) 4 4 Yes
(1L,L) 5 2 Yes
(1,2) 3 4 Yes
(1,3) 4 1 Yes
(1,4) 2 1 Yes
(2,0) 5 5 Yes
{(2.1) 3 3 Yes
(2’2) 4 5 Yes
{(2,3) 2 1 Yes
(2:4) 3 1 Yes
(3,0) 3 2 Yes
(3,1) 4 1 No
(312) 2 2 No
(3,3) 3 Y] No
(3,4) 1 1 No
(4,0) 4 ‘ 4 Yes
(4,1) 2 2 Yes
(4,2) 3 4 No
(4,3) 1 1 Yes
(4,4) 2 1 No

Total
(25 Sets) 83 115 19 6
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To illustrate how the computé%ibnal effort of the EXEC
code varieswith the size and nature of daily shift allocations,
consider the allocations shown in figures 8.8 and 8.9; the
first (identified as the afternoon watch) reguires a seven-
bracket schedule and the second (identified as the night Watch)
requires a six~bracket schedule. The computational efforts
for'thesé allocations and the day shift described above are
summarized in table 8.4. Notice that the increased uniformity
of the afternocon and night shift manpower éilocations produces
a significant increase in the ‘number of cyclic graphs enumer-
ated for these shifts. The dominating schedules for all three
shifts were produced from one run of the EXEC code; construc-
.tion of the 68 schedules (of a possible 75){ 319 partitions,
and 1,619 cyclic graphs required 267 seconds of CPU time.

8.2.3 Enumeration of Optimal amﬂNear—Optimal Multishift
PR Schedules . -

An enumeration algorithm was developed for this thesis
to eonstruct optimal and preferable multishift PR schedules
with a changeover recreation period at every shift ehange-
over point. The algorithm uses the sets of deminating
non~cyclic schedules constructed %or each shift tour to
construct acceptable multishift schedules. The enumeration
algorithm, incorporated into a computer code called MERGE,
has been used to construct multishift schedules that-are 20

weeks long, and contain six shift tours.

P
R

kA
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INITIAL DATA AFT WATCH

)

TOTAL NUMBER QF WORK CAYS = 34
TOTAL NUMBER OF RECREATION DAYS 15

H

DAILY DISTRIBUTION OF THE RECREATION AND WORK PERIODS
MON TUE WED THU FRI SAT SUN TOTAL
5 5 5 5 5 5 4 34
TION 2 2 2 2 2 2 3 15

TOTAL NUMBER OF WEEKS = 7

RECREATION PERIODS (START OF WATCH).
MINIMUM LENGTH = 0
MAXIMUM LENGTH = 4
RECREATION PERIODS (END OF WATCH)
MINIMUM LENGTH = O
MAXIMUM LENGTH = 4
RECREATION PERIODS (WATCH INTERIOR)
MINIMUM LENGTH = 2
MAXIMUM LENGTH = 4
WORK PERIODS
MINIMUM LENGTH = 4
MAXIMUM LENGTH = &

Figure 8.8

Initial Data for the Afternoon Watch,
EXEC Code Printout
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INLTLAL DATA NITE WATCH
TOTAL NUMBER OF WORK DAYS ‘ = 28
TOTAL NUMBER OF RECREATION DAYS = 14

DAILY DISTRIBUTION OF THE RECREATION ANP WORK PERIODS
MON TUE WED THU FRI SAT SUN  TOTAL

TY 4 4 4 4 4 4 & 28

EATION 2 2 2 2 2 2 2 14

TOTAL NUMBER -OF WEEKS = 6

RECREATION PERIODS (START OF WATCH)
MINIMUM LENGTH = O
MAXIMUM LENGTH = 4
RECREATION PERIODS (END OF WATCH)
MINIMUM LENGTH = O
MAXIMUM LENGTH = 4
RECREATION PERIODS (WATCH INTERIOR)
MINIMUM LENGTH = 2
MAXIMUM LENGTH = 4
WORK PERIODS
MINIMOUM LENGTH = 4
MAXIMUM LENGTH = 8
Figure 8.9

Initial Data for the Night Watch,
‘ EXEC Code Printcut

R
W



Table 8.4

Number of Partitions, Cyclic Graphs, and Dominating Schedules
Enumerated for the Watch Data in Figures 8.4, 8.8, and 8.9

Set With No. of Set With No. of
No. of the . Most Cyclic the Most Dominating CPU
- No. of | Partitions | Partitions, Graphs Cyclic Graphs, | Schedules Time
Watch Sets Enumerated | No. of/Set | Enumerated No. of/Set Enumerated | (Secs)
Day 25 83 7/(0;90) 115 '27/(0,0) 19 27 b
~ ' )
Afternoon 25 125 8/(0,1) 720 148/(0,0) 24 117 T
Night 25 111 8/(0,0) 780 148/(0,1) 25 123
Total 75 319 - 1,619 - 68 267
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To illustrate the MERGE code, figures 8.10 through
8.13 summarize the MERGE printout based on the déta and
three seﬁs of dominating shift schedules described in the
previous section. Figure 8.10 summarizes the initial data
printout from the MERGE program which identifies the déily
allocation, number of‘weeks, and maximum number of weekend
recreation periods for each of thevthree shifté, and identi~
fies the uppé} and lower limits on the lengths of the
changeover recreation periods (i.e., four and two days).

The line entitled "SPECIAL RECREATION PERIOD LENGTH..."
identifies a special user option for the inclusion of one
long changeover perioa or "mini-vacation" during each |
rotation period of the multishift schedule. The MERGE
printout in figure 8.10 indicates that the user has requested
a seven-day mini-vacation. The line "MIN MAX NUMBER OF ..."
identifies the minimum value that can be obtained for the
maximum number of consecutive working weekends; this,min-max
value is based on the number of weekend recreation periods
and the number of weeks in the multishift schedule.

Figure B8.11 summarizes the preference measure for the top
ten ranked multishift schedules enumerated for the initial data
shown in figure;8.10. All of the schedules listed have
six weekend recreation periods and a maximum of three
consecutive working weekends. The characteristics for the

optimal schedule (rank number 1) are listed first; shown
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- AN v

19

INITIAL DATA
NUMBER OF WATCHES =
NUMBER OF CASES/WATCH =
MINIMUM RECREATION PERIOD LENGTH =
MAXIMUM RECREATION PERIOD LENGTH. =
SPECIAL RECREATION PERIOD LENGTH =
TOTAL SCHEDULE PERIOD (NO OF WEEKS) =
NITE WATCH = &
AFT WATCH = 7
DAY WATCH = 6
MAXIMUM NUMBER OF WEEKEND RECREATION PERIODS =
NITE  WATCH = 2
AFT WATCH = .2
DAY WATCH = 2
MIN MAX NUMBER OF CONSECUTIVE WORKING WEEKENLS =
DAILY NMANPOWER ALLOCATION
MON TUE WED THU  FRI SAT SUN  TOTA
4 4 4 4 4 4 4 28
5 5 5 5 5 5 4 34
5 A 4 4 5 4 4 30
14 13 13 13 14 13 12 92
DAILY RECREATION ALLOCATION _
MON TUE WED THU FRI SAT SUN  TOTAL
2 2 2 2 2 2 2 14
2 2 2 2 2 3 15
1 2 2 2 1 2 2 12
5 6 6 6 5 6 7 41

TOoO7AL

Figure 8.10

Initial Data for the Three-Watch Example,
' MERGE Code Printout

:’}3‘



RANKING SUMMARY -FOR 6

WEEKEND RECREATION PERIOOS .

3 CONSECUTIVE WORKING WEEKENDS

‘ _CASE
RANK SOLUTION ; NITE
1 154 1+ 0.90 (452)
2 19 1+ o0.95 (244)
3 122 1+ 0.95 (450)
4 14 1+ 1.C0 12+3)
5 18 i+ 1.00 (2v4)
6 if+ 0.91 14,0)
7 1{+ 0.89 1442)
8 1|+ 0.35 (442)
9 1+ 1.c0 (3,3)
10 i+ 1.00 (3,3)

Figure 8.11

Preference Measures for the Top“Ten Ranked Multishift Schedules with
S5ix Weekend Recreation Periods and Three Consecutive Working Weekends,
. MERGE Code Printout :

APYOER Sy
(G431 [(143)
{0e4) [(3,0])
{(2¢1) {12,3)
(1+3) {t4,0)
(0431 |14,0)
(2,1) {t1+3)
10e4) 100,3)
(2,1) [t2,3)
(1e1) [(244)
(1,3) {(1,4)

au -

-62%-
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are the solution nnmbgr (ﬁhe optimal schedule was the
154th schedule found), the‘preference vector, and the
specific sets from which each of the non-cyclic shift
schedules were drawn for each shift. (The seven=~day
mini-vaéation occurs between the day and night shifts.) -
Following the optimal schedule, the characteristics of
the other schedules are listed in order of'their’prefer—
ability (up to 100 schedules can be 1isted).’

