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ABSTRACT

The building of empirical models for space-time systems via

1denti£ication procedures for unknown system mechaniﬁms
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scribed.~ The space-time models of the autoregressive moving average

form?(STARMA) are displayed in various system control-related con-

siderations and problems such as forecasting, intervention analysis

and transfer function modeling.
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I. INTRODUCTION

A flexible class of empirical models is the,ﬁﬁltiplieative
autoregressive moving average family. These models along with the
model building procedure commonly referred to as tge Box~Jenkins
method {1] have proven very.useful in a wide spectrum of statistical
analyses which have focused on system description [2,3,4], fore-
casting [2,5,6], intervention analysis (7,8,9,10,11] and process
control [1,12,13,14].

Since these models are univariate they are only»applicable to
a single stream of time seriles data. Recently the univ;riate time
series model class and the three-stage model building procedure has
been extended to space-time systems by Pfeifer and Deutsch [15,16,
17,18,19,20,21,22,23]. These space-time autoregressive integrated
moving average models (STARIMA models) describe N series, where each
series represents the pattern from one of N regions, along with the
interrelationships between the reglons. The use of the space~time
models in forecasting [24,25] and intervention analyses [26,27] has
been described. |

The purpose of this paper is to describe the use of space-time
models in develoging empirical input-ouﬁput model;‘of ﬁnknown systems
*for process contréi. It should be noted that; in these cases the
underlying structure of the transfer function for the system is un-

known but must be determined from system dataAby apprupriate
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identification and estimation procedures. In the following section
an overview of the STARIMA model class and the three-stage model
building procedure is presented. The adoption of these models for
preliminary process control through forecasting and intervention
analysis 1s described in section three. In the last section, the
procedures for extending STARIMA modeling capabilitynfo building
the STARIMA transfer function model from which control schemes can

be described are presented.

II. THE SPACE-TIME AUTOREGRESSIVE MOVING AVERAGE MODEL

The STARMA model class is characterized by linear dependence
lagged in both space and time. Assume that observations zi(t) of
the random variable Zi(t) are available at each of N fixed locations
4in space (i=1,2,...N) over T time periods. The N locations in space
will be referred to as sites and can represent a variety of situa-
tions. The autoregressive form of the space-time model would express
Ehe observation at time t and site i, zi(t) as a linear combination
of past observations at zone i and neighboring zomzs. If the same
relationship holds for every site in the system, the prbcess is said
to exhibit spatial stationarity and is thus amenable to these forms

of space-~time models.

To assist in the formulation of this space-time model, the

following definition of the spatial lag operator is needed. Let
L0

, the spatial lag operator of spatial order %, be such that




L(O) zi(t) = zi(t)

N
*) z;(0) = 5 wiju) zy (t)

L

where wifz)are a set of weights with
N
z wigl) = 1 .
=1 ,

for all 1 and wi;z) nonzero only if sites i and j are gth order neighbors.
The matrix representation of the set of weights w&fz) is W(z), an N by N
square matrix with each row summing to one. If Q(i) is an (Nx1) column vector

of the observations zi(t), i=1,2, ...N, then

0) _ (0 - ‘
L7 z(e) = W7 z(t) = I z (v)
and
(2) _ 2
L g(t) =W %(t) for 2 > 0
The specification of the form of weights wigz) for various poéitive L's
is a matter left up to the model builder who may choose weights to reflect the

(2)
i]

the observed system such as the length of the common boundary of the dis-

configuration. The w may be chosen to reflect physical properties of

tance bepweenucontiguous sites i and j.

These weights, however, must refiect a hierarchical ordering of sgatiai
ﬁeighbbrs. First order neighbors are.tho;e "closest" to the site of
interest. Second order neighbors should be "farther" away than first order
neighbors, but "closer" than third order neighbors. Figure 1 shows the

first four spatial order neighbors of a particular site for both a two-

dimensional grid system and a one-dimensional line of sitesi -~ This definition

R —

]

FIRST ORDER
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SECOND ORDER . .(D). X -()- -

THIRD ORDER
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of spacial order represents an ordering in terms of cucli@ean distance of all
sites surrounding the location of interest.