 The optimal schedule is shown in figure 8.12.
(Notiée that the beginning and ending period lengths for
each shift correspond to the thfee séts identified at the
far right in figuré‘8.ll.) The preference measures for
this schedule are listed in figure 8.13;

To illusﬁrate how small the differences may be between
an optimal and a lower ranking schedule, the 10th ranked
schedule and its preférence measures based on the same
data used to derive the optimal schedule above are shown
in figures 8.14 and 8.15 respectively. Although this
second schedule uses a different non-cyclic shift schedule
for each tour, both this schedule and the optimal schedule
in figure 8.12 have the same values for the number of
weekend recreation periods (6), the maximum number of con-
secutive working weekends (3), maximum work period length

(8) , the number of maximum length work perieds (2), work



~431-
RANK NO = 1 SOLUTION NO = 154
MON TUE WED THU FRI SAT SUN
1 R R R R * x =%
* * * * R R R
-3 R % I N % a
4 * R R 3 ko X *
* * # R R % *
6 % # % * % R R
NITE / AFT
%* * * # o % R
8 R R #* £ % * #*
£ % R R % *
10 % * * * R R R
11 R ¥ %k ok % *
12 % R R R % % %
13 % % % % R R R
AFT /. DAY
14 R * % % * % *
15 * R R R * * *
16 * * * # % R R
17 * * * * % * #
18 * R R R % % %
i9 % % & % R R R s
DAY / NITE
RANK MEASURE = 6030802 300 2000100 21601 + 0.90

Figure 8.12

Top Ranked Multishift Schedule,'
MERGE Code Printout "

Qefﬂl:
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A

NUMBER OF WEEKEND RECREAT [ON PERIODS =
MAXIMUM NUMBER OF CONSECUTIVE WORKING WEEKENLCS =
MAXIMUM LENGIH WGRK PERIDD , =
NUMBER OF MAXIMUM LENGTH WORK PER[ODS =
RECREATION PERIOD CCMPOSITION
RANK ~ LENGTH/START  NUMBER

LA 20 - - B C R«

K1

Aows
-
~
-

N=O QT ~NS
PR S DA D S
AN A NSNS
N TUAU AT AL IV
CHCCIM>»XA>T
R ZZC O g irme =T
COO00ONCOOOW

ot e Yo

WORK PERIOD RANGE . = .2

MAXIMUM —~ THO CONSECUTIVE WORK PERIQDS

NUMBER OF HMAXIHMULFM - TWw0 CONSECUTIVE WORK PERIDDS
. STANDARD DEVIATICN ~ WORK/REC RATIOS

WORK PE

o
[« -
. - O
-}

o

Figure 8.13

Preference Measures for the Multishift Schedule
in Figure 8.12, MERGE Code Printout

RIOD LENGTHS 1 1 7 1 6 7 7 7 7 7 8 8
REC PERIOD LENGTHS 4 2 .2 2 3 2 4 3 4 3 2 3



RANK NO = 10

oS WN e

10
11
12
13

14
15
16
17
18
19

MON TUE WED THU FRI SAT SULN

R

#0000 ¥ ¥ # W L - R

# % # ¥ # XD

RANK MEASURE

Tenth Ranked Multishift Schedule,
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SCLUTION NO

R

. 2 ‘
_— .
®O¥ _#* D # -~ X P B

#*# D W ¥ X W= H#D

DAY

/

*

#-X0 % #

* OB O# B X B B
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DA
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*
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Y

603C802 21%

# 0% # 0 # ¥

- R ¥ 3 ¥ o #
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Figure 8.14

101

* %*
* *
R R
#* *
# *
R R
* *
* *
R R
* R
% *
* *
R R
% *
% *
R R
* *
T &
R R

1000100 21601 +

MERGE Code Printout

1.00




S




Fe




&

S

{i

NUMBER OF WELKEND RECREAT ION

MAXIMUM LENGTH WORK PER10D
NUMBER OF MAXIMUP LENGTH WORK
" RECREATION PERIOD C

RANK  LENGTH/START

1 4 / ERI1
2 4 7 THU
3 4 /) SAY
4 3 7/ FR]
) 3 '/ SAT
6 2 / Savl
7 4 [/ WED
8 3 /7 THU
9 4 / SUN
10 3 /7 SUN
11 2/ FRI
12 2 /7 SUN

WORK PERIOD RANGE
MAXIMUM — THWO CONSECUTIVE WOR

NUMBER OF MAXIMUM - THO CONSECUTIVE WORK PER10DS

STANDARD DEVIATION - WORK/REC

WORK PERIOD LENGTHS 7 7
REC PERIOD LENGTHS 2 4

Brefergnce Measures for the Multishift Schedule
in Figure 8.14, MERGE Code Printout
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PERTIODS

’HAXIMUH NUMBER OF CONSECUTIVE WORKING WEEKENDS

PERIOCS
OMPOSITION
NUMBER
2

lel=Ltelalal deTTul s

K. PERIGDS

RATIOS
7 1 1 1
2.4 2 4

Figure 8.15
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perlod range (2), maximum length for two consecutlve workv
periods (16), and the nuriber of maximum length consecutlve
work periods (1). In fact, the only distinguishing pre--
' ference characteristic between these schedhles‘is the |
distribution of their recreation periods: the optimai
schedule has more four-day recreation periods beginning

.on Frlday than the 10t th

ranked schedule.
8.3 APPLICATIONS OF  COMPUTERTIZED MANPOWER SCHEDULING s
This section describes the use of the computerlzed )
manpower scheduling programsydiscussed above to design_norkv
schedules for two units in the St. Louis Metropoliﬁan PoliCe}
Department. | ' | |
8.3.1 Evidence Technician Unit, St. Louis Police.Department
The Evidence Technician Unit (ETU) of the St. Louis
Metropolitan Police Department is a 19—man component of
“the Department's Laboratory Division. It operates three
ev1dence collectlon vans 24 hours per day, one in each of
the city's three pollce field operatlons areas. The vans,
‘whose personnel perform preventlve patrol act1v1ﬁies between
assignments, are dispatched to the scenes of crimes onathe
request of the beat patrol officers responding‘to the
,incident, where they collect evidence, search fot'finger?
prlnts, and take photographs of the crime scene, |

Slnce 1970, the unlt has utlllzed a three—shlft PR :k'

schedule; prior to 1973, the schedules were‘designed'

B
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“manually by Nelson Heller. Since that time, however, the

unit has used PR schedules designed by the EXEC and MERGE

’.,programs. The basic steps in the design of schedules for

the ETU are:

(1) determination of the unit workload by shift
. and day of the week:; .

(2) allocation of the unit manpower by shift and
day of the week in proportion to the workload;

{3) designation of the manpower allocation for
evidence technicians who will rotate shift
assignments (some technicians have permanent
shift assignments); and Lo

(4) design of an optimal multishift PR schedule
for the rotating technicians.

Each of these steps is discussed below.
The workload for the 1973 ETU schedule was based on
the number of radio assignments received by the unit from

January 1, 1972 through Octeber 10,‘1972, a total of 8,487

‘assignments. The distribution of assignments by shift and

day of the week is shown in table 8.5.* The manpower distrib=

~ution for the 19 men (92 duty tours per week based on

f = 4.81 work days per technician per week) based on this
workload distribution is shown in table 8.6. (For a more

complete description of how the manpower allocation for

- this schedule and the other applications in this section

- were derived, see reference 17.) Two of the 19 technicians

£ T A . oA e
The ETU works three eight-hour shifts per day: the
day shift (7 A.M. to 3 P.M.), the afternocon shift (3 P.M.