With this definition of spatial order in hand, we ére now ready to
present the STARMA mcdel. Aﬁalsgous to univariate time series, zi(t) will be
expressed as a linear combination of pést observations and errors. Here, how=-

ever, instead of allowing dependence of zi(t) only with past observations and

errors at site i, dependence 1s allowed with neighboring sites of various

spatial order. In particular

P. 2k )
zi(t) = I bX $rg L zi(t—k)
k=1 £=0 .
(1)
- I DI DS L( ) ei(t—k) + ci(t)
k=1 =0 T ‘
where
p 1s the autoregressive order
q is the moving-average order
Ak is theﬂspatial order of the kth autoregreééive term
o is the spatial order of the kth"moving-average term
$ra |
8 are parameters - : 7
=y ke ’y/

and the ei(t) are random normal errors with -

E [si(c)] =0

2
E .[ei(t)ej (t+s)] = {

g i=j, s=0

0 ‘ otherwise

This model is referred to as a STARMA (px D Aseee) ’ngl’hz""m ) model.
p Ik q

1’72
The same model in vector form is FS
P Ak
z(t) = & I ¢ w(®) z(t=k) )
v k=1 2=0 I* 2 “
(2)
) q ™
- I I8, W g(t-k) + g(t) | ]
k=1 =0 ’

P

A

with‘g(t) normal with mean zero

a2 -
IN s=0

- " o4
and E [ﬁ;t)a(t+s) ]
0 otherwise

Given observations from a space~time system, the model building
problem 1s the selection and analysis of an appropriate form of

model from the general STARIMA class. The model building procedure,

- then, is the method by which the exﬁerimental data leads to a par-

ticular model form and particular parameter values from the total
family of STARIMA models. It is a three-stage iterative procedure
of identification, estimation and diagnostic checking.

Identification is the first scage of the model building process.
In STARiMA model building, the ptimaéy togls in identification are
the spacéetime autocorrelation and space-time parcial autocorrélation
functions {15,18,20,23].

In a manner completely analogous to that of univariate time

series, STARIMA processes are each characterized by a distinct

space-time partial and autocorrelation function. Whereas univariate

i

autoregressive models exhibit autocorrelation functions that decay

exponentlally with time and partial correlation functions that cut

.off after p laggg the STAR process: exhibits a space~-time correlation

. function that trails off with both space and time ‘and partial auto—‘

correlations that cut off afterp lags in time and A_ lags in space.
P
Similarly, univariate moving average models have just the opposite,

autocorrelations that cut off after q lags and partials that decay

’
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) model similarly is characterized

gr ey

over time. The STMA(q
by an autocorrelation function that cuts off after q temporal lags ”
and mq spatial lags énd partials that tail off spatially and tem-
porally. Mixed modeis exhibit partials and autocorrelations that
both taii off. In the univariate case, they tail off only in time,
whereas space-time mixed ARMA processes have space~time autocorre-
lation functions that decay both with time and space. These
general characteristics form the basis of the identification stage.
Further discussion of the identification considerations is con-
tained in [18].

After a tentative model from the STARMA model family has been
chosen by comparison of sample to ‘theoretical autocorrelation pat-

terns in the identification phase, it is necessary to estimate the

parameters. The best estimates of the % and Q from many points of

Qiew are the maximum likelihood estimates, but because of the
start-up difficulties associated with time series estimation, con-
ditional maximum likelihood (CML) is usually employed;'fA comparison
of alternate estimation procedures on the accuracy of estimates ob-
tained is presented in [16].

The diagnostic checking stidge examines the residuals from the
fitted model. 1If the fitted model adequately represents the data,
these residuals should be white noise, i.e., should be distributed
normally with mean zero and variance-covariance métrix equal to

OZIN with all autocovariances at non-zero lags equal to 0.

s BB i e S g e e merer

I

&Various tests are available for testing the residuals for
white noise. Probably the most useful test (especially in the
context of the three-stage modeling procédure for space-time
models) is that of calculating the sample space-time autocorre-~
lations of the residuals and checking for additional significance
structure. In [20,23] the standardization for the residual
space~time autocorrelation to allow hypothesis tests for signif-
icance was developed. If the residuals are not random the pattern

is identified and the tentative model updated.