' to:ll P.M.), and the night shift (11 P.M. to 7 A.M.).
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Table 8.5

Number of ETU Radio ASSLgnments by Shift and Day of the Week,.

sLEV-

January 1, 1972~0October 10; 1972
Shift Mon. Tue. Wed. Thu. Fri. Sat. Sun. Total (%)
Day 452 416 398 347 405 417 306 2,741  (32.3)
~ Afternoon 462 440 431 453 430 358 395 2,969 (35.0)
~ Night 385 351 369 405 428 446 393 2,777 j'(32.7)‘
Total 1,299 1,207 1,198 1,205 1,263 1,221 1,094 | 8,484 (100 oy'
(%) (15.3)  (14.2)  (14.1) (14.2)  (14.9)  (14.4)  (12.9) | (120.0)



Table 8.6

Manpower Allocation by Shift and Day of:the Week for the
- 1973 Evidence Technician Unit Schedule - ’

‘ Number of Officers on Duty

Number ; ' Total
of Men , - On Percent  Percent ‘ RN
Shift Assigned} Mon. Tue. Wed. Thu. Fri. Sat. Sun. |Duty  Manpower Workload** - (I

Day 6 5 4 4 4 4° 4 3 | 28  30.4%  32.3%
Afternoon | 7 5 5 5 5 5 5 4 | 38  37.0 35.0

Night | s 4 4 4 4 5 5 4 | 30 326  32.7

e

Total 19 |14 13 13 13 13 14 11 | 92
Percent - : ' . ' )
‘Manpower* 100.0% | 15.2% 14.1 14.1 14.1 15.2 15.2 12.0f 7
Percent : [ B REROEE
Workload** - 15.3% 14.2 14.1 14.2 14.9 14.4 12.9

*Daily manpower percentages do not sum to7l00;0 becaﬁSe of roundoff.‘ -

**Based on the WOrkload distributién shbwn in table 8.5.
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t. L were‘a.'nbt;\éinc:[uded in the multishift rotating schedule:k
‘W" sqpm?was’éerméhently assigned‘to the afternoen shift and
e ' another ﬁas permanehtiy‘assigned to the night shift ——-bcth
5men received Sunday and Monday.off,eaeh week. Removing
these two technicians fiom the‘lQ-man allocation shown ih
table ﬁﬂG produced a 17-man allocation (table 8.7) that was
used as the basis for the multishift PR schedule.

Since the technicians disliked’long assignments on the
sSame shift, the decision was made to split each shif£ into
;57 ,Q' = ‘twojtours} the'day and afternoon assignments were divided,
into t&b three-week tours, and the night>assignment was
7divided.into one three-~week tour and one £wo~week tour. A
.set of dominating schedules was found for each shift tour
usisg the EXEC code, and several six-tour multishift
smhedﬁles were generated using the MERGE program; the number
one ranked sehedule (and the one implemented by the ETU}
‘iS'shown in figure 8.16. Preference measures for the
}schedule are listed in Figure 8.17. |

This schedule possesses the following useful properties;

(1) manpower is proportional to the workload by
- shift and day of the week;

(2) the number of weekend recreation periods is
. maximized;

(3) the weekend recreation periods are distributed
so that no tour contains more than one, and the
maximum number of consecutive working weekend
is four; ' ‘
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Table 8.7

Manpower Allocation by Shift and Day of the Week for the
Sewenteen Men Assigned to the 1973 ETU PR Schedule

Number of Men On Duty
Number :
of Men R ' On Duty- -
shift Assigned | Mon. Tue. Wed. Thu. Fri. Sat. Sun. | Total
Day 6 5 4 4 4 4 4 3 28 -
1=
Afternoon 6 5 4 4 4 4 4 1 29 5
Night 5 4 3 3 3 4 4 4 25
Total 17 | 14 11 11 11 12 12 11 82
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RANK NO = 1 SOLUTION NQ = 27
MON TUE WED THU FRI SAT SUN
1 R * | * * * * » %*
v ‘ 2 % R R % % % %
W 3 % % % R R R R
. NITE A/ AFT B
¥ & &k & %
R R % # % %

: % % R R R
AFT B/ DAY B
) * *
R %* %
%* % R R R

10 % & & % & %

12
13
14 ¥ * * ¥ R R R

# R
T 3¢
PR
* %
#*
* %

15 R | R R R *® % %

16

17 %  x  % & & %
CAY A7 NITE A

3
3
x
P
=

RANK MEASURE = 5040803 30 1C0CQ00Q1 51505 + 0.99

Figure 8.16

1973 Multishift PR Schedule for the Evidence
e ; : , Technician Unit, St. Louis Metropolitan
' . : P%{;lice Department,; MERGE Code Printout
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NUMBER OF WEEKEND RECREATION PERICDS ‘ = 5
MAXIMUM NUMBER OF CONSECUTIVE HGRKING WEEKFNCS = 4
MAXIMUM LENGTH WORK PERIOD ; = 8
NUMBER OF MAXIMUM LENGTH WORK RERIOCS =3
RECREATION PERIOP COMPOSITION
RANK  LENGTH/START  MUMBER

1 4 / FRI o

2 & / THUY

3 4 7 SAT i

4 3 / FRI 1

s 3 7 SAT a

6 2 / SAY 0

7 4 7/ WED 0

8 3 /4 THU 0

9 4 7 SUN 0

10 3 7 SUN 0

11 2 [/ FRI 0

12 2 7 SuN 1
WORK PERIOD RANGE = 5
MAXIMUM - TWO CONSECUTIVE WORK PERIODS =15 -
NUMBER OF MAXIMUM - TWO CONSECUTIVE WORK PFRIODS = 5
STANDARD DEVIATION - WORK/REC RATIOS = 0.99

HORK PERIOD LENGTHS 7 7 8 1 8 1 ~
REC PERIOD LENGTH 2 4 2 4 2 4

N

B 3 i
3.2 2 1 3

&

‘Figure 8.17

Preference Measures for the 1973 ETU Schedule
in Figure 8.16, MERGE Code Printout
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{4) all interior and changeover recreation periods
- (except one by design) are two, three, or four
- days long, with most of the three- and four-day
periods coverlng both Saturday and Sunday,

{5)  one seven—day, mlnl—vacatlon changeover. recveatlon
period has been de51gned into the schedule

(6) a changeover recreation period has been placed at
every shift changeover point;

(7) except for one three-day period, all of the work
periods are six, seven, or eight days long;

(8} technicians change shift assignments every two
or three weeks; and

(2) the 17 technicians using the multishift PR
schedule have identical schedules.

A new PR schedule was designed for the ETU in 1974.
The workload daﬁa used for the new séhedule is shown in’
table 8.8 and the manpower allocation to matech that work
distribution is shown in table 8.9. The optimal PR schedule
designed and im@lemented to match this manpower adllocation
is shown in figure 8;18 {(2all 19 technicians wére assigned
to the rotating schedule that year). H‘The preference
measures are listed in figuré 8.19.%
8.3.2 Traffic Safety Unit, St. Louis Police Department

The Traffic Safety Unit of the St. Louis Metropolitan
Police Depzrtment consists of 46 officers whose primary

responsibilities are traffic law enforcement and traffic

:control. The Unit is composed of three subunits, the

The slight changes in workload distribution in 1974 plus

the generally favorable response by ETU technicians to the.
properties of the 1974 ‘schedule lead tc the decision by the
Unlt supervisor to use: the same schedule in 1975.
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Table 8.8
Number of ETU Radio Assignments by Shift and Day of the Week,
September 1, 1972-June 30, 1973

Shift Mon. Tue. Wed. Thu. Fri. Sat. Sun. Total - (3)
Day 546 513 500 518 539 464 353 3,433 (32.4)
Afternoon 663 643 713 643 711 529 448 4,350 (41.1)
Night 385 366 346 395 431 466 422 2,811 (26.5)

Total 1,594 1,522 1,599 1,556 1,681 1,459 1,223 | 10,594 (100.0)

(3) | (15.0) (14.4) (14.7) (14.7) (15.9) (13.8) (11.5) | (100.0)

-pvv-

0



Table 8.9

Manpower Allocation by Shift and Day of the Week for the -
1974 Evidence Technician Unit Schedule

, Nunber of Officers on Duty
Number ‘ , Total
of Men ' On Percent Percent
shift Assigned | Mon. Tue. Wed. Thu. Fri. Sat. Sun. | Duty Manpower Workload**
Day 6 5 4 4 4 5 4 4 30 32.6% 32.4%
' Afternoon 7 | 5 5 5 5 5 5 4 | 34 37.0 41.1
: o , , - , ¥
Night ' 6 4 4. 4 4 4 4 4 28 30.4 26.5 b
Total 1 19 |14 13 13 13 14 13 12 92
Percent ' o ,
Manpower* 100.0% |15.2% 14.1 14.1 14.1 15.2 14.1 13.0 ; 100.0%
~ Percent ; o SR : ) B ,
Workload** - 15.0% 14.4 14.7 14.7 15.9 13.8 11.5 , 100.0%

[
‘*Daily manpéwer percentages do not sum to'lO0.0pbecause of roundoff.

**Based on the WQrkload distribution shown in table B.8.
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RANK NO = 1 SOLUTION NO = 838
MON TUE WED THU FRI SAT SUN

. R R R % % % %

% * * R R = * %

3 % % %* % * R R
NITE A/ AFT B

4 * % % * LI R

5 R * * * % #* *

6 % R R * % # *

7 # % % R R R R
AFT 8/ DAY &

8 * * * *

9 %*
10 * * % R R

CAY A/ NITE B
11 R R % % * %* %
12 * * R R *
i3 * % * * R. R R

14 R % % * * %* %
15 % R R R % * %
16 % * % %* R R R

17 RN % x . % k% %
18 # R R % % % %
19 ¥ R R

DAY B/ NITE A

#*

RANK MEASURE = 603C802 211  1C000C1 21601 + G.85l

Figure 8.18

1974 ETU Multishift PR Schedule,
MERGE Code Printout

e
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NUMBER OF WEEKEND RECREATLON PERICDS ' = 6 /
B o 3 Ya
MAXIMUM NUMBER OF CONSECUTIVE WGRKING WEEKENDS = 3 e
HMAXIMUM LENGTH WORK PERIOD = 8
NUMBER OF MAXIMUM LENGTH WORK PERIODS ‘ =2
RECREATION PEREDD COMPOSITION
RANK  LENGTH/START = NUMBER
1 4/ FRL 2
2 4 / THY 1
3 4 1 SAT 1
4 3 / ERI -0
5 3 7 SAT 0
5 2 7 SAT i
1 4 ./ WED [T
8 3 /. THU 0 .
9 4 / SUN 0 y
10 3 7 SUN 0 ’
11 2 7 Frl 0
12 2 '/ SUN 1 ,
_ WORK PERIOD RANGE - =2
MAXIMUM - THO CONSECUTIVE WORK PERIODS S =16
NUMBER OF MAXIMUM — THWO CONSECUTIVE WORK PERIODS = L
STANDARD DEVIATION - WORK/REC RATIOS : = 0.85

WORK PERIOD LENGTHS - 7 7 6 7 7 8 8 7 7
REC PERIOD LENGTHS 2 2 2 2 4 3 4 2 - A 3

. Figure 8.19

Prgference,Measures for the 1974 ETUchhedulé
. in Figure 8.18, MERGE Code Printout




-448~

:; ‘I’ ‘ /gf largest of which is the Rada;—VaéCar Unit. It is manned
e by 20 officers whose reSponsibilitiésfinclude speeding
,’énforcemeﬁt_and,general traffic patrol throughout the city.
1The second largest seétibn is the Motorcycle Unit, manﬁ%@
by 14 officers‘assighed to patrol high accident and heav}
traffic afeas. The smallest subunit is the Highway‘Uhit,
manhed by six:two4manrteams assigned to patrol the city's
29.6 miles of expressways. Each_subunit'operates on two
;Q a éight—hour‘shifts (days and afternoon), seven days a week.
| . In 1973, the Unit commander requested assistance with
the design éf manpower schedules for Raaar—Vascar and
| f.Métqrcycle ﬁnits. The workload measure he'suggested for
' both units Wag the total humber of reported accidents for
| .the entire city by shift and day of the week (see table |
8.10).

The manpower allocation ﬁsed for the 20-manpower
Radar—Véscar-Unit‘is shown in table 8.11; equal manning'
levels on both shifts were requested\by the Unit commander
to preserVe the manning levels used in previous schedules,

. despite the disparity in workload between the two shifts.

To avoid long assignments on the same shift,.each 10~week

shift assignment was divided into three tours creating a
-%six~tour,multishift schedule. The optimal schedule designed
. for thé'Radar~Vascar unit is shown in figure 8.20 and the

- preference measures are listed in figure 8.21.
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Table 8.10

Number of Reported Acciaents by Shift and Day of the Week
Covered by the Radar-Vascar and Motorcycle Units,
Traffic Safety Unit, City of St. Louis, 1971

Shift Mon. Tue. Wed. Thu. Fri. Sat. - Sun. Total (%)
Day 1,104 1,270 1,130 1,184 1,294 1,732 478 | 8,192  (42.1)
Afternoon | 1,440 1,373 1,373 1,546 2,974* 1,874 696 | 11,276  (57.9)
Total | 2,544 2,643 2,503 2,730 4,268 ' 3,606 1,174 | 19,468 (100.0)

(%) (13.1) (13.6) (12.9) (L4.0) (21.9) (18.5) (6.0) | (100.0)

-6V -

 *The Friday afternoon shift represents 11 hours of coverage. The officers
assigned are divided into two groups, the first group works from 3 P.M. to 11 P.M.,
and the second group works from 6 P.M. to 2 A.M.
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Table 8.11-

Manpower Allocation by Shift and Day of the Week for the
1973 Radar-Vascar Unit Schedule

Number of Officers On Duty

Number Total
of Men On Percent Percent
Shift Assigned| Mon. Tue. Wed. Thu. Fri., Sat. Sun. | Duty Manpower Workload¥**
Day 10 7 8 7 8 8 7 5 | 50 50.0% 42.1%
Afternoon 10 7 7 7 7 9 8 5 50 50.0 '57.9
Total 20 14 15 14 15 17 15 10 j100%
Percent ~ v | ‘
Manpower 100.0%§{ 14.0% 15.0 14.0-15.0 17.0 15.0 10.0} 100.0%
‘ : R
Percent o » N ‘ ,
Workload** - 13.1% 13.6 12,9 14,0 21.9 18.5 6.0 100.0%

*Total number of on-duty shifts includes time off for paid holidays. .

**Based on the workload distribution shown in table 8.10.

~0G7—



-451-~-

/ RANK NO =1 | SOLUTION NG = 10
o " MON TUE WED THU FRI SAT SUN
1 R % & * * * ‘R
R * % % #%# R R
®* % % % % % R
AFT A/ DAY B

4 R - * b3 * %
5 R ¥
6 * R
DAY B/ AFT B
* #* %
R %
R R R * %

AFT B/ DAY A
10 R R R * %* * %*
1T * % % %

12 & % * %
DAY A/ AFT C
13 R * % ¥ * )
14 * R * * %
15 * & R R R
‘]_6 % * b3 % b3 R
AFT C/ DAY C
17 R * * R % *
18 % R R * % # i
19 * * x R R R R
20 #* #* * £ * * R
DAY C/ AFT A
RANK MEASURE = 5040901 20 102C00005 61503 + 0.93

Figure 8.20

Multishift PR Schedule for the Radar-Vascar Unit,
St. Louis Metropolitan Police Department,
MERGE Code Printout



3

i
ey

L)



- NUMBER OF WEEKEND RECREATION PERILODS = 5
MAXIMUM NUMBER OF CONSECUTIVE WORKING WEEKENDS = 4
MAXIMUM LENGTH WORK PERIOD = 9
NUMBER OF MAXIMUM LENGTH WORK PERIODS = 1

RECREATION PEQIDD COMPOSITION
RANK LENGTH/JWART NUMBER
1 4 ,;VFRI_ C
2 " THU 2
3 4 ] SAT 0
4 3 / FRI 1
5 3 /7 SAT 0
6 2 / SAT 2
7 4 7 WED ¢
8 3/ THU 0
9 4 7 SUN 0
10 3 / SUN 0
11 2 «/ FRI C
12 2 / SUN 5 .
wonx PERIOD RANGE ' = 6
MAXIMUM - TWO CONSECUTIVE WORK PERIGDS = 15
NUMBER OF MAXIMUM - TWO CDNSECUTIVE WORK PFRIODS = 3
STANDARD DEVIATIGN - HURK/REC RATIOS

1]
o
)
O
A

WORK PERIOD LENGTHS 5 4 6 B 7 B 4 3 o
REC PERIOD LENGTHS 2 2 2 2 -3 3 3 3 2 2

Vs )
[end
nN~
e

Flgure 8 21

Preference Measures for the Radar~Vascar Unlt Schedule
in Figure 8. 20, MERGE Code Prlntout '
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A comparison of the computer—desigged séhedule in
figure 8.20 with the manually—desighed schednles used by
the Raaar—Vascar Unit in 1972 and 1873 is presented in |
table 8.12. This comparison 1ndlcates that of the three
schedules, the computer-designed schedule has the following
superior attributes: |

(l) the highest number of weekend recreation periods;

(2) the lowest maximum number of consecutive working '
eekends,

(3) hbe lowest maximum number of days worked in any
\two”consecutlve work periods;

(4) the lowest number of one~day recreation,periods}
{and

(5) %the lowest number of shiftféhangeover points not -

covered by a changeover redreation period.