ITI. PROCESS CONTROL
As with the univariate time series models the STARIMA models
caqhbe used to project past observed occurrences in developing
future forecasts. The forecgsts from these models are best in a
statistical sense becausekthey possess the property of minimum
mean square error.QJA complete description of the forecasting of

these models and the properties of the forecasts are contained in

[24]. It should be emphasized that the forecasts produced from the '

models will be accurate representations of future events if in fact
the system continues to operate in the future as it has in the past.

An“implicit assessment of the process state from histofical
gendencies can be made by comparing future forecasts made at time T
.to the corresponding observed process states monitored at T+k,

k=152,... .“NThus, probability estimates can be made of the likeli-
s :

i

"hood of the current observation deviating from the forecast given

AN
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the underlying process, as manifest by the historical data, is

unchanged [5].

Explicit measurement of change in the historical process is
also possible [7,9,10]. To test whether a process has shifted or
changed in’the mean leve%rafter time T and to estimate the magni-

tude of this shift the form of the historical model prior to T can

be augmented to allow for a shift parameter. Statistical estima-

tion and hypothesis tests can then be directly applied in evaluating

whether a real shift or change has been observed. The coupling of
this type analysis with new activities in the system and their time
frame of implementation is what %e shall refer to generally as in-
tervention analysis. The procedures for selected univariate ARIMA
models were presented originally by Box and Tiao [71.

Parallel considerations for the STARIMA models have recently
been developed [27]. 1In this case, we have N time series data at
N locations.. and soﬁé%gvent which occurs afteg@éﬁe t=n observation:

S,

1+1 observations potentially causes the process to go

from in control to out of control, a shift in operating level. The

K\ \\}/‘
model for monitoring this process is, SN

but before n

for the pre-intervention data component (t f_nl): ‘ |

2 LN /
2,(8) - u = kZl zzo ) [;21 W (Zj(t—k)-uji]B ;
Coq By N ‘(z) 1 //%
- 11 ey [‘ZI o sj(t—lg):] b e (®) )
t=1,2,...n; i=1,2,...N

-

i

9
éx’the post-intervention data component (t3>nl):
A ‘
t-(zpl+l) Zk N (2)
z () -(u,+6.) = ¢ (t-k) -
i woo ol (z,(t-k) - (p, + 8,
i1 k=1  2=0 kg El ij J J J))
A iy
P k N
+ I I ) w M (z, (t=k) - p.)

t =n+l,n

1 +2,...0n_4n_;

1 172

This model is referred to as the Intervention STARIMA and is denoted
by STARIMA : ’
Y (?A ook 3% L m I
. 1 p 1 q
The intervention analysis models described are siimilar in func-
tion to quality cﬁhtrol charts such as the Shewart X chart [28] in
o ([’ =,
that effectively awprocess model is developed for an attribute and

future rgalizatioas of “the process are looked at with regard to

“whether they fall within tye control limits thét are derived from

AN

\ -
the form of the process model. For univariate series the’types of

changes that have occurred in the process level.can be modeled by

S
S, 0

the dynamic int. -vention models [8]. Here a dummy variable (0,1)

denot}ng absence or presence of a potential intervention is used
AR A S

to develop a transfer function:” In this form, the output Z(t)
= HEN Y

related to the absence or presence of a planned intervention by a

" dynamic model R(t) descr}bing the observed impulse response function

lus dditi i | ws 20E)=
plus an a ve noise compongnt at the output, E(t)&\Thua%(t)TQ(t3+§(t)

w ~

7

N 5 \\,Q&
o S , \\
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f?ere E(c) follows %Pe appropriate model form from the ARIMA model
class. The dynami; intervention model is a special case of the
empiricél models of single stochastic input and output illustrated
in a model building framework by Box and Jenkins [1].