The méhpower allocation for the i4—man‘Motorcycle Unit
is shown in‘fable 8.13. The optimal four—tour schedﬁle
designed for this allocation is shown in figure 8.22'and
the preference measures for the scheduf§ are listed in
figure 8.23. A comparison of the multiéhift PR schedule

in figure 8.22 with the Motorcycle Units?manually-designed

schedules for‘1972 and 1973 is presentedfin table 8.14. The

- computer-designed sdhedule has the following advantages-

(1) a reduction in the maximum number of consecutlve
working weekends;

(2) a reductidn in the maximum work period length;

(3) a reduction in the maximum number of days in
-consecutive work periods;
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Table 8.12

Comparison of the Computer—Desmgned Radar~Vascar Unit
Schedule for 1973 with the Unit's Manually. Designed
Schedules for 1972 and 1973

Computer-~
Manually-Designed | Designed
Schedule Attributes* - 1972 1973 1973
Number of weekend recreation
periods 14 12 1B
Maximum number of consecutive
working weekends 6 6 4
Maximum length work
period (days) 9 10 -9
Minimum length workv; :
period (days) 4 4 3
Maximum days worked fn g
consecutive work periods 18 19 15
Maximum length recreation :
period (days) 4 7 4
Minimum length recreation
‘period (days) 1 1 2
Number of shift changeovers ;
with no recreation days 8 8 0

*Schedule attributes are measured over a 60-week

Kkl

period to allow an 1ntegral number of rotatlon perlods for
each schedule. ‘



Table §.13

ﬂ
£

Manpower Allocation by Shift and Day of the Week for the
1973 Motorcycle Unit Schedule

Number of Officers On Duty

Number Total v :
of Men , On Percgent Percent
Shift Assigned | Mon. Tue. Wed. Thu. Fri. Sat. Sun. |Duty Manpower Workload**
Day 7 5 5 5 5 6 5 4 35 50.0% 42.1%
Afternoon 7 5 5 5 5 6 5 4 | 35 50.0 57.9
, | - L
Total 14 10 10 1o 1o 12 10 8 | 70% i
Percent : , . : o ; B
Manpower 100.0% | 14.3% 14.3 14.3 14.3 17.1 14.3 11.4 100.0%
Percent '
Workload#** - 100.0%

13.1% 13.6 12.9 14.0 21.9 18.5

6.0

*Total number of on—duty shifts includes time off for paid holidays.

**Based on the workload distribution shown in fableba.lo.'
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= 9

MON TUE WED THU FRI SAT SUN

R
*

* # ¥ R 3 #F B 3

x

 RANK MEASURE

* 0 ¥ #

# % #

R
%*

#* D

# X %
R R =
® .k %
AFT A/ DAY
% %
& %
R % %
* R R
DAY B/ AFT
R x
%* R
# %
* & %
AFT B/ DAY
* %
R R %
£ %
DAY A/  AFT
430802 1

B

Figuré 8.22
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2000101 21503 +

0.91

S ; Multishift PR Schedule for the Motorcycle Unit,
: ‘ St Louis Metropolitan Police Department,

MERGE Code Printout
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NUMBER OF WEEKEND RECREATION PERIGDS ' =
MAXIMUM NUMBER OF CONSECUTIVE WORKING “WEEKENCS = =

MAXIMUM LENGTH WORK PERIOD | =
'NUMBER OF MAXIMUM LENGTH WORK PERIOCS =

RECREATION PERIOD COMPOSITION

RANK ~ LENGTH/START  NUMBER

/
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Z 2 20— i
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Pt et ot

WORK PERIOD RANGE = 2
MAXIMUM — TWO CONSECUTIVE WORK PERIODS = 15
' NUMBER OF MAXIMUM - TWO CONSECUTIVE WORK PFRIODS = 3

STANDARD DEVIATIGN - WORK/REC RATIOS = 0.91"

WORK PE

RIOD LENGTHS 7 8 6 17 7 7
REC PERIO

D LENGTHS 2 2 2 2 7 2

ENEN]

Figure 8.23

Preference Measures for the Motorcycle Unit‘
Schedule in Figure 8.22,
MERGE Code Printout



N

Table 8.14

Cbmparison of the Computer-Designed Motorcycle Unit
Schedule for 1973 with the Unit's Manually-Designed
Schedules for 1972 and 1973 »

Computer-
Manually-Designed | Designed
Schedule Attributes* 1972 1973 1973
Number of weekend
recreation periods 8 12 12
Maximum number of conéecutive
working weekends 9 4 3
Maximum length work
period (days) 11 10 8
‘Minimum length work ,
period (days) 2 6 6
Maximum days worked in
consecutive work periods 19 19 15
Maximum length recreation
period (days) 5 6 7
Minimum length recreation
period (days) 1 2 2
Number of. shift changeovers
with no recreation days 8 8 -0

*Schedule attributes are measured over a 42-week
period to allow an integral number of rotation periods for

each schedule.

=
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(4) inclusion of a seven-day mini—vacation;e
(5) elimination of one-day recreation periods; and
;(6) a reduction in the number of shift changeover
points not covered by a changeover recreation
period.
8.4 FUTURE WORK
Although the design procedures developed in this thesis
represent an interesﬁing expansion of scheduling technologé, .
many questions remain unanswered. Some schedule attributes, .
not easily incorporated into PR schedules were not‘considered
in this study, and scheduling problems related to schedﬁle
implementation and administration were outside the scope
of this work. Some of the issues and unanswered questions
relating to PR schedules identified during the course of
this study include:
(1) compensatory time-off - what procedures or
gulidelines should govern the selection of
specific days for compensatory_time—off‘in
a PR schedule? Are certain days in a PR~

schedule better than others, and can such
days be designed into schedules°

(2) wvacation scheduling - what PR schedule ‘
attributes constrain schedule administrators
in the selection” of vacation time-off? What
procedures can be used to provide each .
employee with the vacation time of'his choice?

(3)  pay perlod 1engths -~ how can PR schedules be

; designed to insure that employees work the
same number of work days during each pay period’
(particularly important for employees working
under wage contracts)?

e



(4)

(5)

(6)

~460-

changing manpower levels - what rules should
be used to minimize disruptions to a PR
schedule when the number of brackets (men)
is altered?

'pgrtftimg[gﬁlitJShifts -~ how can: PR schedules be

degigned for part-time and spliti-shift emplovees?,
an : ,

PR schedule implementation - what procedure

should be used to minimize employee and work
disruptions when a PR schedule is implemented?
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APPENDIX 10.1

Survey of Police Manpower Scheduling Practices

M
'

10.1.1 Introduction 4

To obtain more informabiﬁﬁ/about the varieties of
manpower schedules used by police agencies, a written
survey was administered to representatives from 21 iaw

enforcement agencies. The following sections describe

the survey instrument, implementation, and results.

10.1.2 Survey Instrument and Implementation

The survey instrument, shown in figure 10.1l.1, consists
of 10 questions designed to elicit information about each
agency's workload and manpower distribution by shift, the
type of manpower scheéule used to meet that distribution,
and the specific attributes and properties of the schedule
used.

The survey was administered in November 1972 to 21
persons attending a short course at The Traffic Institute
aé Northwestern University, Evanston, Illinois.¥*

The position and agency of the 21 regpondents to the
survey are shown in table 10.1.1; represented amony the 21
agencies were seven state highway patrol units, three county

police agencies, and eleven municipal police departments.

*

The author wishes to:thank Dr. Nelson Heller for
administering the survey to law enforcement personnel who
were attending a seminar on manpower scheduling presented
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POLICE MANPOWER SCHEDULING

Depaxtment: city:

|

Name: Position:

Please answer the following questiens on the schedule used by
officers in your depsartment. If some units have different
scheduleg, base your answers on the schedule used by the
called-for-service (radio motor patrol) units.

1. The watches begin at: 1st 2nad 3rd
Any additional watches (please specify)

2. How many paid holidays do officers receive annually? e

3. Are the schedules for all officers bhasically identical with
respect to the patterns for days off, watch rotation, etc.?

Yes No

4. Are all officers permanently assigned to watches? Yes
No If some, but not all of the ovfficers work permanent
watch assignments, please give the percent of men working
each watch who are permenently assigned: 1lst
2n4 e ; 3T cmmmnee « Other watches (please specify)

’

5. Is any attempt made to schedula fewer days off on the busier
days of the week? Yes - NO

6. Average percent of calls and manpower on each watch:
Calls: 1st i , 2nd . 3xd
Manpowex: lst / 2nd , 3xd

§ Swmamvm——

7 S———

7. For officers working a rotating schedule.
a. Indicate the watch rotation sequence, e.g.; 3%2=1% e

b.  What is the length (in days) of the assignment to each
watch?

1St awmerioe——, 2nd s 3rd B

c¢. When officers change wétches, on what day of the week
is the change Made? —m—————wsm==e DO all officers change
at the same time? Yes No

d. How frequently do officers experience 8 or 32 hour off-
duty periods betwsen working watches due to changing
watches?

8. Indicate the longest and shortest work periods (consecutive
work days without a day off) in the schedule:

Yengest (days) - shortest (days)
9. Indjcate the longest and shqptest recreation periods (con-
secutive days off), not lnriudlng vacations:

" longest (3ayS) emesworewm. Shortest (ays) e

10. How frequently, on the average, do. officers have weekends
off (both Saturday and Sunday)? One weekend' out of

What is the maximum number -of working

weekends separating weekends off?

Figure 10.1.1

Police Ménpdwer'Scheduling Survey Instrument



Table 10.1.1
Pollce Departments Surveyed, Traffic Institute, Northwestern University,
June 1972
Name Position Police Agency State
1. F. Bruce Baker Sergeant, Planning & Washington State
Research Division Patrol Washington
2. F.'DeWayne Beggs ‘Patrolman Norman Police
: Department Oklahoma
3. Eugene Burdine III| Planning Analyst Montgomery County 7
Police Department Maryland
4. Ron Cochran Lieutenant Fort Lauderdale i
- Police Department Florida
5. William Cooke Planning &nd Bureau of. Pollce, v
' Research Bethlehem Pennsylvania
6. Ralph Davis Captain Bartlesville Police :
' E ' Department Oklahoma
7. William Doster Captain i Kalamazoo Pollce‘
L Department Indiana
8. Lee Duggan Chief | Ocean City Police
) Department | Maryland
9. Edward D. Flaherty DirectOr‘ﬁéseareh’& ; Waterbury Police | - . ,
‘ ' Development Divisionfk.Department Conriecticut
10. C. J. Gawronskivl «Patrolmanw;,‘ 1 Cook County ~ : L
: | ' ’Sherlff's Department Illinois

99y~



Table 10.1.1 =

{(continued)

Police Agency

Richard A. Wiberg

Patrol

Minnesota;

Name Position State
11. Albert T. Jameson Lieutenant Maine State
Police Maine
12. Warren Keller Analyst Kansas City :
Police Department Missouri
13. Michael Laski Director, Planning & St. Louis Céunty
Research Police Missouri
14, William S. Lindsey Lieutenant, Research Anne Arundel County
. & Development Section| Police Maryland
15. James J. McJoratta | Captain Connecticut State ’
' ' Police Connecticut
16. Richard E. Patrick Analyst Louisiana State ‘
Police Louisiana‘
17. John F. Roche Operational Planning | Hartford Police ‘
' ' Department Connecticut
18. ‘George R. Ryan Planning Sergeant Wisconsin State
, Patrol Wisconsin
19. James B. Scrivner Sergeant, Planning ‘Madison Police
& Training Bureau Department Wisconsin
20. Mark C. Thompson Trooper New Hampshire : : v
: ' ‘State Police New Hampshire
21. Patrolman Minnesota Highway

i~

EE
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10.1.3 Survey Results

The results of the survey are presented in four parts:
(l) general séhedule properties (questions 1, 2, and 3);
(2) workload distribution and manpower allocation by shift
(questions 5 and 6); 4(3) rotating schedule properties
(questions 4 and 7); énd (4) schedule preference attributes
(questions 8, 9, and 10).
10.1.3.1 ’General Schedule Properties

Table 10.1.2 summarizes tbe responses to survey guestions

"1, 2, and 3. The responses indicate that most departments

provide the same work schedules for all officers, and use
three eight-hour shifts per day with the morning or day shift
usually beginning between 6 and 8 A.M. Five of the departments
(23.8 percent) reported using work shifts that were longer than
eight hours. ‘Only one department indicated use of split shifts,
but nine departments (42.9 percent) reported using some form of
overlay shift t0‘proVide more manpower during the busier hours
of the day. At the time of this survey, most of the depvart-
ments were providing from 7 to 12 paid holidavs annually --
the average nunmber reported was slightly greater than 9 davys
per year.
10.1.3.2 Workload Distribution and Manpower Allocation

Survey questions 5 and 6 were used to obtain information

about the workload distribution by shift, and the manner in

which available manpower was allocated by shift and day of

the'week;fthe responses to these questions are presented in

“table 10.@.3.
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Table 10,1.2

General Schedule Properties Based on
Survey Questions 1, 2, and 3

No. of
Property Response Responses Percentage*

1. BAll officers Yes 15 71.4%
work the No 5 23.8
same schedule No response 1 4.8

2. Start hour, 6 A.M. 4 19.0
first shift 7 A.M. 5 23.8

8 A.M. 8 38.1

Other 2 9.5

No set hours 2 9.5

3. shift length Eight hours 16 76.2
: Other 5 23.8
4. split shifts Yes ~ 1 4.8
No 20 95.2

5. Qverlay shifts Yes . 9 42.9
No 12 57.1

6. Number of paid 0-3 1 4.8
holidays** - 4-6 1 4,8

7-9 8 38.1

10-12 8 38.1

3 ~14.3

13-15

*The sum of the percentages for each property may not
egual 100.0 because of roundoff.

**Average number of paid holidays equals 9.3 days.



Table 10.1.3

Worklmnad Distribution and Manpower Allocation
‘ (Survey Questions 5 and 6)

Question 5

Is any attempt made to schedule
fewer days off on the busier
days of the week?

Nwmerof
Response Responses Percentage
Yes .15 71.4%
No _ 6 28.6%

Question 6%

) Workload Distribution | Manpower Allocation
Shift Percentage** Percentage
Day (7 A.M.-3 P.M.)**% 33.1% 32.7%
Afternoon (3 P.M.-11 B.M.) 43.3 41.0
Night (11 P.M.-7 A.M.) 23.7 26.3

*Workload and manpower data based on responses from 18 departments.

**The sum of thérpercehtagesdoesfnot sum to 100.0 because of roundoff.

**%Actual shift hours vary slightly by department, see table 10.1.2.

3

-0LYy~
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Over 70 percent of the departments indicated that an
at#&mpt was made ‘to schedule fewer days off on busier days
of'tue week., Table 10.1.3 presents the average calls for-
serviﬁe distribution and manpower allocation for each

shift based on responses from 18 of the 21 departments.

‘The calls for service data clearly reveal the dispropor-

tionate amount of work on the afternoon shift; with 43.3

percent of all calﬁgfﬁor service, the afterncon shift
receives”aimdst twicé as many calls as the night shift.
The average manpower allocation by shift: 41 percent
on the afternoon shift, 33 percent on the day shift, and
26'ﬁercent on the night shift, indicates that these police

agencies were successful in scheduling available manpower

in proportion to the workload distribution by shift.