Whereas both approaches develop a transfer function model for
the control of an unknown system, the latter is particularly
germane to physical systems ia which the relationship between the
input and output is unknown but the idencity of the inputkvariable
is known and is controllable on-line. 1In dynamic intervention
models the input-output relationship is unknown as is the specific
named inﬁut variable which may be one/of many variables associated
with an fintervention" program and théEbfore c?llectively representéd

by a proxy variable denoted by its on or off state, 1 or 0 respec-

tively.

IVv. BUILDING A SPACE-TIME MODEL FOR ésﬁaROL

In this section, the extensicn of the univariate control models
to accommodate space-time processes and the corresponding identifi-
cation and model building procedures for these unknown systems
(both with regard to transfer functioﬂ{mechanism“and input variable
specification)bare presented.

The Jgknown transfer functioﬁ:system to be modeled is repre-
sented by -paired realizations (zi(t),xi(t)) of random variables
(Zi(t),xi(t)) available at each of N fi#ed locations in space

(i=l,2,...;N) over T time periods. The §(t) represent input streams

PN
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and the %(t) output streams. At the outputuof the black box with
unknown transfer function is an additive hoise component E(t) whose
underlying model form is also unkown.

_systen.

1llustrated.

Figure.2 illustrates this
For simplicity a line system of inputs and outputs is

In general the configuration of the inputs or outputs
may take any form of spatial configuration or map.

The model form

to be developed from data for this system is,
z(t) = vx(e-b) + N(t) ,

where V is an NxN matrix of impluse response weights with the (R,,k)th

elements of the form I v

s
L S’sz , and b is the delay at the ith loca-

tion.
The procedures for the determination of the space-time transfer
function model are:
1) Using the identification, estimation and diagnostic chécking
procedures (overviewed in section II), build the appropriate
space-time model for the input streams, x(t).
2) Prewhiten the output streams %(t) by the space-time structural

model of the outputs to obtain the prewhitenedoutputsé‘t) where
A

-1 T (1) ) mz“ (®)
x{t) - ¢, W x(t-k) + 0, W (t-K)lz = g(t) .
[; L=l 220 kg N kel 220 k& & Nt %
3) Compute the sample space~time cross-correlation function of
the prewhitened outputs é(t) and the input residuals %(t),
where,

~
N

s,k

&\
%
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§

P

N

«)>
A

N T-s ‘
L) £,(c) L) ¢ (e4s)
6 Lk = o 1;1 t=1 . Tl 5‘0,_‘1‘_1 ’iz’.”
s,k ot i
11 a®e@? ] ) oa® ei(t))Z:I
i=l t=1 i=]1 t=1

to obtain estimates of the (R,,k)th impulse response weights

v where, g g

s,k

~ A

G = Szﬂ.k ck

= ’ 9....
sk TR 0 22,

\‘
)

/

4) Computean estimate of,,/:'céhe additive noise streams ﬁ(t) from
Ree) = z(t) - vg(e-b) .

5) Build the _appropriate STARIMA model for the space-time
noise process Q(t) toe cbtain residuals é(t).

6) Simultaneously refit the obtained combined mcdel,
£(6) = Vg(t=b) + j(B)

and diagnostically check the residuals é(t) to be random

normal errors with

a?1 s=0
n

E(a(t) a(t+s)') = {

and the input and residuval streams to be uncorrelated,

E(x(t) a(t+s)') = 0 .

From the space~time transfer function model the design of

feedforward and/or feedback control schemes can proceed. Details

0 otherwise o

ya
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of the design of control equations from univariate models are con-
tained in [1]. ?hese principles could also be adapted to the
space~time model formulations. In the case where the specific input
streams are unknown by name and all "intervention" attributes are
collectively designated by absence or presence (0,1) in the space-time
transfer function model the feedback control scheme based upon de-
viation from desired target value of the outputs becomes a means of
evaluatingxthe collective intervention as to whether to continue

the program.

V. CONCLUSIONS
An overview of model building procedures for space-time

systems that use data structure to identify a statistically ap-
propriate form was presented. These STARIMA models were adapted
to the control-related considerations of forecasting; intervention
analysis, in which changes in a space-time process are monitored
to determine whether the process is still "in control;" and
space-time transfer function models for direct use in feedforward

and/or feedback control.
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