10.1.3.3 shift Rotation Properties

‘Table 10.1.4 summarizes the information obtained about

the number of departmefhs which use shift rotating

schedules (guestion 4) and the nature of those schedules
(question 7). Sixteen departments (76.2 percént) reported
using some form of a fotating schedule, although 7 of the

16 departments also indicated that some men were permanently
assigned to one shift. SomeWhat surprisingly, only 9 of the
16 depértments indicated use of a night-afternoon~day or
backward rotation sequence; this result suggests that

departments which utilize other rotation sequences must
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Table 10.1.4

Shift Rotation Properties Based on
Survey Questions 4 and 7

- No. of
Property Response Responses Percentage*
7
1. All officers are Yes 5 23.8%
permanently assigned No 16 76.2
to one shift
2. Some men are Yes ' 7 43.8
permanently assigned No 9 '56.3
to one shift
3. Rotation sequence Day-aft~night 4 25.0
Night~aft~-day 9 56.3
Other 2 12.5
No response 1 5.3
4. Time assigned to Same on each
each shift shift 13 81.3
Varies by shift 2 12.5
NO response 1 6.3
5. Length of time 1 week 4 25.0
assigned to each 2 weeks 3 18.8
shift 4 weeks 5 31.3
8 weeks 1 6.3
Other 2 12.5
No response 1 6.3
6. Shift change day Monday 5 31.3
Sunday 2 12.5
Varies 7 43.8
Other i 6.3
No response 1 6.3
7. PFrequency of 8- Never 1 6.3
and 32-hour Each week 2 12.5
changeover Every 2 weeks 5 31.3
recreation periods Every 4 weeks 1 6.3
Other 4 25.0.
Unknown 3 18.8
Note: Responses: for properties 2 througs 7 are based
on the 16 departments that responded "Ho" & property 1.

*The sum of the percentagés for each property may not

egual 100.0 because of roundoff.
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schedule recreation days at some shift changeover points
to avoid consecutive work tours.

Interestingly, 81.3 percent of the departmenis using

d

s

rotating schedules also reportediihat they use equal length
shift tours. Although this result appears to conflict with
the survey response which indicated that manpower allocations
are proportional to the wofkload by shift, several scheduling
procedures can be used to achieve proportional manpower
distributions with equal lengtlh tours. These include:

(1) permanently assigning somé officers £o busier shifts;

(2) restricting time-off for vacations, paid holidays, and
training to lighter workload shifts; (3) using overlay shifts
to provide additional manpower during busiest hours of the
day (8 of the 16 departments using rotating schedules also
use an overlay shift); and (4) scheduling each officer for
more shift tours on busier shifts (e.g., a rotation sequence
of day-afternoon-night-afternoon would, if each shift tour
was the same length, put approximately half of thé available
manpower on the afternoon shift).

The survey responses revealed considerable variation,
among the 16 departments using rotating schedules, in the
1eﬁgfﬁwof time officers are assigned to each shift. Shift
lengthg/of one, two, and four weeks were the most frequently
reported. Half of the 16 departments reported using the

same day of the week for every shift changeover; Monday and
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Sunday were the most frequently used days. Several depart-
ments reported that changeover days were determined by
calendar date rather than by the day of week (e.g., changing
shifts on the 15th ahd 30th of each month). Although most
departments reported that 8- and 32-hours breaks between
shift assignments occurred, there was considerable variation
reported among the departments in the frequency of such

breaks.

10.1.3.4 Schedule Preference Measures

The survey responses to guestions 8, 9, and 10, summarized
in table 10.1.5, reveal the variations in both the lengths of
work and recreation periods, and the number and ffequency of
weekend recreation periods in the manpower schedules used by
the police agencies included in this survey. Maximum work
period lengths ranged from 5 to 10 days (the average was
6.5), while minimum work period lengths veried from 1 to’7
days (the average minimum was 4.0); the average range (i{e.,
the difference between the maximum and minimum work pericd
lengths) equaled 2.4 days. Recreation period lengthe varied
from 1 to 5 days with the average lengths for the nmaximum
and minimum length periods.equal to 3.5 and 2.0 days
respectively.

Although most departments reported that a weekend
recreation period was scheduled every three or four weeks,

some departments indicated that weekend periods could only
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Table 10.1.5

Schedule Preference Measures Based on
Survey Questions 8, 9, and 10

Work and Recreation Period Lengths

Number of Days
Maximum Minimum  Average
Work period length:
Longest 10 5 6.5
Shortest 7 1 4.0
Range 9 0 2.4
Recreation period length:
Longest 5 2 3.5
Shortest 5 1 2.0
Range 4 0 1.5
Weekend Recreation Periods
No. of
Response Responses Percentage***
Frequency of weekend One/3 weeks 4 19.0%
recreation periods* One/4 weeks 7 33.3
One/5 weeks 1 4.8
One/& weeks 2 9.5
Other 5 23.8
Unknown 2 9.5
Maximum numbexr 3 weeks 2 9.5
of consecutive 4 weeks 3 14.3
working weekends** 5 weeks 3 14.3
6 weeks 5 23.8
Other 3 14.3
Unknown 5 23.8

*Average edquals one weekend recreation period every
4.4 weeks.

**Avarage equals five consecutive working weekends.

***The sum of the percentages for each property may not
equal 100.0 because of roundoff.
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be scheduled once every five, six, or more weeks.b The
relatively small number of weekend recreation periods was
also reflected in the number of consecutiﬁe wo:king weekends;
9 of the 16 responding agencies reported using schedules
which included a maximum of at least five consecutive

working weekends.
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APPENDIX 10.2

Derivation of the Equation for the Exact Number
of Distinct, Feasible One-Shift PR Schedules
for a Given Cyclic Graph

1032.1 Notation
t The following notation is used in the discussion
below:

N - total number of feasible schedules

§ - upper limit on the total number of feasible
schedules o '

N. =~ total number of distinct arrangements of the
recreation periods that start on day i,
i = 1,2’00-'7

n,. — total number of recreation periods of type j
(i.e., j days long) that begin on day i,
i = 1'2'-.-’7

n. - total number of recreation periods that start
on day i, n; = § nij ~ ;
n,, = total number of recreation periods, n = Z
: ’ i=1
R. = total number of recreation days allocated

to day i (i.e., the number of nodes on ray 1
of the star diagram) '

W - total number of weeks in the schedule

10.2.2 Recreation Period Interactions

In section 6.2, an upper bound on the total number of

distinct, feasible schedules that can be enumerated from a

given cyclic graph is derived based on the simplifying

assumption that the placement of each recreation period is

independent of the placement of all other periods in the

- graph. Two upper bounds are derived:
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(1) for cyclic schedules:

R, =w , | (10.2.1)
(2) for non-cyclic schedules: B

£ n..

f=w (10.2.2)

More accurate expressions for ﬁc anq‘ﬁ are derived in

this appendix. Improvements oﬁer e;pressions (10.2.1)

and (10.2.2) are obtained by including the effects of the
interactions between recreation periods within a cyclic
greph created by their start day and length characteristics.

'Each of these characteristics 1is discussed below.

10.2.2.1 Recreation Periods that Begin on the Same Day o g
of the Week ,

Since the start day for each recreation period in a
graph must occupy.a unigque position witﬁin a W-week schedule,
the total number of arrangements for ni.distinct recreation
periods (i.e., periods with different lengths), each of
which begins on day i, is equivalent to the number of
arrangements that are possible when n; diStinguisable

balls are placed in W slots; i.e.,

W! . , ,
Ni = TWZEI—TT.)ni- integer : (10.2.3)
0 < n, < W
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As an example, the two recreation periods that begin on
Monday in the cyclic graph in figure 10.2.1 can be arranged

in 6!/(6-2)1 = 30 distinct ways over a six-week schedule.

Wed.

FPri.

Figure 16.2.1

Cyclic Graph with Five Recreation Periods

Two of the arrangements are illustrated in figures 10.2.2

and 10.2.3.

10.2.2.2 Recreation Periods That Begin on the Same Day
of the Week and Have the Same Length

Since identical recreation periods (i.e., periods that
have the same length and begin on the same day of the week])
are indistinguishable, the number of distinct arrangements
of n; periods over a W-week schedule is reduced if one or

more pairs of identical periods are present in n, . The



-480~

reduced number of arrangements can be calculated by

modifying equation (10.2.3) to include the number of each
period type nij |
for any Jj, the number of arrangements for day i is reduced;

that starts on day i. Whenever n; 5 > 1

the modified equation is:

- W , ; '
N; = (W_ni): i (nijl) ng integer (10.2.4)
] g
0 f-ni. <W
If n,. = 1 for all j, equation (10.2.4) is equivalent to

ij
equation (10.2.3).

As an example, if the two recreation periods that begin
on Monday in the cyclic graph in figure 10.2.1 have the same
length (e.g., if ni12 = 2), they can be arranged in

6:1/(6-2)1!12 = 15 distinct ways over a six-week schedule.

10.2.2.3 Non-Start Recreation Days

The final interaction condition to be discussed is
illustrated in the schedules shown in figures 10.2.2 and
10.2.3. On both Wednesday and Satﬁfday, twq'recreation
days appear over the six-week schedules. On both days,
one recreation day, a start day, is used to‘beginﬁa recrea-
tion period, and the other recreation day, a non-start dég;
is used as part of a recreation period that begins on
another day of the week. The presence of non-start

recreation days on day i reduces the number of weeks which
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Figure lo.z;g'

' PR Schedule Based on the Five Recreation

1

2

Week 3
4

5

6

Second PR

Periods in Figure 10.2.1

2r R

Figure 10.2.3

Schedule Based on the Five Recreation
Periods in Figure 1(.2.1
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‘ ~ can be used for periods which begin on day i (e.g., in
each schedule above, the periods that begin on Wednesday
and Saturday are limited to five weeks because of the
presence of one non-start day). The total number of

non-start recreation days on day i is given by R;~n;

1“
and the total number of weeks that can bé used for n;

period starts on day i is reduced from W to W—(Ri-ni ).

Replacing W in equatioh (10.2.4) with W—(Ri—ni )
yields the following modified expression for the total

number of distinct arrangements for day i:

(W-R;+n; )1 ) '
N. = - n:. ‘integer (10.2.5)

« 1 (W-Ri) : ]'[ (nij 1) 0',

A

n, < W-Ry

It is important to note that the wvalidity of equatlon‘

(10.5.5) relies on the following assumptlons'

(1) the cyclic graph contains no recreation
perlods that are greater than seven days
in length*, and -

(2) each of the R.-n., non-start recreation
days, have be&n &aSsigned to specific
locations (weeks) within the W-week
schedule. '

* ‘ : '

A more general statement of the assumption is that
the length of every recreation perlod must be less than
or equal to the number of rays in the cyclic graph.
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10.2.3 Exact Number of Distinct Schedules for One
Class of Cyclic Graphs

Although equation (10.2.5) can be used to determine the
exact number of distinct arrangements for each day of the

week, the product of the N,'s; i.e.,

N= T N, = T - ’nij integer
.= L — 1 1
i = l 2,.0"7
(10.2.6)

is not, unfortunately, a valid expression for determining

the exact number of schedules that can be enumerated from
every cyclic graph. Equation (10.2.6) is useful, however,
because it does produce éxact answers for a large subset

of all cyclic graphs, and as such, can be used to illustrate

the enormous number of distinct schedules that c¢an be

“enumerated from a single graph.

Equation (10.2.6) is valid when it is used for cyclic

graphs which contain at least one pair of period disjoint

rays. Adjacent rays (a,b)* are defined to be period disjoint
if the number of period starts on ray b equals the total

number of nodes on ray b {i.e., there are no non-start

+ ,
Rays a and b are defined to be adjacent if they can be

included in the same two-day recreation period. The notation

(a,b) indicates that ray b "follows" ray a (in a clockwise
direction) in the graph.’

2y
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0

recreation days on ray b or equlvale 1tly if nb. = Ry).
Period disjoint rays are La51ly identified in a rycllc
graph; they are pairs of adjacent rays that have no
period lines between them. As an example, the graph in-
figure 10.2.1 has two pairs of period disjoint rays{
(Sunday, ‘Monday) and (Thursday,_Frlday) A cyelic graph
may have several or no period dlSjOlnt rays (e.g., the
large cyclic graph in f;gure 10.2.4 with 20 nodes and
seven recreation periods has no period disjoint rays;
there is at least one recreation period line joining everj

pair of adjacent rays).

Mon.

Sun. Sat.

Figure 10.2.4

Cyclic Graph with Seven Recreation Periods

TS L
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The validity of eguation (10.2.6) for cyclic graphs
with at least one pair of period disjoint rays can be
shbwn with the following argument. It was noted above
that the expression for each factor in (10.2.6) (i.e.,
the exact number of distinct arrangements of periods that
begin on day i), is valid with the agsumption that all of
the non-start recreation days on day i have been assigned
to specific weeks within the schedule. Stated in another
way, this condition impiies that each recreation period that
includes a non-start recreation day on day i has already
had its initial recreation day, which must be on a different
day of the week, assigned to a specific week in the schedule.
Hence, a more accurate notation for equation (10.2.5) would

be

O e L]

nij integer

N, puq =
l/{:]} - 1
(W=Ry)+ T {ny4t) 0%n, <WR

J
where Ni/{j} indicates that the number of distinct ar;ange—
ments of the periods that begin on day i is conditional
uvpon the assignment to specific weeks of all recreation
periods which contain non-start recreation days on day i
and begin on day i, i = 1,2,...,.7, 3 # i.

Paralleling the logic used to calculate the prebability

of multiple events using conditional probabilities*, the

*p(éb...cd) = p(a)+p(b/a)...p(d/ab...c).
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total number of arrangements for a cyclic graph can be
accurately determined by equation (10.2.6) if the conditional
numbers of arrangements for each day of the week correspond

to the following generalized form of (10.2.6):

N=1Np Ny " Nazqa,2y 0o T Nogqa,a,... 63 (10-2.7)

The characteristics of equation (10.2.7) are:

(1) +the presence of one unconditional term.(Nl),
and

(2) the elements of the conditional set {j} for

each term satisfy the rule that j . < i for
all days in {j} for day i.

Application of equation (10.2.6) to any cyclic graph with

a pair of period disjoint rays always yields'a set of daily
factors N, which correspond to the right side of eguation
(10.2.7).

To illustrate, consider the cyclic graph in figure
10.2.1, and use the "b day" of one pair of period disjoint
rays in the graph as day 1 for equation (10.2.7). ‘In
figure 10.2.1, either Monday or Friday can be used as day
l; assume Monday‘is selected. Applying equation’(10.2.5),
the Ny facto;iis unconditional because Monday contains no
non-start recréation days, a property of‘the b ray of every
pair of period disjoint rays, Applying (10.2.5) again,;fhe
N, factor based on Tuesday is cénditional only on day 1

(i.eu, NZ/{l}) because the non~start recreation days on
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Tuesday can only belong to periods that begin on Monday
(day 1). Similarly, the N, factor is conditional only on
Mond T d i.e. ‘ . inud i
onaay and Tuesday (i.e., N3/{l,2}) Continuing this
reasoning for all seven days produses the following
expression for the number of arrangements in the entire

graph:

No=Ny = Nyoeayr " Nazq,2r " Mazgar " N5 Ngsisy C Nos0s,63

which satisfies both requirements cited above for equation
(10.2.7). The results of this example can be generalized
for all cyclic graphs which possess at least one pair of
period disjoint rays by noting that:
(1) the b ray of each pair of period disjoint
rays always always produces an unconditional
term for equation (10.2.5) (e.g., the Monday
(Nl) and Friday (Ng) factors above), and
(2) 4if the b ray of & period disjoint ray is
selected as day 1, the elements of the
conditional set {j} for each subsequent

day i satisfy the requirement that j < i
for all days in set {j} for day i.

10.2.4 Summary
For cyclic graphs with at least one pair of period
disjoint rays, the exact number of distinct, non-~cyclic

schedules is given by

1 {(W-R.¥n. )}

N= 1 ot n,. integer = (10.2.8)
i=l (W-Ry)! T (ng.!) 0 2 < W
i SRy, 2y

f
reduced by a factor of W; i.e., N, = N/W.

¥or one~shift cyclic schedules, equation (10.2.8} is
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